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Abstract

We establish homogenization results of a stochastic variational inequality
semilinear PDE with a nonlinear Neumann boundary condition. Our approach
is entirely probabilistic, and extends the result of Pardoux and Ouknine published
in [8].
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1. INTRODUCTION

The theory of homogenisation has developed considerably in recent years and is a
discipline in its own right. In their book Bensoussan, Lions and Papanicolaou [2]
have shown that this can be done by probabilistic methods (see also [5]). Since then,
this approach has developed in parallel with the analytical approach.The objective of
this paper is to study the homogenisation of Inequality Variations Semilinear second
order parabolic semilinear (IVS) with periodical coefficients. Our purely probabilistic
approach generalises the work of Pardoux and Ouknin [8] to the case considered in
based on the interpretation of IVS solutions in terms of the solutions of the EDSRs
considered (cf. Pardoux-Rascanu [7]). The paper is organised as follows: Section 2
contains some reminders and hypotheses for the rest. We deal with the convergence
of the family of processes (Y ε, Zε, U ε) solution of on BSDEs reflected in Section 3.
In Section 4, we give an application for the homogenisation of a parabolic IVS with
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periodic coefficients. We consider the following semi-linear partial differential equation
(PDE) in a domain D =

{
(x1, x2, . . . , xd) ∈ Rd : x1 > 0

}
, with non-linear Neumann

boundary condition on ∂D. For each ε > 0, we consider,

∂uε

∂t
(t, x)− Lεu

ε(t, x)

− f
(

x

ε
, uε(t, x)

)
− 1

ε
e
(

x

ε
, uε(t, x)

)
∈ ∂ϕ (uε(t, x)) , x ∈ D, 0 < t

Γεu
ε(t, x) + h

(
x

ε
, uε(t, x)

)
∈ ∂ϕ (uε(t, x)) , x ∈ ∂D, 0 ≤ t

uε(0, x) = g(x), x ∈ ∂D

(1)

where

• e : Rd × R −→ R is a measurable mapping, which is periodic, of period one in
each direction in the first argument, continuous in the second argument uniformly
with respect to the first, and satisfies :∫

Td

e(x, y)m(dx) = 0, ∀y ∈ R (2)

when m is the unique invariant measure on the torus Td.
Suppose e be twice continuously differentiable in y, uniformly with respect to x,
and there exists a constant K such that :

|e(x, y)|+

∣∣∣∣∣ ∂∂ye(x, y)
∣∣∣∣∣+
∣∣∣∣∣ ∂2

∂y2
e(x, y)

∣∣∣∣∣ ≤ K, ∀x ∈ Rd, y ∈ R (3)

• f : Rd × R −→ R, g : Rd −→ R and h : Rd × R −→ R are sufficiently smooth
functions. Equivalently the coefficients can be seen as periodic functions with
respect to the first variable with period one in each direction on Rd and are such
that for some c > 0, p > 0, µ ∈ R, β < 0, and all x ∈ Rd, y, y′ ∈ R :

|g(x)| ≤ c (1 + |x|p) (4)

|f(x, y)| ≤ c (5)

(y − y′) [f(x, y)− f (x, y′)] ≤ µ |y − y′| (6)

(y − y′) [h(x, y)− h (x, y′)] ≤ β |y − y′| (7)

|h(x, y)| ≤ c (8)

Assumptions and definitions
Let (Ω,F ,P) be a probability space on which a d-dimensional Brownian motion(
B1, . . . , Bd

)
is defined. Let E be the corresponding expectation operator.
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The differential operator Lε inside D is given by :

Lε =
1

2

d∑
i,j

ai,j

(
x

ε

) ∂2

∂xixj

+
1

ε

d∑
i=1

bi

(
x

ε

) ∂

∂xi

+
d∑

i=1

ci

(
x

ε

) ∂

∂xi

(9)

This operator is the generator of the reflected (Lε,Γε)-diffusion (see Tanaka [13]) :
dXε

t = σ
(

Xε
t

ε

)
dBt +

1

ε
b
(

Xε
t

ε

)
dt+ c

(
Xε

t

ε

)
dt+ γ

(
Xε

t

ε

)
dφε

t , 0 < t,

X1,ε
t ≥ 0, φε is continuous and increasing,

∫ t

0

X1,ε
s dφε

s = 0, 0 < t,

Xε
0 = x

(10)

where X1,ε denotes the first component of the process Xε. We recall that D =

R∗
+ × Rd−1, so that Xε lives is D, that is, X1,ε remains non-negative and φε increases

when and only when X1,ε is zero, just to keep it non-negative.

The associated differential operator on ∂D is defined as :

Γε :=
d∑

i=1

γi

(
x

ε

) ∂

∂xi

(11)

The function γ : ∂D
(∼= Rd−1

)
−→ Rd is smooth and periodic of period one in each

direction and satisfies : γ1(x) = 1.

We suppose that σ : Rd −→ Rd×d, b : Rd −→ Rd and c : Rd −→ Rd are smooth and
periodic of period one in each direction.
L is uniformly elliptic and the matrix a(x) = (aij(x)) can be factored as σt(x)σ(x)/2.
Let us define X̃ε

t :=
1

ε
Xε

ε2t and φ̃ε
t :=

1

ε
φε
ε2t, then we get with a new standard d-

dimensional Brownian motion {Bε
t : t ≥ 0}, which in fact depends on ε:

dX̃ε
t = σ

(
X̃ε

t

)
dBε

t + b
(
X̃ε

t

)
dt+ εc

(
X̃ε

t

)
dt+ γ

(
X̃ε

t

)
dφ̃ε

t , 0 < t,

X̃1,ε
t ≥ 0, φ̃ is continuous and increasing,

∫ t

0
X̃1,ε

s dφ̃ε
s = 0, 0 < t,

X̃ε
0 =

x

ε

(12)

From now, we consider the Td-values process X̃ which operator is given by :

L̃ε :=
1

2

d∑
i,j

ai,j (x)
∂2

∂xixj

+
d∑

i=1

bi (x)
∂

∂xi

+ ε
d∑

i=1

ci (x)
∂

∂xi

, x ∈ Td (13)
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This operator converges to L where

L :=
1

2

d∑
i,j

ai,j (x)
∂2

∂xixj

+
d∑

i=1

bi (x)
∂

∂xi

, x ∈ Td (14)

2. WEAK CONVERGENCE (SDE AND BSDE)

By a simple adaptation of the results in Pardoux and Ouknine [8], one can observe
that the Td-values X̃ε, is an homogeneous Feller process with values in a compact
set, and this process has a unique invariant measure whose density is strictly positive.
Thereafter, we set m the invariant measure associated of L on Td and we set m0 the
invariant measure associated of the differential operator on Td−1 .

Throughout, we suppose that ∫
Td

b(x)m(dx) = 0 (15)

Let b̂ be the solution of Poisson equation : Lb̂ = −b, and let us introduce the process
X̂ε

t defined as:

X̂ε
t = Xε

t + ε
[
b̂
(

Xt

ε

)
− b̂

(
x

ε

)]
= x+

∫ t

0

(
I +∇b̂

)
σ
(

Xε
s

ε

)
dBs +

∫ t

0

(
I +∇b̂

)
c
(

Xε
s

ε

)
ds

+

∫ t

0

(
I +∇b̂

)
γε

(
Xε

s

ε

)
dφε

s

(16)

Let us write (16) in coordinate form :

X̂1,ε
t =x1 +

∫ t

0

(
1 +∇b̂1

)
σ1

(
Xε

s

ε

)
dB1

s +

∫ t

0

(
1 +∇b̂1

)
c1

(
Xε

s

ε

)
ds

+

∫ t

0

(
1 +∇b̂1

)(
Xε

s

ε

)
dφε

s

and

X̂j,ε
t =xj +

∫ t

0

(
1 +∇b̂j

)
σj

(
Xε

s

ε

)
dBj

s +

∫ t

0

(
1 +∇b̂j

)
cj

(
Xε

s

ε

)
ds

for all j = 2, . . . , d

(17)

Then there exists a bounded and smooth solution η of the PDE with Neumann-type
boundary condition : Lη = 0 in D

γ · ∇η =
(
1 +∇b̂1

)
−
∫
Td−1

(
1 +∇b̂1

)
(x)m0(dx) on ∂D

(18)



Homogenization of Stochastic Variational Inequality PDE... 1761

Taking such a solution η, we have by Itô :

ε
[
η
(

Xε
t

ε

)
− η

(
x

ε

)]
=

∫ t

0

∇ησ
(

Xε
s

ε

)
dBs +

∫ t

0

∇ηc
(

Xε
s

ε

)
ds

+

∫ t

0

(
1 +∇b̂1

)(
Xε

s

ε

)
dφε

s − φε
t

∫
Td−1

(
1 +∇b̂1

)
(x)m0(dx)

(19)

Putting (19) into the first component of (17) we have

X̂1,ε
t =x1 +

∫ t

0

(
1 +∇b̂1

)
σ1

(
Xε

s

ε

)
dB1

s +

∫ t

0

(
1 +∇b̂1

)
c1

(
Xε

s

ε

)
ds

+ φε
t

∫
Td−1

(
1 +∇b̂1

)
(x)m0(dx)

−
∫ t

0

∇ησ
(

Xε
s

ε

)
dBs −

∫ t

0

∇ηc
(

Xε
s

ε

)
ds+ ε

[
η
(

Xt

ε

)
− η

(
x

ε

)]
︸ ︷︷ ︸

Aε(t)

(20)

From (19) and with a well knowing Skorohod problem (see Pilipenko [12] or Tanaka
[13]) it is easy to show that the term

lim
ε→0

E
{
max
0≤t≤T

|Aε(t)|
}

= 0 (21)

Before proceeding, we introduce some definition :

a0 =

∫
Td

[(
I +∇b̂

)
a
(
I +∇b̂

)∗ ]
(x)m(dx),

c0 =

∫
Td

[(
I +∇b̂

)
c

]
(x)m(dx),

L0 =
1

2

d∑
i,j=1

(a0)ij
∂2

∂xi∂xj

+
d∑

i=1

ci0
∂

∂xi

Γ0 = γ0 · ∇ with γ0 =

∫
Td−1

[(
I +∇b̂

)
γ

]
(x)m0(dx).

As in [8], we have the

Theorem 2.1. Under the condition (15), the (Lε,Γε)-reflected diffusion process Xε

converges in law to the (L0,Γ0)-reflected diffusion process X as ε ↓ 0. Moreover, on
the space C

(
[0, T ],R2d+1

)
equipped with the sup-norm topology,(
Xε,MXε

t , φε
)
−→

(
X,MX , φ

)
where

• MXε

t =

∫ t

0

(
I +∇b̂

)
σ
(

Xε
s

ε

)
dBs



1762 Ibrahima Sane, Clément Manga and Alassane Diedhiou

• MX is the martingale part of X

• φ (resp. φε) is the local time of X1 (resp. X1,ε)

It follows moreover easily from the result in Tanaka ([13]) that

Remark 2.2. Under the conditions of the (2.1) ,for any p ≤ 1

sup
ε

E (|Xε
t |p + φε

t) < +∞.

Let X denote the unique diffusion process with values in the d-dimensional torus Td,
whose generator is the operator L.

We now consider a BSDE, for each fixed (t, x) ∈ [0, T ]×D,
let
{
(Y ε

s , Z
ε
s , U

ε
s ) ; 0 ≤ s ≤ T

}
be the solution of the BSDE

Y ε
s =g (Xε

t ) +

∫ t

s

f
(

Xϵ
r

ε
, Y ε

r

)
dr +

1

ε

∫ t

s

e
(

Xε
r

ε
, Y ϵ

r

)
dr

+

∫ t

s

h
(

Xε
r

ε
, Y ε

r

)
dφε

r −
∫ t

s

Zε
rdBr −

∫ t

s

U ε
r dr

(Y ε, U ε) ∈ Gr (∂ϕ) dP× dt on Ω× [0, t] .

(22)

Where g is continuous, with polynomial growth and values in a bounded and convex
open Θ in Rd and

ϕ(x) =

{
0 if x ∈ Θ

+∞ else.
(23)

∂ϕ (u) =
{
u∗ ∈ Rd : ⟨u∗, v − u⟩+ ϕ(u) ≤ ϕ(v) , ∀v ∈ Rd

}
Dom (∂ϕ (u)) =

{
u ∈ Rd : ∂ϕ (u) ̸= ∅

}
Gr (∂ϕ (u)) =

{
(u, u∗) ∈ R2d : u ∈ Dom (∂ϕ (u)) and u∗ ∈ ∂ϕ (u)

}
We check that ϕ is a convex, s.c.i. function, proper with Dom (∂ϕ (u)) = Θ and that

∂ϕ (x) =
{
y∗ ∈ Rd : ⟨y, x− z⟩ ≥ 0 , ∀, z ∈ Θ for x ∈ Θ

}
For each fixed y ∈ R, let set ê be the solution of the Poisson equation :

Lê(x, y) + e(x, y) = 0, x ∈ Td, y ∈ R (24)
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More precisely by (2), ê is centred with respect to the invariant measure m and is given
by the formula

ê(x, y) =

∫ ∞

0

Exe
(
X t, y

)
dt. (25)

Note that, see [10], ê ∈ C0,2
(
Td,R

)
and ê(., y),

∂

∂y
ê(., y),

∂2

∂y2
ê(., y) ∈ W 2,p

(
Td
)
, for

any p ≥ 1 there exists K ′ such that for all y ∈ R

∥ê(., y)∥W 2,p(Td) +

∥∥∥∥∥ ∂

∂y
ê(., y)

∥∥∥∥∥
W 2,p(Td)

+

∥∥∥∥∥ ∂2

∂y2
ê(., y)

∥∥∥∥∥
W 2,p(Td)

≤ K ′ (26)

0 ∈ Θ. (27)

Our objective is to show the family
(
Xε,MXε

, φε, Y ε,M ε, Kε
)

converge in loi on(
X,MX , φ, Y,M,K

)
such that

Xt = x+ c0t+

∫ t

0

b0(Ys)ds

+
√
a0Bt + γ0φt

Yt = g(XT ) +

∫ T

t

f0(Ys)ds

+

∫ T

t

h0(Ys)dφs +Mt −MT +KT −Kt

where

b0(y) =

∫
Td

[(
I +∇b̂

)
a

∂2ê

∂x∂y
(., y)

]
(x)m(dx),

h0(y) =

∫
Td−1

(
h(., y) +

〈
∂ê

∂x
(., y), γ

〉)
(x)m0(dx) ,

f0(y) =

∫
Td

(
f(., y) +

[〈∂ê
∂x

(., y), c
〉
−

(
∂ê

∂y
(., y)× e(., y)

)

+
∂2ê

∂x∂y
(., y)a

(∂ê
∂x

)∗
(., y)

])
(x)m(dx).

Choose that Zε
t such that Zε

t = Hε
t σ (Xε

t /ε) and we introduce the notation

M ε
t =

∫ t

0

Hε
rdM

Xε

r ; Mt =

∫ t

0

HrdM
X
r , 0 ≤ t ≤ T

Kε
t =

∫ t

0

U ε
r dr ; Kt =

∫ t

0

Urdr, 0 ≤ t ≤ T
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3. MAIN RESULT

Theorem 3.1. Under the condition on the space C
(
[0, t],R2d+1

)
×D

(
[0, t],R2

)
where

we equip the first factor with the sup-norm topology and the second factor with the S-
topology of Jakubowski ,(

Xε,MXε

, φε, Y ε,M ε, Kε
)
⇒
(
X,MX , φ, Y,M,K

)
Moreover ,

Y ε
0 −→ Y0 in R.

Proof. Let us proceed step by step.
∗ Step 1: Transformation of the BSDE

Let Ỹ ε
s = Y ε

s − εê(X
ε

s, Y
ε
s ) and Xε

t =
1

ε
Xε

t .
We deduce from the Itô’s formula that:

Ỹ ε
s + εê(X

ε

t , Y
ε
t ) = g(Xε

t ) +

∫ t

s

(
< ∇xê, c > −∂ê

∂y
.e

)
(X

ε

r, Y
ε
r )dr

+

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)(
h(X

ε

r, Y
ε
r )dφ

ϵ
r + h(X

ε

r, Y
ε
r )dr

)
+

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)
U ε
r dr +

ε

2

∫ t

s

∂2ê

∂y2
(X

ϵ

r, Y
ε
r )|Zε

r |2dr

+
1

2

∫ t

s

∂2ê

∂x∂y
(X

ε

r, Y
ε
r )Z

ε
rσ(X

ε

r)dr + ε

∫ t

s

∂ê

∂y
(X

ε

r, Y
ε
r )Z

ε
rdBr

+

∫ t

s

(
∇xê(X

ε

r, Y
ε
r )σ(X

ε

r)− Zε
r

)
dBr .

We now define :
Z̃ε

s = Zε
s −∇xê(X

ε

s, Y
ε
s )σ(X

ε

s) , 0 ≤ s ≤ t

and note that the difference between Z̃ε
s and Zε

s is a uniformly bounded process.
It then follows that

Y ε
s + ε

(
ê(X

ε

t , Y
ε
t )− ê(X

ε

s, Y
ε
s )
)
= g(Xε

t )

+

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)(
h(X

ε

r, Y
ε
r )dφ

ε
r + f(X

ε

r, Y
ε
r )dr

)
+

∫ t

s

(
< ∇xê, c > −∂ê

∂y
.e+

∂2ê

∂x∂y
a∇xê

)
(X

ε

r, Y
ε
r )dr

−
∫ t

s

Z̃ε
r

(
dBr −

∂2ê

∂x∂y
σ(X

ε

r, Y
ε
r )dr

)
+

ε

2

∫ t

s

∂2ê

∂y2
(X

ε

r, Y
ε
r )|Zε

r |2dr

+ ε

∫ t

s

∂ẽ

∂y
(X

ε

r, Y
ε
r )Z

ε
rdBr +

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)
U ε
r dr.



Homogenization of Stochastic Variational Inequality PDE... 1765

We next let

B̃s = Bs −
∫ s

0

∂2ê

∂x∂y
σ(X

ε

r, Y
ε
r )dr.

It follows from Girsanov’s theorem that there exists a new probability measure P̃
equivalent to P under which B̃s is a martingale.

Let X̃ϵ
s = Xϵ

s + εb̂(X
ε

s), we have (cε = c(X
ε

s), and similary for (I +∇b̂), a, σ, γ)

dX̃ε
s =

(
I +∇b̂

)
ε

(
cεds+ γεdφ

ε
s + σεdB̃s + aε

∂2ê

∂x∂y
(X

ε

s, Y
ε
s )ds

)
X̃ε

0 = x+ εb̂(
x

ε
).

and

Y ε
s + ε

(
ê(X

ε

t , Y
ε
t )− ê(X

ε

s, Y
ε
s )
)
= g(Xε

t )

+

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)(
h(X

ε

r, Y
ε
r )dφ

ϵ
r + f(X

ε

r, Y
ε
r )dr

)
+

∫ t

s

[
< ∇xê, c > −∂ê

∂y
.e+

∂2ê

∂x∂y
a∇xê

∗
]
(X

ε

r, Y
ε
r )dr

−
∫ t

s

Z̃ε
rdB̃r +

ε

2

∫ t

s

∂2ê

∂y2
(X

ε

r, Y
ε
r )dr +

∫ t

s

(
1− ε

∂ê

∂y
(X

ε

r, Y
ε
r )

)
U ε
r dr

+ ε

∫ t

s

∂ẽ

∂y
(X

ε

r, Y
ε
r )Z

ε
r

[
dB̃r +

∂2ê

∂x∂y
σ(X

ε

r, Y
ε
r )dr

]
.

Since ∂2ê
∂x∂y

is bounded, then for any p > 0 , supε Ẽ ∥Xε
t ∥

p < +∞ , hence for any k > 0,

supε Ẽ ∥g(Xε
t )∥

k < +∞.

∗ Step 2: A priori estimate for (Y ε, Zε)

We need to bound appropriate moments Y ε and Zε under P̃.
We first go back to our unperturbed BSDE under the mew martingale B̃t.

Y ε
s =g(Xε

s ) +

∫ t

s

[
1

ε
e(X

ε
r, Y

ε
r ) + f(r,X

ε
r, Y

ε
r )

]
dr −

∫ t

s
Zε
r

∂2ê

∂x∂y
σ(X

ε
r, Y

ε
r )dr

+

∫ t

s
h(X

ε
r, Y

ε
r )dφ

ε
r −

∫ t

s
Zε
rdB̃r −

∫ t

s
U ε
r dr.
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Applying Itô’s formula to develop eνs|Y ε
s |3 , with ν > 0 we have

eνs|Y ε
s |3 +

∫ t

s
eνr
(
ν|Y ε

r |3 + 3|Y ε
r | × |Zε

r |2
)
dr

=eνs|g (Xε
s ) |3 +

3

ε

∫ t

s
eνr|Y ε

r |Y ε
r e
(
X

ε
r, Y

ε
r

)
dr + 3

∫ t

s
eνr|Y ε

r |Y ε
r f
(
X

ε
r, Y

ε
r

)
dr

+ 3

∫ t

s
eνr|Y ε

r |Y ε
r h
(
X

ε
r, Y

ε
r

)
dφε

r − 3

∫ t

s
eνr|Y ε

r |Y ε
r Z

ε
r

∂2ê

∂x∂y
σ(X

ε
r, Y

ε
r )dr

− 3

∫ t

s
eνr|Y ε

r |Y ε
r Z

ε
rdB̃r − 3

∫ t

s
eνr|Y ε

r |Y ε
r U

ε
r dr.

It follows from an argument in Pardoux and Peng ([9]) that the expectation of the above
stochastic integral is zero. Moreover from (4 to 8), we have

εẼ
∫ t

s

|Y ε
r ||Zε

r |2dr ≤ c

[
ε+ Ẽ

(∫ t

s

|Y ε
r |2dr + ε (φt − φs)

)]
. (28)

Let us assume for the moment the following lemma :

Lemma 3.2. Under the conditions of the (2.1) ,we have

sup
ε

Ẽ
∫ t

s

|U ε
r |2dr < +∞.

Let Ỹ ε
t = Y ε

t − ε
(
ê(X

ε

s, Y
ε
s )
)

.
We deduce from Itô’s formula and the last relation in the step 1:∣∣∣Ỹ ε

t

∣∣∣2 + ∫ t

s

∣∣∣∣Z̃ε
r − εZε

r

∂ê

∂y
(X

ε
r, Y

ε
r )

∣∣∣∣2 dr =
∣∣g(Xε

s )− εê(X
ε
s, Y

ε
s )
∣∣2

+2

∫ t

s
Ỹ ε
r

[
< ∇xê, c > −∂ê

∂y
.e+ (1− ε

∂ê

∂y
)f +

∂2ê

∂x∂y
a∇xê

∗](Xε
r, Y

ε
r )dr

−2

∫ t

s
Ỹ ε
r Z̃

ε
rdB̃r + ε

∫ t

s

∂2ê

∂y2
(X

ε
r, Y

ε
r )Ỹ

ε
r

∣∣∣Z̃ε
r

∣∣∣2 dr
− 2

∫ t

s

(
1− ε

∂ê

∂y
(X

ε
r, Y

ε
r )

)
U ε
r dr

+ 2

∫ t

s
Ỹ ε
r

[
(1− ε

∂ê

∂y
)h+

∂ê

∂x
γ

]
(X

ε
r, Y

ε
r )dφ

ε
r

+2ε

∫ t

s
Ỹ ϵ
r Z

ε
r

∂ê

∂y
(X

ε
r, Y

ε
r )
[
dB̃r +

∂2ê

∂x∂y
σ(X

ε
r, Y

ε
r )dr

]

Exploiting estimations (28) and (4 to 8)) together with the fact that 1 − ε ∂ê
∂y

≥
1

2
for ε

small enough, and standard inequalities, there exists λ > 0 such that

sup
0≤s≤t

Ẽ |Y ε
s |

2 +
1

2

∫ t

s

∣∣∣Z̃ε
r

∣∣∣2 dr + λ

∫ t

s

∣∣∣Ỹ ε
r

∣∣∣2 dφε
r ≤ C.
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and, finally, from this last inequality, the above identity and the David-Burkholder
Gundy’s inequality is strict.

sup
0≤ε≤ε0

Ẽ

(
sup
0≤s≤t

|Y ε
s |

2 +

∫ t

0

∣∣∣Z̃ε
r

∣∣∣2 dr + ∫ t

0

∣∣∣Ỹ ε
r

∣∣∣2 dφε
r

)
≤ ∞

∗ Step 3: Tightness
Let F ε

t = FXε

t

We write our reflected BSDE in the form

Y ε
s = g(Xε

t ) + Aε
t − Aε

s +M ε
t −M ε

s +Dε
t −Dε

s

Where

Aε
s =

∫ s

0

[
< ∇xê, c > −∂ê

∂y
.e+

∂2ê

∂x∂y
a∇xê

∗
]
(X

ε

r, Y
ε
r )dr

+

∫ s

0

[
h+

∂ê

∂x
γ

]
(X

ε

r, Y
ε
r )dφ

ε
r +

∫ s

0

f(X
ε

r, Y
ε
r )dr

M ε
s =

∫ s

0

Z̃ε
rdB̃r , Kε

s = −
∫ s

0

U ε
r dr

Dε
s =ε

(
ê(X

ε

s, Y
ε
s )− ê(X

ε

t , Y
ε
t )
)
+

ε

2

∫ s

0

∂2ê

∂y2
(X

ε

r, Y
ε
r )dr

+ε

∫ s

0

∂ẽ

∂y
(X

ε

r, Y
ε
r )Z

ε
r

[
dB̃r +

∂2ê

∂x∂y
σ(X

ε

r, Y
ε
r )dr

]

+ ε

∫ s

0

∂ê

∂y
(X

ε

r, Y
ε
r )U

ε
r dr

+ε

∫ s

0

∂ê

∂y
(X

ε

r, Y
ε
r )f(X

ε

r, Y
ε
r )dr + ε

∫ s

0

∂ê

∂y
(X

ε

r, Y
ε
r )h(X

ε

r, Y
ε
r )dφ

ε
r

It is easy to check that
Ẽ sup

0≤s≤t
|Dε

s| −→ 0

hence , sup0≤s≤t |Dε
s| tends to zero in P̃,probability, or equivalently in law.

According to the lemma (3.2) we have

Ẽ
[
|Kε

s −Kε
t |2
]
≤ C|s− t| , ∀ 0 ≤ s ≤ t (29)

and consequently the tension of the family {Kε : ε > 0} is obtained by using the Aldous
criterion ([1]) (see also [4]).

In order to treat the other terms, we adopt the point of view of the S-topology. We define
the conditional variation of the process Aε on the interval [0, t] as the quantity

CVt(A
ϵ) = sup Ẽ

(∑
i

∥∥∥Ẽ(Aϵ
ti+1

− Aε
ti
/F ε

ti

)∥∥∥),
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where the sup is over all the partitions of the interval [0, t] .
Clearly,

CVt(A
ε) ≤ Ẽ

(∫ t

0

f(Xε
s , Y

ε
s )ds+

∫ t

0

h(Xε
s , Y

ε
s )dφ

ε
s

)
and it follows from step 2 that

sup
ϵ

(
CVt(A

ε) + sup
0≤s≤t

Ẽ |Y ε
s |+ sup

0≤s≤t
Ẽ
∣∣∣∣∫ t

0

Z̃ε
sdB̃s

∣∣∣∣
)

< ∞

hence, the sequences
{(

Y ε
s ,

∫ t

0

Z̃ε
sdB̃s

)
, 0 ≤ s ≤ t

}
satisfy Meyer-Zheng’s tightness

criterion for quasimartingales under P̃ .
∗ Step 4: Passage to the limit
After extraction of a suitable subsequence, which we omit as an abuse of notations, we
have that{(

Xε,M ε, φε, Y ε,

∫ t

0

Z̃ε
sdB̃s, K

ε

)
, 0 ≤ s ≤ t

}
⇒
{(

X,M,φ, Y,M,K
)}

weakly on C
(
[0, t];Rd+1

)
×D ([0, t];R2) equipped with the product of the topology of

uniform convergence on the first factor, and the S-topology on the second factor.
It remains to recall the two next results:

Lemma 3.3. φ : Rd×R −→ R be measurable and locally bounded, periodic of period
one in each direction, continuous with respect to its second argument, uniformly with

respect to the first. Then the sequence of processes

{∫ s

0

φ

(
Xε

r

ε
, Y ε

r

)
dr; 0 ≤ r ≤ s

}
converges in law under P̃

to
{∫ s

0

φ0 (Yr) dr; 0 ≤ r ≤ s

}
, where

φ0(y) =

∫
Td

φ(x, y)m(dx)

Proof. (see [8]).

Lemma 3.4. ϕ : Rd×R −→ R be measurable and locally bounded, periodic of period
one in each direction with respect to its first argument, continuous with respect to its
second argument, uniformly with respect to the first. Then

sup
0≤s≤T

∣∣∣∣∣
∫ s

0

ϕ

(
Xε

r

ε
, Y ε

r

)
dϕε

r −
∫ s

0

ϕ0 (Yr) dϕr

∣∣∣∣∣→ 0
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in P̃ probability as ε → 0 ,where

ϕ0(y) =

∫
Td−1

ϕ(x, y)m0(dx).

∗ Step 3: Identification of the limit

Let
(
Y , U

)
denote the unique solution of the BSDE

Y t =g (XT ) +

∫ T

t

f0
(
Y s

)
ds+

∫ T

t

h0

(
Y s

)
dφs

−
∫ T

t

ZsdM
X
s −

∫ T

t

U sds(
Y , U

)
∈ Gr (∂ϕ)

(30)

satisfying ,

ETr
∫ t

0

Zrd < MX >r Z
∗
r < ∞

It follows from the lemma (3.2) that {Kε : ε > 0} the process is bounded in
L2
(
Ω, H1

(
[0, t] ,Rd

))
with H1

(
[0, t] ,Rd

)
is the Sobolev space of absolutely

continuous functions with derivatives in L2 ([0, t]). Therefore
{
U s, 0 ≤ s ≤ t

}
the

process is boundedly continuous with derivative such that

∫ t

0

|U r|2dr < +∞

and let Ms =

∫ s

0

UdMX
r , Kt = −

∫ t

0

Usds.

Since Y and U are FX
t adapted and MX

r is a FX,Y
t -martingale , so is also M̃ . It follows

from Itô’s formula for possibly discontinuous semimartingales that

E
∣∣Ys − Y s

∣∣2 + E
([
M −M

]
t
−
[
M −M

]
s

)
=2E

∫ t

s

〈
Yr − Y r, f(Yr)− f(Y r)

〉
dr

+2E
∫ t

s

〈
Yr − Y r, h(Yr)− h(Y r)

〉
dϕr

+ 2E
∫ t

s

〈
Yr − Y r, dKr − dKr

〉
≤ 2µ

∫ t

s

E
∣∣Yr − Y r

∣∣2 dr.



1770 Ibrahima Sane, Clément Manga and Alassane Diedhiou

Therefore
∫ t

s

〈
Yr − Y r, dKr − dKr

〉
≤ 0 (we use the fact that β ≤ 0).

Hence from Gronwall’s lemma

Ys = Y s , Ms = M s and Us = U s 0 ≤ s ≤ t

Before proving the lemma (3.2), let us recall some results concerning the method of
penalty method (see Menaldi [5])

α(x) =
1

2
grad

(
min

{
|x− y|, y ∈ Θ

})
Note that there exists a ∈ Rd and β > 0 such that

(x− a)α(x) ≥ β|α|,∀x ∈ Rd,

As a result, the

⟨An(x), x− a⟩ ≥ δ|An(x)|. (31)

Let’s say An (Y
ε
s ) = n (Y ε

s − PrΘ (Y ε
s )) , where PrΘ is the projection of Θ. By an

approximation technique(Gegout [6]), we can assume that Θ is bounded convex and
regular ie

ρ(x) = d2 (x,Θ) = |x− Pr(x)|2

, is convex twice differentiable and Θ =
{
x ∈ Rd , ρ > 0

}
; ∂Θ =

{
x ∈ Rd , ρ = 0

}
,note that

∇ρ(x) = 2α(x) = 2 (x− Pr(x))∗ .

Proof of the lemma (3.2):
Let (Y ε,n

r , Zε,n
r ) is unique solution of the BSDE

Y ε,n
s =g(Xε

s ) +

∫ t

s

[
1

ε
e(X

ε
r, Y

ε,n
r ) + f(r,X

ε
r, Y

ε,n
r )

]
dr

−
∫ t

s
Zε,n
r

∂2ê

∂x∂y
σ(X

ε
r, Y

ε,n
r )dr −

∫ t

s
An (Y

ε,n
r ) dr

+

∫ t

s
h(X

ε
r, Y

ε,n
r )dφε

r −
∫ t

s
Zε,n
r dB̃r .
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let a ∈ Rd verifying (31), it follows from Ito’s formula that

eνs|Y ε,n
s − a|3 +

∫ t

s
eνr
(
ν|Y ε,n

r − a|3 + 3|Y ε,n
r − a| × |Zε,n

r |2
)
dr

=eνs|g (Xε
s ) |3 +

3

ε

∫ t

s
eνr|Y ε,n

r − a| (Y ε,n
r − a) e

(
X

ε
r, Y

ε
r

)
dr

+ 3

∫ t

s
eνr|Y ε,n

r − a|Y ε,n
r f

(
X

ε
r, Y

ε,n
r

)
dr

+ 3

∫ t

s
eνr|Y ε,n

r − a|Y ε,n
r h

(
X

ε
r, Y

ε,n
r

)
dφε

r

− 3

∫ t

s
eνr|Y ε,n

r − a| (Y ε,n
r − a)Zε,n

r

∂2ê

∂x∂y
σ(X

ε
r, Y

ε,n
r )dr

− 3

∫ t

s
eνr|Y ε,n

r − a| (Y ε,n
r − a)Zε,n

r dB̃r

− 3

∫ t

s
eνr|Y ε,n

r − a| (Y ε,n
r − a,An (Y

ε,n
r )) dr

Based on the assumptions made above,

|Y ε,n
r − a| (Y ε,n

r − a) f
(
X

ε
r, Y

ε,n
r

)
≤ |Y ε,n

r − a|3 + c

−|Y ε,n
r − a| (Y ε,n

r − a,An (Y
ε,n
r )) ≤ −δ|An (Y

ε,n
r ) ||Y ε,n

r − a| ≤ 0 .

Let Ỹ ε,n
t = Y ε,n

t − ε
(
ê(X

ε
s, Y

ε,n
s )

)
.

We deduce from Itô’s formulla∣∣∣Ỹ ε,n
t − a

∣∣∣2 + ∫ t

s

∣∣∣∣Z̃ε,n
r − εZε,n

r

∂ê

∂y
(X

ε
r, Y

ε,n
r )

∣∣∣∣2 dr
=
∣∣g(Xε

s )− εê(X
ε
s, Y

ε,n
s )

∣∣2 − 2

∫ t

s

(
Ỹ ε,n
r − a

)
Z̃ε,n
r dB̃r

+2

∫ t

s

(
Ỹ ε,n
r − a

)[
< ∇xê, c > −∂ê

∂y
.e

+(1− ε
∂ê

∂y
)f +

∂2ê

∂x∂y
a∇xê

∗
]
(X

ε
r, Y

ε,n
r )dr

+ ε

∫ t

s

∂2ê

∂y2
(X

ε
r, Y

ε,n
r )

(
Ỹ ε,n
r − a

) ∣∣∣Z̃ε,n
r

∣∣∣2 dr
− 2

∫ t

s

(
1− ε

∂ê

∂y
(X

ε
r, Y

ε,n
r )

)(
Ỹ ε,n
r − a,An

(
Ỹ ε,n
r

))
dr

+2ε

∫ t

s

(
Ỹ ε,n
r − a

)
Zε,n
r

∂ê

∂y
(X

ε
r, Y

ε,n
r )

[
dB̃r +

∂2ê

∂x∂y
σ(X

ε
r, Y

ε,n
r )dr

]
+ 2

∫ t

s

(
Ỹ ε,n
r − a

)[
(1− ε

∂ê

∂y
)h+

∂ê

∂x
γ

]
(X

ε
r, Y

ε,n
r )dφε

r

as (27), An

(
Ỹ ε,n
t

)
= An (Y

ε,n
t ) moreover〈

Ỹ ε,n
t − a,An

(
Ỹ ε,n
t

)〉
≥ δ|An

(
Ỹ ε,n
t

)
| = δ|An (Y

ε,n
t ) |.
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Exploiting estimations (28) together with the fact that

1−ε ∂ê
∂y

≥
1

2
for ε small enough, standard inequalities and the Gronwall lemma we have

sup
0≤s≤t

sup
ε,n

Ẽ
(
|Y ε,n

s − a|2 +
∫ t

s

∣∣∣Z̃ε,n
r

∣∣∣2 dr + ∫ t

s

∣∣∣Ỹ ε,n
r

∣∣∣2 dφε
r

)
+δ

∫ t

s

|An (Y
ε,n
r ) |2dr ≤ +∞.

(32)

Now by Itô’s formula , the convex of the function ρ ,
Ỹ ε,n
t = Y ε,n

t − εê(X
ε

s, Y
ε,n
s ), we have

ρ
(
Y ε,n
s − εê(X

ε
s, Y

ε,n
s )

)
≤ ρ

(
g(Xε

t )− εê(X
ε
t , Y

ε,n
t )

)
+

2

n

∫ t

s
Ŷ ε,n
r

[
< ∇xê, c > −∂ê

∂y
.e

+(1− ε
∂ê

∂y
)f +

∂2ê

∂x∂y
a∇xê

∗
]
(X

ε
r, Y

ε,n
r )dr

− 2

n

∫ t

s
Ŷ ε,n
r Z̃ε,n

r dB̃r +
2ε

n

∫ t

s

∂2ê

∂y2
(X

ε
r, Y

ε,n
r )Ŷ ε,n

r

∣∣∣Z̃ε,n
r

∣∣∣2 dr
− 2

n

∫ t

s

(
1− ε

∂ê

∂y
(X

ε
r, Y

ε,n
r )

)
An

(
Ŷ ε,n
r

)∗
An (Y

ε,n
r ) dr

+
2ε

n

∫ t

s
An

(
Ŷ ε,n
r

)
Zε,n
r

∂ê

∂y
(X

ε
r, Y

ε,n
r )

[
dB̃r +

∂2ê

∂x∂y
σ(X

ε
r, Y

ε,n
r )dr

]
+ 2

∫ t

s

(
Ŷ ε,n
r

)[
(1− ε

∂ê

∂y
)h+

∂ê

∂x
γ

]
(X

ε
r, Y

ε,n
r )dφε

r .

Together with the fact that 1− ε ∂ê
∂y

≥
1

2
and (27),we have

nρ
(
Ŷ ε,n
s

)
+

∫ t

s

|An (Y
ε,n
r ) |2dr

≤ +2

∫ t

s

An (Y
ε,n
r )

[
< ∇xê, c > −∂ê

∂y
.e

+(1− ε
∂ê

∂y
)f +

∂2ê

∂x∂y
a∇xê

∗
]
(X

ε

r, Y
ε,n
r )dr

−2

∫ t

s

An (Y
ε,n
r ) Z̃ε,n

r dB̃r + 2ε

∫ t

s

∂2ê

∂y2
(X

ε

r, Y
ε,n
r )An (Y

ε,n
r )

∣∣∣Z̃ε,n
r

∣∣∣2 dr
+2ε

∫ t

s

An

(
Ŷ ε,n
r

)
Zε,n

r

∂ê

∂y
(X

ε

r, Y
ε,n
r )

[
dB̃r +

∂2ê

∂x∂y
σ(X

ε

r, Y
ε,n
r )dr

]
+ 2

∫ t

s

An (Y
ε,n
r )

[
(1− ε

∂ê

∂y
)h+

∂ê

∂x
γ

]
(X

ε

r, Y
ε,n
r )dφε

r .
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If we want to find a majoration of this last integral, we have

ρ
(
Ŷ ε,n
s

)
+

1

2

∫ t

s

trace (Zε,nZε,n∗Hess (ρ (Y ε,n))) dr

=

∫ t

s

(
1

ε
e
(
X

ε

r, Y
ε
r

)
+ f

(
X

ε

r, Y
ε
r

)
− Zε

r

∂2ê

∂x∂y
σ(X

ε

r, Y
ε
r )

)
∇ρ (Y ε,n

r ) dr

+

∫ t

s

∇ρ (Y ε,n
r )h

(
X

ε

r, Y
ε
r

)
dφε

r −
∫ t

s

∇ρ (Y ε,n
r )Zε,n

r dB̃r

−
∫ t

s

∇ρ (Y ε,n
r )An (Y

ε,n
r ) dr

It follows from Itô’s formula that

eνsρ3/2 (Y ε,n
s ) +

3

4

∫ t

s

trace
(
Zε,nZε,n∗Hess

(
ρ1/2 (Y ε,n)

))
ρ (Y ε,n

r ) dr

+

∫ t

s

νeνrρ3/2 (Y ε,n) dr +
3

8

∫ t

s

eνr|Zε,n|2|∇ρ (Y ε,n
r ) |2ρ−1/2 (Y ε,n) dr

=
3

2

∫ t

s

eνr
(
1

ε
e
(
X

ε

r, Y
ε,n
r

)
+ f

(
X

ε

r, Y
ε,n
r

)
−Zε,n

r

∂2ê

∂x∂y
σ(X

ε

r, Y
ε,n
r )

)
∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r ) dr

− 3

2

∫ t

s

∇ρ (Y ε,n
r ) ρ1/2 (Y ε,n

r )h
(
X

ε

r, Y
ε,n
r

)
dφε

r

− 3

2

∫ t

s

∇ρ (Y ε,n
r )Zε,n

r ρ1/2 (Y ε,n
r ) dB̃r

− 3

2

∫ t

s

∇ρ (Y ε,n
r )An (Y

ε,n
r ) ρ1/2 (Y ε,n

r ) dr

Furthermore,|An (Y
ε,n
r ) | = n

2
∇ρ (Y ε,n

r ) and ρ1/2 (x) = |x− Pr(x)| we have

neνsρ3/2 (Y ε,n
s ) +

3

2

∫ t

s
trace

(
Zε,nZε,n∗Hess

(
ρ1/2 (Y ε,n)

))
ρ (Y ε,n

r ) dr

+n

∫ t

s
νeνrρ3/2 (Y ε,n) dr +

3

2

∫ t

s
eνr|Zε,n|2|An (Y

ε,n
r ) |dr

=
3n

2

∫ t

s
eνr
(
1

ε
e
(
X

ε
r, Y

ε,n
r

)
+ f

(
X

ε
r, Y

ε,n
r

)
−Zε,n

r

∂2ê

∂x∂y
σ(X

ε
r, Y

ε,n
r )

)
∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r ) dr

− 3

2

∫ t

s
∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r )h

(
X

ε
r, Y

ε,n
r

)
dφε

r

− n

∫ t

s
∇ρ (Y ε,n

r )Zε,n
r ρ1/2 (Y ε,n

r ) dB̃r −
3

n

∫ t

s
|An (Y

ε,n
r ) |3dr
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We have,

Zε,n
r

∂2ê

∂x∂y
σ(X

ε

r, Y
ε,n
r )∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r )

≤ n

2
|Zε,n

r |
∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞
|∇ρ (Y ε,n

r ) |2

≤ n

2

∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞

(
|Zε,n

r |2|∇ρ (Y ε,n
r ) |

ϱ
+ ϱ|∇ρ (Y ε,n

r ) |3
)

≤ 1

4ϱ

∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞
|Zε,n

r |2|An (Y
ε,n
r ) |+ nϱ

4

∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞
|∇ρ (Y ε,n

r ) |3

=
1

4ϱ

∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞
|Zε,n

r |2|An (Y
ε,n
r ) |+ 2ϱ

n2

∥∥∥∥ ∂2ê

∂x∂y

∥∥∥∥
∞
|An (Y

ε,n
r ) |3

By choosing ϱ larger so that
1

4ϱ

∥∥∥ ∂2ê
∂x∂y

∥∥∥
∞

≤ 3

8
and

ϱ

n2

∥∥∥ ∂2ê
∂x∂y

∥∥∥
∞

≤ 3

2n

nf
(
X

ε

r, Y
ε,n
r

)
∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r )

≤nK

(
|∇ρ (Y ε,n

r ) |2

2
+

|ρ (Y ε,n
r ) |
2

)
≤
(
K

n
|An (Y

ε,n
r ) |2 + nK|ρ (Y ε,n

r ) |
2

)
nh
(
X

ε

r, Y
ε,n
r

)
∇ρ (Y ε,n

r ) ρ1/2 (Y ε,n
r )

≤nK

(
|∇ρ (Y ε,n

r ) |2

2
+

|ρ (Y ε,n
r ) |
2

)
≤
(
K

n

(
|An (Y

ε,n
r ) |2 + 1

)
+

nK|ρ (Y ε,n
r ) |

2

)
Finally, for ν well chosen, n large enough and the relation (32), we have

εẼ
∫ t

s
|An (Y

ε,n
r ) |Zε,n

r |2dr ≤ C

(
1 +

1

n
Ẽ
∫ t

s
(Y ε,n

r ) |2dr + 1

n
(φε

t − φε
s)

)
(33)

For n large enough and ε small enough taking into account the inequalities and (32)
we have

sup
ε,n

Ẽ
∫ t

0

|An (Y
ε,n
r ) |2dr < ∞.

Now available at

lim
n→∞

E
(

sup
0≤s≤t

|Kε,n
s −Kε

s

)
= 0.

where Kε,n
s = −

∫ s

0

An (Y
ε,n
r ) dr (see [7] ).

Inequality (33) and Fatou’s lemma gives the result.
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4. HOMOGENIZATION OF SEMILINEAR PDES

Let u be the IVS solution
∂u

∂t
(t, x)− L0u(t, x)− f0 (u(t, x))− b0 (u(t, x))∇u(t, x) ∈ ∂ϕ (uε(t, x)) , x ∈ D, 0 < t

Γ0u(t, x) + h0 (u(t, x)) ∈ ∂ϕ (u(t, x)) , x ∈ ∂D, 0 ≤ t

u(0, x) = g(x), x ∈ ∂D

(34)

Where L0 , Γ0 , b0; f0 and h0 as defined in section(2). We deduce from the smoothness
of the solution u and uniqueness of limiting BSDE that Y = u(t, x).

Theorem 4.1. Under the above assumptions, ∀(t, x) ∈ R+ ×D we have

uε(t, x) −→ u(t, x) in R as ε → 0.
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