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Abstract 
 

This paper examines the application of topology optimization combined with 
homogenization method to determine the optimal position p piezoelectric 
patchs for better performance in detection and action of a piezoelectric smart 
structure. The homogenization method allows us to calculate the effective 
properties of the composite material (piezoelectric / hole) from the periodic 
cell basis. The none-piezoelectric material is assumed to be invariable. New 
effective electromechanical properties obtained are to distribute the 
piezoelectric material optimally to improve the action or detection. This 
method allows to find the distribution of optimal position of patchs. A general 
method of homogenization is applied to the piezoelectricity implemented by 
using the finite element method. The size patch is considered to be the same as 
the size of the finite element. 
 
Keywords- Topology optimization; Finite element analysis (FEA); Ceramic–
composites (CMC s) 

 
 
Introduction 
For pure elastic composites, several methods have shown their effectiveness in 
determining the optimum shape for a given load. Many researchers are interested in 
the homogenization of porous structures. Be found in [1], [2], [3] a presentation of 
this approach. Methods, so-called sensitivity analysis has two major disadvantages. 
They require a much more calculation time, because if the form is far away from the 
initial geometry, it may be necessary to remesh the structure in iterations. The result 
depends strongly on the initial form and the mesh size. Indeed, the successive forms 
vary only by their edges, while their topology remain fixed: The structure retains the 
same number of components, edges of holes and size of the latter which is limited by 
the size of the mesh. However, many examples (both numerical [4] and theoretical 
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[5]) show that changes in topology allow significant performance gains and, in 
complex industrial problems, it is impossible to determine a priori the optimal 
topology. 
 From a mathematical point view, the strong dependence of the results from the 
initial choice is interpreted by the existence of many local minima, while the non-
convergence of the result mesh refinement is a consequence of nature of an inverse 
problem. If admissible forms must meet “regularity” assumptions, "D. Chenais [6] 
showed the existence of an optimal shape, whereas in the absence of any constraint on 
the edge there is, in general, no existence of an optimal form (the cons-examples [5] 
and [7]). 
 For porous elastic structures, G. Allaire [8] found remedies to the disadvantages of 
the method of sensitivity analysis by proposing a new method called topological 
shape optimization using the homogenization theory. From a practical view this 
method can automatically optimize a structure without explicit or implicit restriction 
of the topology, and avoids conventional numeric uncertainties, described above, at a 
very competitive time calculation. From a mathematical view, this approach solves 
the generic non- existence of optimal shapes by relaxing the problem. This relaxation 
is achieved by generalising the concept of admissible shapes that are made of 
composite materials obtained by microperforation pure original material. The key to 
this approach is the homogenization theory that can calculate and optimize the 
effective properties of composite materials. 
 The piezocomposite applies to any composite resulting piezoelectric material and 
any other non-piezoelectric materials. These composite offer the significant 
advantages over alone conventional piezoelectric materials [9]. Microscopic or 
macroscopic shape of the piezoelectric material is a decisive factor for the 
performance of detection and action Piezocomposite. 
 For piezocomposite, shape optimization is determined, generally, by changing the 
volume fractions of the constituent materials, and/or the form of inclusions in the unit 
cell of the composite.SL Vatanabe and all [ 10 ] proposed a working methodology 
based on a topology optimization and homogenization and design of graded 
functional of piezocomposite material to minimize the energy applied . They show 
that the result depends on the direction of polarization of the graded change of 
constituent material of the basic cell and the mesh and the finite element type. 
 E. C. Nelli Silva and all [11] realised a microstructural conception of 
piezocomposite to obtain the high performances of characteristics piezoelectric using 
optimization techniques topology and the method of homogenization. They used the 
plane strain in a three-dimensional 3D microstructural geometry. The optimization 
procedure determines the distribution of the material in two phases (matter phase / 
holes phase) in the unit cell of the composite which maximizes the performance of its 
piezoelectric characteristics. 
 These works [10] and [11] have focused on the distribution of piezoelectric 
materials and in non-piezoelectric in cell basis, for designing new Piezocomposite at a 
high performance. Our goal is to keep the non-piezoelectric material invariant and 
determine the best distribution of the position of the piezoelectric patchs glued on a 
steel plate to improve its performance in detection and action. 
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 Currently the determination of the optimal position of the piezoelectric patchs 
constituting the Adaptative piezoelectric structure is based on use of simple analytical 
models, prototypes for testing and analysis using the finite element method. Most 
often the problem is limited to a parametric optimization. Traditionally, we proceed 
by iterative test, by testing patch positions which fall within the expertise and 
intuition. These methods are very expensive and imprecise. 
 Another technique introduced genetic algorithms [12] which allow finding patchs 
optimal position. The results are valid only in certain configurations and the 
calculation time is conditional and very slow. 
 This paper examines the application of topologic optimization combined with 
homogenization method to determine the optimal positions of p patchs for a better 
performance in detection and action. I will draw on this optimization technique form 
([8], [13], [14], [15], [16], [17], [18]) for optimizing the patchs position of a smart 
structure. The determination of the patchs position is an inverse problem because that 
a conventional solution is not guaranteed. 
 The solution is related to the function characteristic which is a non-convex set. 
The minimizer solution that converges to a solution "generalised" does not always 
belong to the space of characteristic functions. I will be forced to relax the problem by 
following the techniques of topologic optimization to solve the problem. 
 The homogenization method allows us to calculate the effective properties of the 
porous piezoelectric material from the periodic base cell. It has no limits the volume 
fraction or the form of the components composite. The main assumptions are that the 
unit cell is periodic and that the scale of the composite part is much larger than the 
microstructure dimensions. The new effective electromechanical properties obtained 
are to distribute the piezoelectric material optimally to improve detection or action. 
 The techniques of poroelasticity ([8], [13], [14], [15], [16], [17], [18]) are adapted 
to establish the effective properties homogenized to the free zones and fuzzy the 
position of the pellets. The free zones confirm the optimal positions of the 
piezoelectric patchs. The fuzzy zones remain to be validated by experimental testing 
(Fig V.2). 
 
 
PROBLEM DESCRIPTION  
We consider a non-degenerate mixture of two materials: 

 A material1 characterised by the piezoelectricity coefficients ep, elastic matrix 
Ap and dielectric coefficients Cp, consisted of the structure covered by two 
piezoelectric patchs. 

 A material2 corresponds to the main structure which has the elastic matrix 
noted A0. 

 
 The characteristic function (x) is introduced as: 
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 The elasticity and piezoelectricity matrices are simply expressed in terms of  : 
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 The problem is: 
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 Where 3 is a solution of the following problem: 
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 Vp is the potential difference imposed on the faces of each piezoelectric patch. 
 The problem (3) is ill-posed in the sense that the existence of a classical solution 
is not guaranteed, due to the absence of: 
 The convexity of the space of characteristic functions : 

      2121 ,101,0,).1(.    sitforLàtt  (6) 
 The existence of the solution in the considered space. 
 A priori the sequence minimizing converges to a "generalized solution" [14] 
which do not always belong to the space of characteristic functions.  
Physically, the results absence on the existence of the solution is due to the nature of 
the unknown, that requires the existence of a clear boundary between material1 and 
material2. Yet this type of distribution does not always allow to achieve maximum or 
minimum of the functional I0(.). We will be forced to relax this problem by following 
methods borrowed by the theory of approach of topological optimization [15], [16], 
[17]. 
 
 
RELAXED PROBLEM 
First, we define the relaxed problem and we show the existence of a solution 
independently of A*, e*.For  fixed, the problem of energy minimization (4) has a 
unique solution 3(). As 3() is bounded, the functional I0 is bounded in R, therefore 
inferiorly bounded, especially: is bounded in   1,0,L , there exists a minimizing 
sequence as denoted m which converges to  in the meaning of the weak star 
topology: 
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 Where   1,0, L  is the Radon measure that has values in [0,1]. 
 When  tends to  A(x) and e(x) tends to A*, e*. there exists one solution 3* that 
minimizes J(;3,3) as: 

 
   *

3
*
3 ,min 


II    (8)  

 We show the existence e* et A* H-limite of e(x) and A(x), but those entities are 
not always explicitly determined. 
 We assume initially that those data exist, and we show the existence and of the 
solution.  
 The relax problem is to find  which satisfies: 
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 The difficulty with this study is the indeterminacy of e * and A*. 
 
 
CALCULATION OF LOWER BOUNDS OF HASHIN AND SHTRIKMA: 
For the problem of elasticity, the lower and upper bounds of space of matrix elasticity 
A* are known ([15], [16], [17], [18]). The density of space of A* periodic in the space 
of A* any kind, allows to search these bounds in space of homogenized tensors 
obtained for the fine and periodic mixtures We show that the same procedures used 
for A*, allows to determine the bounds of e*, c*. 
 
Numerical application 
We take an experimental device made up of a steel blade covered of two PZT ceramic 
patches (see Fig.V.1 and Table1).  
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Fig. V.1 classical experimental device 
 

table 1 
 

Steel PZT 
E = 21.e 
10 N/m2 
ν = 0.31 
 

a11 =a22 = 1322.10 N/m2 
a13 = a 23 = 837.10 N/m2 
a 44 = a 55 = 295.10 N/m2 
a 66 = 250.10 N/m2 

 e13 = e 23 = -4.3 C/m2 
e 33 = 16.7 C/m2 
e 15 = e 24 = 11.8 C/m2 

 c11 = c 22 = 1.440 c 0 
c 12 = 837 c 0 
c 0 = 8.841012F/m 

 
 The piezoelectric coefficients of piezoelectric homogenized fine mixture remain 
of the same order as the piezoelectric coefficients of origin. 
 The simulation realized shows that the best distribution of piezoelectric material 
to an equal quantity that of piezoelectric material of classical device is:  

 

 
 

Fig.V.2 present has fuzzy areas that demand a confirmation experience or by 
numerical calculation. 
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 Here, we consider the size of the patch as the same size of the finite element. 
 For confirmation of the optimal form obtained that is the best, we perform the 
simulation on the one hand the steel plate having the empirical distribution of p 
piezoelectric patchs (p = 144) (see Fig.V.3) subjected to a voltage of ± 100 V and on 
the other shares the same plate with the optimal obtained distribution of p patch (see 
Fig.V.4).  
 Numerical results (see Fig.V.5) show that the position of the p patchs in the 
experimental device of laboratory ONERA (Fig.V.1) was not the best position of p 
piezoelectric patchs.  
 The optimal shape of the piezoelectric material obtained saves us 57% of bending 
(Fig.V.5). 
 After an analysis of the different results, we confirm that the optimum distribution 
of patch or more precisely the disposition of the piezoelectric material is that 
indicated by the figure (Fig.V.5) is an optimal distribution. It is difficult to show that 
the optimal distribution obtained is the best in the absolute. 

 

 
 

Fig. V.3 classical distribution of p PZT patchs 
 

 
 

Fig. V.4 optimal distribution of p PZT patchs 
 

 
 

Fig.V.5 (a) bending obtained of optimal distribution of PZT (b) bending obtained 
of classical distribution of PZT 
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CONCLUSION 
The problem of determining the optimal position p patchs is mathematically ill-posed. 
This character ill-posed is related to the nature of the characteristic function defined 
for piezoelectric fields (space of  is not convex).  
 The First step, to obtain a well-posed optimization problem, we used relaxation 
techniques. 
 The second step is the determination of the coefficients of the H-limited of the 
rigidity matrix, the dielectricity matrix and the piezoelectricity matrix. The bounds in 
the space of homogenized tensors obtained for the fine and periodic mixtures were 
determined. 
 The numerical simulation results allow us to determine an optimal solution of the 
position p of the patchs onto a steel blade for a better action. This solution has a 
geometrically and mechanically aspect and allows determining the optimal areas 
piezoelectric which is covered by the piezoelectric material. 
 The calculation of the bending, and in both empirical optimal configurations, 
shows that the bending in the optimum configuration is greater than 57 % in bending 
of the empirical configuration. 
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