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Abstract

Consider a graph G = (V,E) to be simple, containing a set of vertices

V(G) = {vy,v;,v3,....,v,} We call a set SSV(G) to be a monopoly set

t 4@
2

(MS) if for each vertex in V — S has atleas neighbours in S. In between

all (MS) sets of the graph G, the set which is containing smallest number of
elements is named as the monopoly size of G and it is identified by mo(G). In
this paper, we introduce a new concept called the standard deviation of the
least monopoly energy E°;), (G) pertaining to graph G. The standard
deviation of the least monopoly energies of a few various kinds of graphs is
obtained. We also obtain the boundary values for E? ;,, (G).

Keywords: Monopoly Set, Monopoly Size, Matrix of the Minimum
Monopoly, Minimum Monopoly Eigen values, Minimum Monopoly Energy,
Minimum Mean Monopoly Energy, Standard deviation of the least monopoly
energy of a graph.

1. INTRODUCTION

Consider a graph G = (V, E) to be simple with non-empty vertex set. The cardinality
of non-empty vertex and edge set of G be denoted by p and g respectively. Also, we
represent d(p) to be vertex degree for any vertex p of G; it is the total number of

* Corresponding Author.
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vertices adjacent to vertex p. Open neighbourhood N(p),for any vertex p is
formalized as N(p) = {q € V:< q,p > € E(G)}. The vertex degree of any vertex p
belonging to vertex set of G, regarding to a subset K of vertex set of G is
d, (V) = |N(p) n K|. We refer Harary for other standard graph terminologies [2].

Aset S CV(G) inagraph G is said to be a monopoly set if for each vertex inV — S

( 4®)
2

possesses at leas neighbours in S. Among all monopoly sets in a graph G, the set

which is containing smallest number of elements is named as the monopoly size of G
and it is identified by mo(G).

In [1], Peleg introduced the concept of Dynamos. Monopolies are usually referred as
dynamos meaning dynamic monopoly because at any fixed time steps, if we color the
graph to black it will convert the entire graph to black under an irreversible majority
conversion process in the next time step.

In [3], I. Gutman introduced the notion of energy of a graph in 1978. Consider
a graph having the vertex set V of cardinality p and edge set E of
cardinality g. The adjacency matrix of the graph be K = (k;;) . The characteristic
roots A;, Az, 43, ..., 4, of K, are presumed to be in decreasing order and they are also
the characteristic roots of the graph. Let A,,45, 45, ..,4; for k<p
be the definite characteristic roots of S having a set m,,m,, ms, ..., m; times of
repeated characteristic roots for each k. The eigen values of K along with its
multiplicity is known as the spectrum of any given graph GO.

The term E(G) is regarded as the energy for any graph G, and is defined as modulus
of all eigenvalues of G that is, (G) = X!_,|4;| . In [4], Laura Buggy et al. , put
forward the concept of minimum A energy of G, is defined as EM(G) =
P .14 — A],where 4 is the mean of the eigenvalues. Taking the inspiration from this
article, we introduce a new concept called the standard deviation of the least
monopoly energy for any graph G which is represented by E?;,, (G). We obtain the
standard deviation of the least monopoly energy of some standard graphs. In addition
to this, bounds for E?;,, (G) are also established. The standard deviation of the least
monopoly energy that we are evaluating in this paper is feasible for many application
purposes in chemistry as well as in other fields.

2. THE STANDARD DEVIATION OF THE LEAST MONOPOLY ENERGY
OF GRAPHS

Definition 2.1: Consider G along with set of vertices V(G) = {V},V,, ..., V,,} having
cardinality p and set of edges E. Let S be a minimum monopoly set of G. The
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Matrix of the minimum monopoly (MM) of a graph G is the p X p matrix, denoted
by Kym (G) = (K;j) where

1,if V;VieE(G)
Kij=q1, if i = j,V;eS
0, otherwise
Since, Ky (G) is symmetric all its eigen values A4,4,,...,4, are real and non-
negative. The minimum monopoly energy Ey ., (G), for a graph G is determined by
Eyu(G) = f=1|/1i|, where A 4,,...,4, are eigen values of minimum monopoly
matrix Ky (G).

Definition 2.2: The standard deviation of the least monopoly energy(E7,,), is
formulated as E7,(H) =X7_,|;-0|, where o is the standard deviation of the eigen
values of the graph H. Here, A= mean

O':\/(/11_1)2+(/12—/T)z_l_,_.(/lp_z)z

p

For other basic concepts refer [5], [4].

Remark 1: The Ey,(G) of a graph G depends on the set S which we choose.
Therefore, Ey, (G) is not a graph invariant.

3. THE STANDARD DEVIATION OF THE LEAST MONOPOLY ENERGY
OF SOME STANDARD GRAPHS

Theorem 3.1: For p=>2, the standard deviation of the least monopoly energy of
complete graph K, is

(712;2) [V@lp—3)+1]+p2+1 ;p=even

Eu(Kyp) = - _
(p— Z)Jcsp3+2p;;3zp>(p v (pzl) + /P2 =1 ;p=odd

Proof. Consider K,, graph possessing set of vertices as V(G)={V,V,, .....,,,}. Then

the size of (MM) is
g ,p = even

mmo(K,)=|2(={% _
b lZJ {_@21), p = odd
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The minimum monopoly set S:{vl,vz, ...... ,Up_} , when p=even (or)
2

S:{vl, V2, ) vw} , When p=odd.

2

Case 1: When p=even

The minimum monopoly matrix

1 1 1 .. 1 11 1 .. 17
1 1 1 1 11 1 1

1 1 1 1 11 1 1

_{1 1 1 1 11 1 1

Ko (Kp) 1 1 1 1 01 1 1
1 1 1 1 10 1 1

1 1 1 1 11 0 1

1 1 1 1 11 1 0

Then the characteristic equation

\Kyn (Kp) —AII=0is
</1p7_2(;1 + 1) (,12 —(p-1DA- f)) =0

Then, 1 =0 [pz;z times] A=-1 [;)2;2 times] and 1 = —(p—l)-l_;p2+1

Mean /Tzzl—

The minimum monopoly energy EMM(Kp) = (p;Z) +.p?+1

(M1-2)+(A-2) 4+ (1p-7)°
p

The standard deviation o = j

2 2

(o-z)z+.-.+(o-z)2+(-1-z)2+...(-1-z)2+<% i —I) +<M - z)

2

p
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The standard deviation of the least monopoly energy

14
Egu(K,) = ) 12— o
i=1

-2 -2
£ : (p-1)+Vp2+1

=22, 10—0|+ X2 |-1—0|+ > 0|

3

(P-D+\/p2+1-2 [p—
-1- |p— " + .

2

= w-2) p— 34 (r-2)
2 4 2

X

e e N[ N @Dy [pii- [ip—6+3
B 4 ' 4 2

_(p=2){/4p-3 + (p-2)[/4p—3 +2] " (p—1D)+{/p2+1-,/4p-3 n Jp?+1 " J4=3  (-p-1)
4 4 2 2 2 2

_ @-2V4-3 | @243 | 02 | (o1 | VPPl Y43 | Ypitl 43
4 4 2 2 2 2 2 2
(D)
2

(p—2)

=L Vz(4p_3)+ pZ_|_1_|_T

=(p2;2)[ (4p-3)+1]+p2+1

Case 2: When p=odd

The minimum monopoly of matrix

1 1 1 .. 1 11 1 .. 17

1 1 1 1 11 1 1

1 1 1 1 11 1 1

_[1 1 1 1 11 1 1

Ko (Kp ) 1 1 1 1 01 1 1
1 1 1 1 10 1 1

1 1 1 1 11 0 1

1 11 = 1 11 1 ™ o

The characteristic equation |Kyy(K,) — AI| = 0 is

(A?(A + 1) (Z-@-01- “”;“)) =0
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Then, A =0 [(pz;g) times]; A=-1 [@ times]; and

1= (p—-1D+yp?+1
—,

Mean (1)= (pz;l) .

The minimum monopoly energy Eyy (Ky)

- -1

2
2+pl

(M1 -2)*+(A-2)* +-+(1p-7)°
1%

The standard deviation ¢(G) = \/

2 2

(i)2+~~~+(i>2+(—z—1>2+~~+(—1—z)2+<(p_l)+szzj i) +<(H_ i)

2

p

2 4p? | 2 ap? 2p2
14

\/(p—@(p—l)z , (p-1(-3p)2 | (p—1)%(p?+1)+p?(p%-1)-2p(p-1)?

- 3 2 ®-D 1
_\/(SP + 2p? + 2p) = xp

J (8p3+2p2+2p)(p-1)
O' =
8p3

The standard deviation of the least monopoly energy
14

Egu(Kp) = ) 4= ol
i=1

p=3 p-1 i _
= 32100l + 5,2, 1-1 - o + [@R2EL_ U|

_ 3 2 —_ —
(p-3) J(sp +2p2+20) (-1 | (=1 +

2 8p3 2

\/(8p3+2p2+2p)(p—1)
_1 —
8p3

(p-D+yp2-1  |(8p3+2p?+2p)(p—1)
2 8p3

—_ 3 2 — _ — 3 2 — —
:(p 3)\/(829 +2p2%+2p)(p 1)_|_(19 1)_|_(p 1)\/(819 +2p2+2p)(p 1)+(p 1)+
2 8p3 2 2 8p3 2

Vpi-1  [(8p3+2p?+2p)(p-1) n Vypri-1 n (8p3+2p2+2p)(p-1)  (p—1)
2 8p3 2 8p3 2
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_ ®-3) [Bp3+2p?+2p)(p-1) , (p-1) |, (p-1) [(8p3+2p3+2p)(p-1) 2
== \/ 503 Tt \/ e +p°—1

(8p3+2p%+2p)(p-1) |, [p—-3+p-1] , (p—1)
= J = +——+——"+p* -1
(8p3+2p%+2p)(p-1) , (p—1)
=(p— 2)\/ p_c +=—+p?-1

Theorem 3.2: For p=>2, the standard deviation of the least monopoly energy of star
graph Ky ;1 is

EgM(Kl,p—l) =({p-2) % +/4p — 3

Proof. Consider K, ,,_; graph holding the vertex set V(G)= {vy, v,, ..., vy }.
The minimum monopoly set S= {v, }. [We assume v, to be the centre vertex].

The minimum monopoly matrix is

1 1 1 1 11 1 .. 1
1 0 0 0 00 O 0

1 0 0 0 00 O 0

_[1 0 0 0 00 O 0

Koam (Kip-1) = 1 0 0 0 00 0 0
1 0 0 0 00 O 0

1 0 0 0 00 O 0

1 00 - 0 00 0 ™ O

Then the characteristic equation
|KMM(K1,p—1) - AI I = 0 |S
APD(2-21-(p-1))=0

4p-3
2

Then, A =0 [(p — 2)times]; A = % +

Mean 1 = =.
p



626 B. K. Divyashree , Siddabasappa, Jagadeesh R
The minimum monopoly energy of Ky ,,_; is

(r-2) 1 7) 3
p —
EMM(Kl,p—l) = z 0(p—2)+ ‘E + T‘
i=1

=/4p —3

(M1 -2)*+(A2-2)* +-+(1p-7)°
p

The standard deviation ¢(G) = \/

2

2

~ \/(oa)2+---+(oa)2+(“¢‘;”—‘31)2(1‘*"’—‘31)
B p

(4p® —2p2—-2p) 1 (2p® —p?—p)
O-(G) = > X —-= 3
2p 14 p

The standard deviation of the least monopoly energy

p

Eou(Kipa) = ) 1= o]

i=1

Efﬁ 2)|0'—-U|-+

3_p2_

=(p-2) /(Zp pz; 2

1-/4p-3 (2p3-p2%-p)
2 p3

2p3+ ) J4p-3 (2p3-p2-p) = J4p-3
:(p_Z)/”p”p++ ppf”+ —+

@p3-p*-p) 1
p3 2

23+ 2
=(p—2)j(p pz P, 4p — 3

1+,/4p-3
=53,

1+/4p-3  |(2p3-p3-p)
2 p3

+
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Theorem 3.3: For p < g, the standard deviation of the least monopoly energy of the
complete bipartite graph(k,, ;) is

2(12)2(12)422
EE’M(Kp,q)=(p+q—2)\/pq LT LA 4 [(Apg + 1) — (g —

(p+q)3

1).
Proof: For the complete bipartite graph (Kp,q), p < q with vertex set

V={v, vy, ... Up, Uy, Uy, ..., Ug}. The minimum monopoly set S =
{v1,v2, ., )
The minimum monopoly set S= {vy, vy, ... v, }.

Then, the minimum monopoly matrix is

1 0 0 .. 0 11 1 .. 17
010 .. 0 11 1 .. 1
001 " 0 11 1 .. 1
_10 0 0 1 11 1 .. 1

KMM(K”"*)_1 1 1 1 00 0 .. 0
1 1 1 1 00 0 .. 0
1 1 1 1 00 0 .. O
1 1.1 1 00 0 ™ 0O

Then the characteristic equation
|Kum (Kpq) — AI| = 0'is
PEA-DTH R -1 —pg) =0

Then, 2 =0 [(p — 1)times]; A = 1[(q — 1)times] ;
and 1 = 1+/4pq+1

2

Mean 1 = —
p+q

The minimum monopoly energy of complete bipartite graph

EMM(Kp'q) =(p-1)+4pg+1
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(M1 -2)*+(A2-2) 4t (Apyq—7)°
(r+q)

The standard deviation a(G) = \/

2

~ \/(O—A)2+~~~+(o—x)2+(1—7\)2+~~~+(1—A)2+(1+ “;’q“-x)2+(1‘m x)z

(r+9)

p? [ 1,(pg+1), g2 Zq]
_\/(p (p+q)2 a2 2(4' 4 '(p+q)2) p+q

(r+q)

_ [2p*a+2pa®+4p?q®+pg®+p?q
(p+a)®

_ |pg®(1+2q)+p2q(1+2q)+4p?g?
o(6) = \/ (p+)?

The standard deviation of the least monopoly energy

(»-1) (q-1)

+
EL"M( q)—Z|O—a|+ZI1—a|+| pq -0

2(1+2q+p?q(1+2p)+4p3q>?
:(p_l)\/pq( qa+p4q p pq—(q—1)+ 4pq + 1

(p+q)3

_ pq?(1+29)+p?q(1+2p)+4p?q?
+(q 1)\/ (pr)?

2(142q)+p?q(14+2p)+4p2q?
:Jpq Q)+p?q(1+2p pq(p+q_2)+ Apg +1—

(p+aq)?
(@-1)
Theorem 3. 4: For a double star graph S, ,,, the standard deviation of the least

monopoly energy of the graph is

ES(S,)=(2p — 2) % +2,p
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Proof: Let S, ,, be a double star having the vertex set V=

{vo,v1, V2, ... Vp_1, U, Ug, Uy, Up—1 3. Then the minimum monopoly set

S={u0,v0}.

The minimum monopoly matrix is

1
1
1

Kym (Spp) =

e O O = = eee oo

The characteristic equation

1

0
0

1

0
0

Uy

[N}

10

00
00

00
11

10
10

10

22— (p-1)(22-22-(p-1)) =0.

Then, 2 = 0[(2p — 4)times]; 1 = +

= 2
Mean A = —.
2p

The minimum monopoly energy

_ (2p-2) 2p
Evm(Spp)=2 /—2 + 2\/;

The standard deviation o(G)= j

(2p-2)
2

o

[N}

;A=1%./p.

(M1 -2)*+ (A1 -2) 4ot (App-2)

2p

oo o

OO RO e

_ j(o-x)2+...+(o-x)2+(¢ﬁ-x)2+(-x-¢ﬁ)2+(-x+1+ﬁ)2+(-x+1-ﬁ)2

— [2p*+2p3-2p _ [p*+p3-p
2p3 p3

2p

629
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The standard deviation of the least monopoly energy

ELM(SPP) Z(Zp 4) —U|+|i\/p—1—a|+|1i\/§—g|
=(2p—4) %+‘./p—1— ’% +‘_\/F_ /p4+;933—p n
|1+\/_ p+p P ‘ ~Jp- 4+p -p

44p3— 44p3— 44p3—
:(2p—4)\/p ;’3 p+\/p ;’3 P -1+ p-1+ /$+1+
’4+p3 +\/—+ ’4+p3 1

4 3_ 4 3
o) [T 2 T

4 3
=(2p — 2) % +2,/p

Theorem 3. 5: For any integer p>3, the standard deviation of the least
monopoly energy of the crown graph S is

ES(S9)=v5(p— 1) +/4p2—8p + 5
Proof: Consider S graph having V(G)={uy, uy_uy, 1, V2, .. Vp}.
Then, the set S={uy,u, _ u,}.

Then, the matrix KMM(SPO) is given by

1 0 0 0 01 1 .. 17
1 0 ... 0 10 1 1

001 7 0 11 0 1
0y_[0 0 O 1 11 1 .. 1
K (S°p) 0 1 1 1 00 0 .. 0O
1 0 1 1 00 0 .. 0

1 1 0 1 00 0 .. 0

1 1 1 0 00 O 0
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Then the characteristic equation
|[Knm(S9) —AI| = 0'is
P =2A-1D)P V@A -2~ (p-1? =0

1+\/—[(p — Dtimes|; A = —— V4D —8p+S

2

Then, A =
Mean A = =
p

Then the minimum monopoly energy

Evm(S9) =V5(p—1) +/4p2 —8p +5

(A -2) 4+ (Aap-7)°
2p

The standard deviation o(G)= \/

2 2
145 1 1-V5_1 1+ [4p2-8p+5 1- J4p2-8p+5
RIS XY N A I
2 p 2 p 2 p
2p
_ [4p*—2p3—4p?+4p
o(G) = [P

The standard deviation of the least monopoly energy

Efu()=30 70 25— o] +

1+./4p2—-8p+5
———0
2

1 \/— 1-/5 1+./4p2-8p+5
== D [ - o] + o - D57 - of 4 PR
1—/4p2-8p+5 _0_|
2

:(p—1)@_@_1)0+(p_1)[§+0_%]+%+\/m_

ep?-gpts | 1

2 2

-1) V5 Vs 1
=242 p-D-(p-Do+p-DF+op-D-3(p-1D+

J4p? —8p+5
=5(p—1)+/4p?—8p+5

—c|+

2

631
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4. BOUNDS OF STANDARD DEVIATION OF THE LEAST MONOPOLY
ENERGY

Remark 2: For a non-disconnected graph G containing V(G) =
{v1,v2,V3, V4, ..., 1, } and size q. Then,

(2q + mo(G)) < Eyu(G) < /p(2q + mo(G).

Theorem 4.1: Consider G to be a non-disconnected graph possessing
V = {vy,v;, V3,4, ..., v} Where i, j € {1,2, ..., p} and size q. Then,

\/(Zq +mo(G)) — ZIGI\/p(Zq +mo(G)) < E%y (G)

1
< pl(2q + mo(G))? + o]
Proof: By Holders Inequality,

p p p
Dlabl< [ lal?) [ Inl?)
i=1 i=1 i=1

Letai=1,bi=|/1i—0'|

p p
Ylabl < o | A-of?
i=1 i=1

Using Minkowski’s Inequality,

4
Lyl < Zw > yl?
j=1

4 14
Dl + Y loliol ]
j=1 j=1

< \/p_[\/p(2q+mo(6)) +Jp ol

< p[\/(2q+mo(6)) + o]
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Then,
E° (@) <p [\/(Zq +mo(G)) + o]
Also,
14
(B2 (@) = ) |4 = o’
o F
= -l

p p
> ) Al = 2o] ) 1Al
i=1 i=1

=

Em(G) = \/(ZCI + mo(G)) — 2|o|yp(2q + mo(6))

Remark 3: Let G be a connected graph with set V = {vl, Uy, Vg, Vg, were

and having size g. Then,

Vo+1D < Eyu(G) < p\/ﬁ

Theorem 4.2: Let G be a connected graph with set V =

{v1,v2,V3,V4, ..., v} Wherei,j € {1,2, ...,p} and having size q. Then,

(@ + D =20olpyp < 7@ <plp +0]

Proof : By Holders Inequality,

4 14 4
Dlabl< [ lal?) [ Inf?)
i=1 i=1 i=1

Letai=1,bi=|/1i—a|

P labil < o [ZP 14— ol

633
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Using Minkowski’s Inequality,

< /ol Z|/1j||,1]-| + Zlallal ]
j=1 j=1
E%n(G) < o [VP? +/po]
Then,
E? 1 u(G) < plp + o]
Also,

p

i=1
p

=) -l

i=1
14 14
> ) Al = 2o] ) 1Al
i=1 i=1
> (p+1) - 2lolp/p
Then,

E°m(G) = \/(P +1) - 2|0'|P\/5

Remark 4: For a non-disconnected graph G containing V =
{v1,v2, 73,04, ..., 1} and size g and D = det(Kyy(G)) . Then,

\/Zq + mo(G) +p(p — 1)D% < Eyy(G) < (29 + mo(@)) 4

J(p -1) [(Zq + mo(G)) — (2q++f(c))2] )
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Theorem 4.3: Let G be a connected graph with set V =
{v1,v2,V3,V4, ..., v} and size g and D = det(Ky (G)) . Then,

j (20 +mo(@) + p(p - 1D# - 2001 Z2 4 [y - 1)|(29 + mo(@)) - (2222 |

Bu® £ L =)o+ mo@) - (222 + oo

Proof : By Holders Inequality,

4 14 4
Dlabl < [ 1al) Q) 1bd?)

i=1

Letai=1,bi=|/1i—0'|

P laibl < \Jp [XF_, 12 — o2

Using Minkowski’s Inequality,

14 14 14
Dty < Yl [ il
i=1 i=1 i=1
4 4
<ol ) il + ) lollol ]
i=1 i=1
p 14
<ol Yl + ) ol ]
i=1 i=1

(2q+m0(6))— +./po]

< \/5[ (2q + ;no(G)) N \/(p _ <2q + ;no(G))
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Also,

p

p
> ) 4l = 2lo] ) 1A
i=1 i=1

=

> (2q +mo(G) +p(p — 1)D% —2|o]| (Zq b mo(G))

2
+ j(p -1) (Zq + mo(G)) — <2q+ino(0)> ]

J@q+mdm+p@—1w5—MﬂQﬁ%ﬁﬁ+J@—1ﬂ@q+mdm)_cﬁ?m51

Then,
E°n(G) 2

Hence the proof.

S. CONCLUSION

In this paper, we have studied the standard deviation of the least monopoly
energy E? ), (G) pertaining to graph G. The numerical value of standard deviation of
the least monopoly energies of a few various kinds of graphs is obtained. We also
found the boundary values for E?,, (G).
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