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Abstract 

 

We discuss a transformation as follows. There is a point on the number line, then we 

move it on an integer m  to another one n  on the number line. We denote the 

transformation with 
nm

T . We think of all the elements }Z, { nmTG
nm

. Then, we 

discuss the binary operation 
nmmlnl

TTT . It denotes the repetition of transformation. G 

makes a group under the binary operation. This is a modeling of group in [1] on the 

number line. In this paper, we think of the subgroups. 

2010 Mathematics Subject Classification. 20A10 

 

 

1. Introduction 

First of all, as shown in Figure 1, we think of a point on the number line, 

then we move it on the integer m  to the other one n  on the number line. 

We denote the transformation with 
nm

T . 
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We think of all the elements in }Z, { nmTG
nm

(*). Now, let us think of the binary 

operation nlnmml TTT (**) for the repetition of transformation. It denotes a series of 

transformations of a point on an integer l  to m , then m  to n  on the number line. 

There are 6 types of transformations for 
nmmlnl

TTT  as shown in Figure 2, it is clear 

that any types of transformation hold the binary operation closed in G. 

 

 

 

 

 

 

 

 

 

 

 

Theorem 1.1. For any i , j , k  and l  in Z, laws under the binary operation 

rule in G are as follows. 

(1.1)  
kikjji

TTT  

(1.2)  )()(
lkkjjilkkjji

TTTTTT  

(1.3)  
ijji

TT 1)(  

(1.4)  ITTTTTT
jjiijiijijji

 

 

Proof. (1.1) is obvious by the definition of binary operation. (1.2): From (1.1), 

lilkkilkkjji
TTTTTT )( , 

liljjilkkjji
TTTTTT )( . (1.3) is clear under the operation on 
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the number line. (1.4): Since 
ii

T  and 
jj

T are “mapping to itself” on the 

number line, iiT  or jjT  denotes the identity transformation(: in other 

words, since they are equivalent with I (:
jijijjjijijijiii

TITTTTTITT ), the 

identity is unique.) Thus, G makes a group.                          □ 

 

2. The Subgroups 

Now, let us think of the subgroups. They mainly consist of two subgroups 

}Z, {
1212

nmTH
nm

and }Z, {
22

nmTH
nm

. The rest }Z,,, ,{)(
122212

lkjiTTHHG
lkji

  

is not a subgroup but subset. 

 

Remark. HTTT
kmknnm

}{}}{{
1212122212

 and '}{}}{{
22212122

HTTT
kmknnm

. 

We actually need to pay attention to such operations. If we take the 

elements like
242334

TTT , it is not in )( HHG  but in H’. These operations 

are equivalent with in G. Eventually, H, H’, and )( HHG  are disjoint. The 

direct sum decomposition is, }.{}{}{}{
122212221212 lkjinmnm

TTTTG   

 

Proposition 2.1. H and H’ are not normal subgroups of G. 

 

Proof. Let us assume that H  is the normal subgroup. Let g, for example, 

be any element in }{
212 nm

T . Operating gH, it is impossible to operate unless 

any element in H is 
122 ln

T  or 
ln

T
22

 under the binary operation rule. 

Therefore, gH cannot be the left coset. GgH  in this case. Operating Hg, 

because of }{
1212 mk

TH , it holds and the right coset is }{
212 nk

THg . HggH . 

Likewise, let us assume that H’ is the normal subgroup. For }{'
122 nm

Tg , 

operating g’H’, then it cannot be operated unless any elements in H’ are 

}{
212 ln

T  or }{
1212 ln

T . They are not in H’ either. GHg '' . Operating H’g’, H’g’ 

holds since any element in H’ are }{
22 mk

T . Then, }{''
122 nk

TgH . '' gHHg .  □ 

 

As another way of taking of the subgroups, let us think of }Z,,{
ln

nmlTH
lm

. 

However, none of them is the normal subgroup. 
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Proof. For )(
l

HH , only if 1l , then "" gHHg  for }{"
1

Tg
m

(or }{"
1 m
Tg ). 

1
T

m
(or 

m
T

1
) denotes element transforming 1 to m (or m  to 1) on the number 

line. GggG .                                                     □ 

 

Proposition 2.2. The maximal proper subgroup H is a set extracted 

elements whose either index number is fixed and all the inverses (: any 

element should have inverse also in subgroup by two-step subgroup test) 

from G like, for example, }){}({
00 mm
TTGH  . It graphically means only 

the point {0} is skipped in a series of transformation on the number line. 

Likewise, it is not the normal subgroup also. 

 

Proof. HT
m 0

 does not hold but 
0

TH
m

 does. 
00

THHT
mm

.             □ 

 

From this proof, it is clear that any other smaller subgroups extracted any 

other subsets or the families of sets will not be normal. The simplest 

example is a case of G { 2,1,0,nmT
nm

} and the smallest subgroups (: except 

for the identity as subgroup) are { 1,0,nmT
nm

}, { 2,1,nmT
nm

}, and { 2,0,nmT
nm

}. 

It is trivial that none of these subgroups is normal based on the proof 

above. 

 

Contrarily, by the way, what will happen if we sum up those extracted 

families of sets? What we get interested in will be if such a summed-up 

subset makes a subgroup of G. To confirm it, let us think of such a total 

subset 
k

s  as follows. 

}){}{...}{}{}){}({}){}({...}){}({
110011 mkkmmmmmmmmmmmk

TTTTTTTTTTs  , 

where mk . If mk , then Gss
mk

. If thinking of the binary operation 

21 kkkk
TT , kkkkkkk sTTT 2121 . Besides, if 

mmmm
TT

11
, 

111 mmmmmmm
sTTT . Thus, 

any of such total subsets is not the subgroup. If adding 
mm

T  on to 
1m

s , 

 mmm
Ts

1
 results in G . Verifying them on the number line, it will be clearer. 
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Now, we condition that any subgroup assures to transform to any number 

in its arithmetic sequence on the number line. Let us consider the 

subgroups H as G' and H’ as G" : G' and G" are respectively independent 

from G. 

 

Corollary 2.3. The normal subgroup of G' is G' itself, G" is G" as well. 

 

Proof. G’ : Since subgroups of G’ including itself are }{
1212 nm

T , }{
1414 nm

T , 

}{
1616 nm

T ,…, and }{
}2{\}2{\ qp

T , where “ }2{\p ” and “ }2{\q ” are any prime numbers 

except for initial prime {2}(, and we accept negative prime numbers except 

for {-2} on the number line,) then G’ is uniquely possible to operate with 

any g’ in }{
112

T
m

 or }{
121 n

T . gGGg . 

G” : Subgroups of G” including itself are }{
22 nm

T , }{
44 nm

T , }{
66 nm

T ,…. Therefore, 

only G” is possible to operate with }{
22

Tg
m

 or }{
22 n

Tg . gGGg . □ 

 

Corollary 2.4. Considering }{
14143 nm

TG , }{
16165 nm

TG , }{
18187 nm

TG ,…, and 

}{
qpp

TG (or }{
}2\{}2\{ qpp

TG ) independent from G', the normal subgroup is 

itself. 

 

Proof. Subgroups of G3 including itself are }{
1414 nm

T , }{
1818 nm

T , }{
112112 nm

T ,…. 

Therefore, G3 is uniquely possible to operate with }{gor    }{
14343143 nm

TTg . 

4444
gGGg . Identically, subgroups of G5 including itself are }{

1616 nm
T , 

}{
112112 nm

T , }{
118118 nm

T ,…. Thus, only G5 is possible to operate with } {
5165

Tg
m  

or }{
1655 n

Tg . 
5555

gGGg . Algorithmically, proofs of }{
18187 nm

TG ,

}{
1101109 nm

TG , }{
11211211 nm

TG ,…, and 
p

G  are same as above.                □ 

 

If taking into account the Green-Tao theorem, there are still arithmetic 

sequences consisting only of prime numbers. So that, there are elements of 

subgroups transforming on such the prime arithmetic sequences on the 

number line. Such a set of elements naturally makes a subgroup of Gp . If 

considering it as a group G’p independent from Gp , proof of G’p is simple is 
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same as above. However, it will be argumentative in a way. Even if 

considering it as a subgroup, it is therefore clear that it is not the normal 

subgroup of Gp. 

 

Corollary 2.5. }{
444 nm

TG , }{
666 nm

TG , }{
888 nm

TG ,… independent from G” are 

their normal subgroups are themselves. 

 

Proof. Subgroups of G4 including itself are }{
44 nm

T , }{
88 nm

T , }{
1212 nm

T ,…. 

Therefore, G4 is uniquely possible to operate with }{gor    }{
444444 nm

TTg . 

4444
gGGg . Identically, subgroups of G6 including itself are }{

66 nm
T , }{

1212 nm
T , 

}{
1818 nm

T ,…. Thus, only G6 is possible to operate with }{
666

Tg
m

or } {
666 n

Tg . 

6666
gGGg . Algorithmically, proofs of }{

888 nm
TG , }{

101010 nm
TG , }{

121212 nm
TG ,… 

are same as above.                                                 □ 

 

Notation 

1. If extending the domain Z of (*) to R and introducing a Cartesian product 

such with }R, { jiTG
ji

 and }R, {' lkSG
lk

, then we could define the 

Cartesian product of mappings as follows. 

RRRR  

),())(),((),(),( ljkSiTkiTki
lkji

  

2. A reader may feel that the binary operation (**) is partially defined, not 

for any two elements arbitrarily taken from G. However, we have to take 

notice of that group axioms do not claim such a whole process should be 

done. To confirm it, let us try to give five conditions as the group axioms as 

follows. 

(1). We randomly take any two elements in a set G. 

(2). For any two elements taken from G, the binary operation is closed in G, 

such that for any a, b, c in G, ab = c. 

(3). For any a, b, c in G, (ab)c = a(bc) : associative law holds. 

(4). There exists unique identity e. 

(5). For each a in G, its inverse b exists such that ab = ba = e . 
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What we have to pay attention to is whether the first condition should be 

included in the group axioms. If accepting it, we should introduce a concept 

of axiom in probability theory. That is, in group theory, we suppose the 

whole event for any two elements (: two elementary events) arbitrarily 

taken from G in the manner of probability theory, then define binary 

operation such for any elements taken from G at random. In other words, 

we should consider so called measure theory for probability in group theory. 

Group axioms naturally do not claim such a process in probability theory. 

 

In fact, in linear algebra, for any k -by- l , l -by- m , and m -by- n  matrices 

klM , lmM , and mnM  in a set of matrices M, binary operation is defined, 

and then the associative law holds: )()( mnlmklmnlmkl MMMMMM . In summary, 

for any A (: k -by- l  matrix), B (: l -by- m matrix), and C (: m -by- n  matrix) in a 

set S, binary operation is defined, then, )()( BCACAB . However, it does 

not follow the first condition above. Thus, associative law (: as one of group 

axioms) is purely defined without any concept of probability theory 

belonging to the other axiomatic system. 
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