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Abstract

In this paper, we introduce w-type 1 and w-type 2-diamond fuzzy numbers
and solving a fuzzy multi-objective linear sum assignment problem
(FMOLSAP) with linguistic variables whose A ; —cut are expressed as w-type
2-diamond fuzzy numbers (w,-DFN). To solve the FMOLSAP, we can apply
arithmetic operations of A ; —cut of w-type 2-diamond fuzzy numbers (w¢,-
DFN) to compute complete optimal matching.

Keywords: w -type 1 and w -type 2-diamond fuzzy numbers, Fuzzy
assignment problem,

AMS Mathematics Subject Classification (2010): 90B80, 90C29, 03E72

1. Introduction

In 2010, Kagade and Bajaj[6] discussed for solving fuzzy multi-objective assignment
problem with interval cost. Isabel et.al [5] an application of linguistic variables in
fuzzy assignment problem, In 2014, Gupta and Mehlawat[3] For treating the fuzzy
multi-objective assignment problems, a novel possibility programming technique was
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provided, Kayvan Salehi[7] proposed an approach for solving MOAP with interval
parameters. In 2015, Pathinathan and Ponnivalavan [11] discussed diamond fuzzy
number. In 2017, Nagoor Gani and Shiek Pareeth [9] are discussed dual variables and
partial solution for solving FLSAP. In recently, many of the researchers work in this
area of fuzzy multi-objective assignment problems like [1-4,8,10,12, 13-15].

We introduced w -type 1-diamond fuzzy numbers and w -type2-diamond fuzzy
numbers are discussed in this paper. The upper and lower membership functions of
diamond fuzzy numbers are described as w-type 1 and w-type 2-diamond fuzzy
numbers. In Ag- cut form, express the w-type2 -diamond fuzzy numbers. Single fuzzy
linear sum assignment problems are converted from fuzzy multi-objective linear sum
assignment problems by using ranking method. obtain partial feasible solution and
complete optimal solution by using A ; —cut of w-type 2-diamond fuzzy numbers
(w¢2-DFN) . Arithmetic operations of A ; —cut of w-type 2-diamond fuzzy numbers
(ws,-DFN) to obtain complete optimal matching

2. Preliminaries

2.1. Definition: [11]A fuzzy set F is defined as F; = {d’,d*,d" (ag, Bg)}is called
diamond fuzzy number and it’s the following membership function is given by

( 0 forx < d’

gj_‘g L ford'<x <d’
((dd,','_‘;‘j) ford* <x<d"
_ g
#a % ford <x <d’
Gt) ford<x<a”
1 x= 4
\ 0 otherwise

2.2.Definition: A w-typel- diamond fuzzy number is upper and lower membership

function of the diamond fuzzy number is defined as [wyFy , weq Fy | Where we Fy

={d'.d",d", (aq,Ba). w1 Fq = {d'.d", d"" ,(@q,Bq)} and it’s the following membership
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function is given by

( 0 otherwise
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Figure 1: w-type 1- diamond fuzzy number

2.3. Definition: A w-type2 diamond fuzzy number is upper and lower membership

function of the diamond fuzzy number is defined as [w,Fy .wFy ] Where we, Fy
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={d'.d".d" (a4 ,Ba) w2Fg = (d'd*d" (@gB4)) and it’s the following membership
function is given by

( 0 otherwise
o(E2)  foasxsa
(d_”_x) * 17
= ((d_"—d*)> ford sx<d_

5((x_d,) ford <x <d*

5((‘1_"?) ford*<x<d’

a; — Dbase

HouFg = Q((d_,_x) ford <x <d*

ford <x <d*

)
Q((x__d—l) ford*<x<d"
)

w
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Figure 2: A4 cut of w-type 2- diamond fuzzy number
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3. Arithmetic Operations of w-type2- Diamond Fuzzy Number (w,F; ) :
Let us take two w-type2 diamond fuzzy number are given below

The following arithmetic operations of w.,F;- and wp,Fy-.
Addition

~1 ~ 2
wpFq QweFy =

((d,/®d,", d,'®d,", ,d,'®d," ,d,/®d," ds'®d" dg'®dg" ). min{wp1 , wyp2}),

(d,/@d," , d,’®d," d3'@d;"d,'®d,” ds'@ds" d'®d," ), min{ wyrr , wyrz })
Subtraction
~1 ~ 2
wpFy © wpFy =
((d,'6ds",d,'0d;" d5'® d," d,'0d;" , d5'® d;"de'® dy"), min{ @ypr , wype 3).
Multiplication
~1 ~ 2
wpFy Qwply =
((d,/®d," , d;'®d," ds'® dy"d,'®d," ds'®d5", g’ ®dg" ), Min{ Dy , ypz }).
Scalar multiplication
~1
og (wpFg )=
((akd_f, O(kd_2' , O(kd_3', O(kd_4' , O(kd_s',akd_d, W151))) 1(akd_1" O(kd_z',akd_sl,akd_ley
s’y dg’, @y ) if oy 0.
~1
oy (weaFy ) =
((akd_6, , Olkd_s' Ok d_3' ,Ofkd_z' dy’ wp1), (Ofkd_sl. akd_slyakd_zt’,akd_;, O(kd_z',akd_f, W1r1))

ifk<0.
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4. Mathematical Form of Multi-objective Fuzzy Linear Sum Assignment
Problem is defined as:

Minimize 2 = Y7, &5 37, %
Subjectto Y, xi=1,forj=1,2,3,4...n
nL%=1,fori=1234...n
L {1, if job'j' is matched to machine 'm’
and ij= ,
0, otherwise

where 2K = {z! | 22 2% .....Z5}is vector of multi objectives

Table 1.
Job/ J1 J2 J3 Js
Machine
[€14,614] [€12,612] [€13,613] [¢14/C14]
M ~ = ~ = ~ T ~ =
[t11,841] [t12,t12] [t13,t13] [t14,814]
[G11.11] [12,312] [G13.d13] [G14.14]
[€21,621] [€2.622] [€23,623] [€24,€24]
M2 ~ T ~ T . T ~ T
[t21,E21] [t22.¢2.] [t23,¢23] [t24.E24]
[G21.21] [322.322] [G23.d23] [G24.24]
[€31,631] [€32,C32] [€33,C33] [€34/C34]
M3 ~ T ~ T ~ T ~ =
[£31,834] [£32,32] [t33,33] [£34,E34]
[@31,811]) [@32.352] [33.333) [334.034]
[€41,E41] [42.C42] [€43.43] [44,€44]
Mg ~ T ~ T ~ T ~ =
[t41,E41] [ta2,t42] [t43,43] [ta4.t4a]
[Ga1,Ga1] [Ga2.Taz] [Ga3.das] [Ga4,Gaa]
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5. Ranking function of w-type 2 diamond fuzzy numbers

Let wtzﬁ?: [(Utzf(;l ' cUtzj:;l] and wtzFZ2= [wtzféz, wtzFZZ] are two w-type2

diamond fuzzy numbers. a)tzﬁgl : thF;Z are lower w-type 2 diamond fuzzy number

and wtzﬁgl, wtzﬁf are upper w-type 2 diamond fuzzy number. Then the following
ranking function of w-type2 diamond fuzzy number and defined as R(w,,Fy)

_ _ —1 —2 —1 —2
We2Fg tweaFge _ (@Fa +0pfa’) + (0nFq + wefa’])
2 2

R(wtzﬁc;) =

6. Algorithm and Properties:
6.1: A New Algorithm for fuzzy multi-objective linear sum assignment:

w-type 2 diamond fuzzy numbers are considered as linguistic variables. The fuzzy
cost coefficient, fuzzy time, and fuzzy quality are expressed in Aq¢- cut of w-type 2
diamond fuzzy numbers to compute the partial feasible solution and complete optimal
solution.

Step 1: First let us take the cost matrix [c;;], whose elements are linguistic variables
that have been substituted by fuzzy numbers, is presented. Examine whether or not
the provided w-type 2 diamond fuzzy multi-objective linear sum assignment table is
balanced.

a) If the number of machines and the number of jobs are equal, go to step 3.
b) Proceed to step 2 if the number of machines does not equal the number of jobs.

Step 2: In the w-type 2 diamond fuzzy multi objective linear sum assignment table,
add a dummy row or column. Dummy row/column cost, time, and quantity entries are
always zero.

Step 3: In Ag- cut form, express the above w-type 2 diamond fuzzy multi-objective
linear sum assignment problems. The upper and lower w-type 2 diamond fuzzy
numbers of the multi-objective linear sum assignment problem are then merged into
single A¢- cut form of w-type 2 diamond fuzzy number of the multi-objective linear
sum assignment problem.

Step 4: By applying ranking method, convert a Aq- cut of w-type 2-diamond fuzzy
multi objective linear sum assignment problem to Aq¢- cut of w-type 2-diamond fuzzy
linear sum assignment problem..

Step 5: Find dual variables (;,7; ),
If M; =My,M,...My then find @&; =min{c;; ji=J1,J2....]n
If j;=J1,J2.....0n thenfind ¥, =min {c;, - 4; ; M; = M;{,M,.... M, }
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Step 6: Calculate (c_“lj) and find a partial feasible solution
if j;=J1,J2....0Jn then row (j) = 0;
if M;=M;M,...M, and j;=J1 ,J2....Jn then obtaing,, = &, -; - 9, =0 and
the solution is
row (j) =i, X;; =1and
a) If there are less than ‘n' rows of matching. go to the next step
b) An optimal solution is found if the number of matches is equal to n..

Step7: If the number of matching solution is less than (the order of the matrix) n
matching solution by using the following alternative path method.

The matching vertex|U|< n then increase the partial solution and let E be any vertex
in U and select the elementary path from k whose edges are alternatively not assigned
and assigned.

If E¢ U then sink = Alternate(k);

If sink >0then U =U U {E};j=sink and obtain in new graph.

Step 8: update the dual variables and obtain complete optimal solution

Select the minimum value of an unassigned row § = min{c;; - &; - 7= 0 and then
7" =0, -1;" thenobtainc,, = ¢, - ;" -
7" =0 is the new bipartite graph of the current solution. Alternate (k) is then

executed again for k = § Producing the augmented tree. Finally, each machine (M;)
and job (j;) has one and only matching edges, complete optimum solution is reached.

Step 9: Stop.

updated dual variables are @;” =1; +6: U

6.2. Properties on fuzzy matching:

6.2.1. Theorem: If partial feasible matching is the minimum matching edges in any
bipartite graph.

Proof: Consider the fuzzy cost matrix (nxn) is ¢,, and define the fuzzy dual
variables are #; = min {¢;;} and ¥, = min {¢; - &; }. Then, we have by applying
complementary slackness conditions for transform cost matrix ¢;; to reduced cost
matrix &, (ie), G, = ¢, -1 - §, = 0,V 0 <i,j <n. Therefore, assign only one
matching edge to each rows and columns but both rows and columns are less than n.

Then we have a solution is partial if there are a minimum number of matching edges
in any bipartite graph.

6.2.2. Theorem: If an optimal complete matching is the number of matching is equal
to the order of the matrix (nxn).
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Proof: From Theorem (5.1). Let us take the partial feasible matching edges in
bipartite graph. The matching vertex is less then n and increase the partial solution
and let ‘E’ be any vertex in U and choose the elementary path from ‘E” whose edges
are alternatively not matched and matched. In a bipartite graph, an alternating tree
rooted in a vertex ‘r’ is a tree in which all paths emanating from ‘r’ alternate. adding
new matching vertex is U = U U {E}. Choose the minimum value of an unassigned
row § = min{¢;, - ii; - 7= 0 and then updated the dual variables are &i;" =; + & :
U =¢,-1;" then compute a*: ¢, -1;" -9 =0is the new bipartite graph of the
current solution. The alternate method executed again for k = & Producing the

augmented tree. Then we have a solution is complete optimal if there are a maximum
number of matching is equal to the order of the matrix (nxn).

7. Example:

Let us considered the four machines given below. M1, M2, M3, Ma, and four jobs Ji,
J2, Js, Jarespectively. To optimize the fuzzy cost, fuzzy time, and fuzzy quality are
each considered as a w-type 2 diamond fuzzy numbers. The fuzzy cost, the fuzzy time
and the fuzzy quality for solving Ag- cut of w-type 2 diamond fuzzy numbers of
multi-objective linear sum assignment problem.

Table 2: w-type 2 diamond fuzzy numbers are representing to the linguistic variables.

Job/Machine J1 J2 J3 Jg
M1 Fairly high Very high High Very high
M2 Very low High low Fairly high
M3 Extlrgvrcely Medium Medium Very high
My Fairly low Medium Very low Very low
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Table 3.
Job/Machine J1 Jo J3 Ja
M (23,30,37) (25,33,41) (21,27,33) (25,33,41)
(22,31,38) (24,34,42) (20,28,34) (24,34,42)
(31,38,45) (31,39,47) (18,24,30) (31,39,47)
(30,39,46) (30,40,48) (17,25,31) | (30,40,48)
(36,43,50) (36,44,52) (27,33,39) (36,44,52)
(35,44,51) (35,45,53) (26,34,40) (35,45,53)
M2 (1,24) (037) | (21,27,33) (8,13,18) (23,30,37)
(347) (259 | (202834) (7,15,21) (22,31,38)
(4.68) (18,24,30) (14,18,24) (31,38,45)
(3”7”10) (17,25,31) (13,23,28) (30,39,46)
(27,33,39) (11,13,21) (36,43,50)
(26,34,40) (10,17,22) (35,44,51)
M3 (1,2,4) (0,3,5) (7,12,15) (7,12,15) (25,33,41)
(2.35) (L46) (6,13,16) (6,13,16) (24,34,42)
(45.7) (3.6.8) (8,13,16) (8,13,16) (31,39,47)
A (7,14,17) (7,14,17) | (30,40,48)
(13,18,21) (13,18,21) (36,44,52)
(12,19,22) (12,19,22) (35,45,53)
My (3,5,9) (7,12,15) (1,24) (037) | (1,24)(0,3,7)
(2,6,10) (6.13.16) (3.4,7) (259 | (34.7)(2,5.9)
(3.4.7) (81316) | 468)(3,7.10) | (46.8)(3,7.10)
(2,5,10) (7,14,17)
(4,6,8) (13,18,21)
(3,7,11) (12,19,22)
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Table 4: w-type 2 diamond fuzzy numbers are converted into Ag-cut of fuzzy numbers

Job/ 5 5 I 1
Machine
[624 +21, 33- [ 8k +25,41-824] | [7Aq +23,37-T24] | [ 8ha+25, 41-81,4] [107,
M, 614] [84 +20, [101,+24, 42-814] |[9%4 +22,38-714] | +24,42-82, ]
34_-6E] [844+31,47-84a] | [7A4+31,45-7TAq] | [844+31,47-844] [1044
[64,+18,30- 64,] |[104,+30, 48- [92, +30,46-72,] | +30, 48-81,]
[8i 17, 31_6;—(1] [82,+36,52- [724+36,50- [814+36,52- 81,][107,
[624+27,39- 824][1024 +35,53- | 744][924 +35,51- |+35,53-87, ]
6141824 +26, 40- | 81,] 7241
644]
[ Aq+1, 4-224] [ 724 +23,37-T24] | [52q +8,18-524] | [6A, +21,33-614] [87,
M2 [314+0, 7-424] [97, +22,38-7TA,] |[814 +7, 21-614] +20, 34-61,]
[A4+3,7- 314] [7A4+31,45-7A4] | [444+14,24-404] | [62,+18,30- 61,] [674
[32q +2,9-42,4] |[944 +30, 46-74,] |[101,+13, 28-51,] +17, 31-614] B
[224+4.8- [744+36,50- [244+11,21- [6A,+27,39- 64,4][82,
214][4724 +3,10- | 724][97, +35,51- | 544][724 +10, 22- +2€, 40-614] N
324 724] 524
[Aq +1,4-24] [524 +7, 15-344] [54q +7,15-324] | [84a+ +25, 41-844]
Ms 11371, 5-27,1] [77, +6,16-37,]  |[77, +6, 16-37,] |[107, +24, 42-87, ]
[Aq+2,5- 244] [5241+8,16-344] | [5A41+8,16-324] | [814+31,47-81,] [1074
[374] +1, 6-22,41] | [7A4 +7, 17-324] [724 +7,17-324] +30, 48-81,]
[Aa+4,7- [54,+13,21- [544+13,21- [81,+36,52- 81,][102,
22410371 +3, 8- |3341[77 +12,22- | 3][TAq +12,22- | +35,53-61;]
22411 32d] 32d]
[214 +3,9-404] | [5Aq +7, 15-314] [ Aq+1,4-224] [ Aa+1, 4-224] [324+0, 7-
Ms 1147, +2, 10-47,] | [77, +6,16-37,] | [374+0, 7-474] 47251
[2a+3,7- 324] [524A+8,16-32q] | [Aa+3,7- 344l [32a | [A4+3,7- 314] [314 +2, 9-
[374+2, 9-52,] [724 +7,17-314] +2,9-42,] 4241
[244+4,8- [514+13,21- [224+4,8- 224][424 | [244+4,8- 2A4][474 +3,
224][474+3 , 11- | 314][72, +12,22- | +3,10-37,] 10-32,4]

414]

314]
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Table 5: w-type 2 diamond multi-objective fuzzy numbers are converted into single
A-cut fuzzy number

Job/ ] ] ] ]
Machine ' 2 : !
[1844+66,102- 181,] [2424+92,140- [2144+90,132- [2424+92,140-
[247, +63, 105-182,4] 2424] 2144] 2424]
Mi [302, +89, 143- [272, +87,135- [302, +89, 143-
2424] 21241 24241
[2144+90,132- [1844 +66,102- 184,
[444+8,19-744] 2124] [1124++33,63-1444] ]
M [102, +5, 26-112,4] [272, +87,135- | [2544 +30, 71-1624] | [2424 +63, 105-
217,] 1824]
[2424+92,140-
[344+7,16-644] [1544+28,52- 924] | [1524+28,52- 94,] 2424]
M3 [92, +4, 19-61,4] [2144 +25,55-94,4] | [2144 +25,55-944] | [304, +89, 143-
24241
[544+10,24-944] [1524+28,52- 944] | [44q +8,19-TA4] [444 +8,19-724]
Mg [112, +7,30-134,] | [2144 +25, 55-94,] | [104, +5, 26-114,] | [104, +5, 26-114,4 ]

Table 6: Upper and lower w-type 2 diamond multi-objective fuzzy numbers are
converted into single objective Aq-cut fuzzy number

Job/
Machine Ji J2 Js Ja
M [21£+64.5,103- [27ﬂ+90.5,141.5- [244,+88.5,133.5- [27ﬁ+90.5,14l.5-
' 187,] 2474] 213 2474]
_ 242 ,+88.5,133.5- 1844+31.5,67- 214,+64.5,103.5-
M [744+6.5,22.5 -97,] Ld Zd Ld
i —me 217,] 157,] 187,]
— | [184,4265535- | [182,+26.5535- | [2744+90.5141.5-
M [64,4+5.5,17.5-62,] Ld Ld Ld
’ —m 9741 97,] 247,]
| [182,+26.5535- _ _
M. [8,+8.5,27-117,] ~ o [724+65,22.5 -92,] | [7A4+6.5,22.5 -97,]
d

Obtain dual variables
1 ={[2144+64.5,103-184], [7A4+6.5,255-94,], [644+55,17.5-62], [744+6.5,25.5-92, ]

7 ={0, [64,+26,38.5- 62410, 0}
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Table 7.
0 -[624+26,38.5- 614] 0 0
0 0 [304+24,305-324] | [64+26,38.5- 6]
& = 0 [112,+56,725-675] |[1124+25,44565]| [142,4+58,81-97]
0 [644-5, -25+374] | [1244+21,36-314) | [2144+85124- 181,]
[A4+2.54.5-224] [544-6,-7.5+6] 0 0
I'-'Il H _'|' Idl : I I\'L !
M O ox SN ’
M I M, I M, L
M, Cé L M, Cé I M, O 1
Figure :1 Figure : 2 Figure : 3
Table 8.
Job/
. J1 J Js Ja
Machine
v [2144+645103- | [2744+90.51415- | [242,+8851335 | [2744+90.51415-
' 187,] 247,] 212] 247,]
" (7,+6.5.225 97] [242,+8851335- | [1844+3L567- | [214,+645,1035-
— 212,] 152,] 1872,]
" (61,0+5.5.175-610] [184,+265535- | [1834+265535 | [2744+90.5,1415-
[1844+26.5,53.5-

M. [84,+8.5,27-117,] o [724+6.5,22.5 -92,] | [724+6.5,22.5 -97]
Aa - Aa Aa
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Updated dual variables

M

M

M

Figure : 5
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A

Figure -

&

;" = {[2144+64.5,103-184], [1844+31.5,67 -154,], [1244,15-924], [724+6.5,25.5-94,]};
7," = {[-1144-25, -44.5+61,], [6A4+26,38.5- 624] .0, 0}

Table 9.
M;(c)ﬁéne S %2 Js I
_ My 0 0 [314+24,30.5-314] [624+26,38.5- 614]
b = M. 0 [024 -1.5,28-04,] 0 [324+33,36.5+344]
Ms; 0 0 [624+26.5,38.5-044] | [1544+90.5,126.5- 154,]
M, [1224+27,49-41,] | [044-6,-7.5-41,] 0 0

Fuzzy optimal schedule M1 —J2, M2—J3, M3—J1, Ms—J4

Fuzzy optimal cost = {(25,33,41) + (8,13,18) + (1,2,4) + (1,2,4)}{(24,34,42) +
(7,15,21) + (0,3,5) + (0,3,7)}

Fuzzy optimal cost = (35, 50, 67) (31,55,75)

Fuzzy optimal time= {(31,39,47) + (14,18,24) + (2,3,5) + (3,4,7)H{(30,40,48 +
(13,23,28) + (1,4,6) + (2,5,9)}

Fuzzy optimal time = (50, 64, 83) (46,72,91)

Fuzzy optimal quality

(3,7,10) + (3,6,8) + (3,7,10)}

Fuzzy optimal quality = (48,61,75) (44,65,81)

= {(36,44,52) + (4,6,8) + (4,57) + (4,6,8)} {(35,45,53) +




Solving Fuzzy Multi-objective Linear Sum Assignment Problem... 1513

CONCLUSION

We discussed w-type 1 and w-type 2-diamond fuzzy numbers. We proposed a new
method for solving Ag- cut of w-type 2-diamond fuzzy multi-objective linear sum
assignment problem and involving linguistic variables and by using alternate method
and augmented method of bipartite graph to compute partial feasible solution and
complete optimal solution. To modified partial primal solution and obtain complete
optimal solution using the alternate path method producing augment path method of
the bipartite graph.
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