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Abstract 

 

The relationship of the competition rate between the first two species in the 

chain of three with the handling time of the first predator in the stability 

properties of the system under the effect of toxin as studied in this paper is 

based on the occurrences of Hopf, Bogdanov-Takens, saddle-node 

bifurcations and saddle-focus behavior. The direct effect of toxin is on the 

first species, with the other two showing a decrease as an indirect 

consequence. The system‟s nonlinearity is a result of logistic growth as well 

as Holling Type II response for each of the predators. The criteria for stability 

in the reaction-diffusion system is determined using a Liapunov function 

while the corresponding temporal system is analyzed applying Laplace 

transforms to the system of differential equations. The system, as it undergoes 

diffusion, exhibits pattern formation in the spatial domain, some symmetric, 

which are indicative of space distribution heterogeneity as functions of 

coefficients of diffusivity, wave number and initial conditions in varying 

domain sizes. Further, a zero effect of diffusion in the toxin shows induced 

pattern formation as a consequence of coupling. 

 

Keywords:Bifurcations, codimension two, multispecies, pattern formation, 

reaction-diffusion, toxin 

 

 
1. INTRODUCTION 

The role of pollutants in the decreasing densities of three members, part of a food 

chain in a parabolic system with constant coefficients of diffusion is studied in this 
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paper from two perspectives. One, as diffusion plays a role in the distribution of 

population in addition to time leading to pattern formation. And two, the occurrences 

of bifurcations and the conformation of the conditions through the application of 

Laplace transforms. 

In a previous study [Srinivas and Chaturvedi 2015], a single parameter bifurcation 

described to study changes of stability in response to increasing growth rate induced 

instability is now extended to check the effects of simultaneous variation of the 

handling time and competition rate of the first predator in the Type II response in the 

three species system with the toxin also undergoing dispersal in two directions. 

In general, diffusion can be differentiated into self-diffusion wherein each population 

moves towards the region of lower density due to the presence of members of the 

same species, which is also observed in normal diffusion although in this case the 

movement is relative to the other species. Cross-diffusion represents the change in 

one population density in space induced by the other. 

Spatial patterns correspond to heterogeneity of density distribution in a system which 

along with its environment is initially homogeneous about its steady state. These 

appear when dispersion occurs in all the species in the system and the rates of 

diffusion of each differ. But a plant-herbivore interaction does not have this 

possibility due to the lack of mobility in plants. Such models representing the 

presence of patterns, both dynamic and stationary with the growth modelled on 

movement of herbivores [Lewis 1994] or that with an absence of Turing instability 

due to diffusion not having an effect on the stability related to the steady state [Zhang 

and Li 2014] to others with systems having cross-diffusion where a gradient in one 

induces a flux in the other [Vanag and Epstein 2009] or a one exhibiting self-diffusion 

incorporating the competition among the members of the same species [Yin et al. 
2013] and those that show symmetric and repeated patterns or the formations at 

bifurcation [Tang and Song 2015] have made modelling techniques an important tool 

in the development of Mathematical Biology over the years. 

This paper includes the effects of diffusion in all the species and is therefore a 

generalized one. The patterns in the subsequent sections show that even a zero 

diffusion coefficient for the toxin, makes it exhibit induced pattern formation in its 

distribution due to a coupling with the first species. The change in wave number 

affects the size of patterns, varying the diffusion coefficients in changing 

perturbations to the steady state solutions also show differing behavior. 

Although saddle-node and Hopf are the only two forms that are of codimension one, 

but as two parameters are varied a Bogdanov-Takens bifurcation also appears. A two 

parameter bifurcation is represented in parameter space by plotting one as a function 

of the other, which is a curve in two dimensions. A depiction of the three types in this 

paper is confined to a defined region. A description of saddle-focus and saddle-node 

bifurcation for the temporal system forms part of the analysis. 

The paper is divided into sections comprising a basic description, stability criteria for 

dispersal in two directions extended to the system without the effects of diffusion for 

toxin, a codimension two analysis for bifurcation of the system with and without 

diffusion including a bifurcation curve in the specified region to facilitate 
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comparisons between the two, and simulating the pattern formation to depict spatial 

inhomogeneity. 

 

 

2. THE MODEL 

The movement of populations in two dimensional space is known to happen in the 

direction of lower density. Suppose that this diffusion is represented by coefficients 

D1, D2, D3 and D4 for flow in the  and  directions in a square grid of length . 

Another assumption here is that of the wave numbers along the  and the  directions 

being equal i.e. . The system of partial differential equations becomes 

non-linear on account of the logistic growth term in addition to the non-linearity 

introduced by the Type II response on the predation terms. 

The three populations with densities N1, N2 and N3 having a, c and e as their intrinsic 

growth rates are affected by the toxin directly absorbed by the first species. The 

resulting decrease in this population is what affects the subsequent species in the food 

chain. The first species follows logistic growth resulting in an intraspecific 

competition given by a quantity b per unit time. 

The reaction-diffusion model for the three-species-toxin interacting system with a 

Holling Type II dependence of predation rate on prey density under the Neumann 

Boundary Conditions can be modelled as the parabolic system: 

 

(2.1) 

 

(2.2) 

 

(2.3) 

 

(2.4) 

given under the zero flux boundary conditions: 
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 = 0 

(2.5) 

;  

The second species acts as both predator and prey in its interactions with N1 and N3 

giving rise to interspecific competition terms b12 and b23 per unit time respectively. 

The Type II response includes the handling times of the predators N2 and N3 given by 

t1 and t2. But only fractions α and β of the predation terms contribute to their growth. 

The populations N2 and N3 with death rates d and f respectively are unaffected by the 

toxin directly. N1 takes up the environmental toxin  at a rate δ, getting affected at a 

rate r, of which some toxin is lost at a rate m1. The fourth state variable T1 is the total 

toxin available to N1, assuming an initial concentration of T0 already present in the 

system. 

 

 

3. STABILITY CRITERIA FOR THE PARABOLIC SYSTEM 

The conditions for asymptotic stability are determined using the following working: 

 

THEOREM 1:The diffusive system (2.1)-(2.4) is asymptotically stable under the 

conditions: 

a)  +  + > + +  

b)  + + > + +  

c)  + >  

d)  + + >  
 

PROOF:As a first step the system is linearized around equilibrium 

. 

Consider first order perturbations to the system (2.1)-(2.4) 

 

(3.1a) 

 

(3.1b) 

 

(3.1c) 

 

(3.1d) 

resulting in the system (3.2)-(3.5) , neglecting perturbations of power greater than one 

and their products. 
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 +  
(3.2) 

 +  +  
(3.3) 

 +  
(3.4) 

 +  
(3.5) 

This system can be seen to be equivalent to 

 +  

Here, represents the components in the th. row and th. column of the Jacobian in 

the non-diffusive system. Hence, the system is essentially of the form 

 +  

(3.6) 

 is a  perturbation vector to the system with a Jacobian 

whichis the 4 X 4 variational matrix of the system independent of the effects 

of diffusion. 

For the positive definite Liapunov function, 

 

(3.7) 

 

(3.8) 

Using the two inequalities: 

1. Poincaré inequality:  ; Here equivalent to 

 

Here  

2. ,  
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(3.9) 

This equation reduces to, 

 ;  

(3.10) 

where ‟s are the coefficients of ‟s in (3.10) ,  

Hence, if ,  

 as  

Suppose ,  and  

(3.11) 

Using inequality 2, becomes negative definite if the coefficients of  in (3.9) , 

 are negative making the system (2.1)-(2.4) with diffusion in two 

directions Asymptotically Stable under conditions (a) , (b) , (c) and (d) when 

linearized. 

 

REMARK 1:For the system without diffusion effects in the toxin this asymptotic 

stability requires, 

(1)  

(2)  

 

REMARK 2:For a change in inequalities (3.11) , 

, and  

(3.12) 

The conditions for stability in the reaction-diffusion system change to, 

i.  + + > +  +  

ii. + + > + +  

iii. + >  

iv. + + >  
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REMARK 3:Under conditions (3.12) , the system with a zero value for  is 

asymptotically stable as linearized when: 

(1)  

(2)  
 

REMARK 4:A similar analysis can be used for differing combinations of inequalities 

(3.11) leading to changed stability criteria for the parabolic system. 

 

REMARK 5:The diffusion coefficients  reinforce stability in an already 

stable temporal system. For conditions (c) and (iii) , this stability would hold for 

a)  

b)  
 

 

4. ANALYSIS:Saddle-node, Bogdanov-Takens, Hopf Bifurcations 

A possibility for the existence of the three are studied. 

The system (2.1)-(2.4) with a two-parameter variation becomes: 

 
 
 

 
(4.1) 

with the Laplacian operator in two-dimensions as: 

 

On varying b12 followed by t1, a possibility of a Bogdanov-Takens bifurcation is 

noticed as computed in Table 1 for the diffusive system and for that without diffusion. 

In addition, what can be noticed are the existences of Poincaré-Andronov-Hopf and 

saddle-node bifurcations in close proximity. 

 

BIFURCATION PARAMETERS:t1and b12 

Initial simulation constants:a = 0.9; b = 0.6; c = 0.8; d = 0.87; e = 0.8; f = 0.9; b23 
= 0.29; t2 = 0.0952, α = 0.89, β = 0.95, T0 = 0.2; T = 0.9; r = 0.05;  = 0.1; m1 = 
0.25 
Bifurcation Parameters initially:t1 = 0.0125; b12 = 0.8 
Eigen values initially:  

The bifurcations of codimension two are studied under the conditions that follow. 

 

INITIAL CONDITIONS: 

As an approximation to an analytical solution, consider the perturbation to be: 
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N1(x,y,t) = N1*+ Ɛ  [cos( ) + cos( ) + f1k(t) ] 
(4.2a) 

N2(x,y,t) = N2*+ η[cos ( ) + cos( ) + f2k(t) ] 
(4.2b) 

N3(x,y,t) = N3*+ τ [cos( ) + cos(  ) + f3k(t) ] 
(4.2c) 

T1(x,y,t) = T1*+ [cos ( ) + cos ( ) + f4k(t) ] 
(4.2d) 

around the equilibrium points N1*,N2*,N3* and T1* of N1(x,y,t) , N2(x,y,t) , N3(x,y,t) 
and T1(x,y,t) respectively under no flux boundary conditions (2.5) , for some constant 

. 

The highest-order derivative in x and y is 2 in all the variables, the required number of 

boundary conditions i.e. 2 times this order in space, times the number of equations in 

the system, for the present problem becomes 2 x 2 x 4 = 16 given by (2.5) 

The Jacobian J gives the characteristic equation as:  = 0 

leading toλ 4+b1 λ 3 + b2 λ 2 + b3 λ +b4 = 0(to be used in the determination of values 

for the occurrence of bifurcation) 

The coefficients of the different powers of are given as 

 

 



Representing pollution in a food chain through bifurcating solutions 2163 

 

 

 

THEOREM 2:In the non-diffusive system: 

 ;  ;  ; 
 1∗ 
when 

i.  
ii.  

iii.  
iv.  
v. does not tend to  

 

where  are the components of corresponding to the th. row and th. 

column. 

 

PROOF:Taking the Laplace transform of the linearized system (3.2)-(3.5) in the 

absence of diffusion, 
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(4.3) 

 

(4.4) 

 

(4.5) 

 

(4.6) 

This leads to the system, 

 

where  ;  ;  ;  
Solving the system of the matrix and evaluating the limits as  leads to, 

 
Taking  

The final value limiting theorem of Laplace transforms, when the limits exist, gives, 

 
when or  and or  

As are first order perturbations to the system given by 

(3.1a)-(3.1d) , 

Hence, 

 for conditions (i) , (ii) and (iii) 

for conditions (i) , (ii) and (iii) 

 
 for condition (iv) 

 

REMARK 1:If , 

14 41 = 0, making one eigen value zero. 

 

REMARK 2:If Condition (i) is not satisfied,  equivalent to 

in the characteristic equation without diffusion terms, leading to a single, 

zero, real eigen value, which may represent the point of occurrence of a saddle node 

bifurcation, provided the other roots are real. Hence, a system asymptotically stable, 

can cross over to instability if the above condition holds. 

 

REMARK 3:Numerically, this represents a saddle-focus, which by Remark 2 implies 

that the equilibrium of Population 1 becomes equal to its value at this point when: 
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where is the value of  at equilibrium. 

 

REMARK 4:Under the chosen values of the constants, with the only variation being 

the values of  and ,  remains a constant always greater than zero. Hence 

. But  may be zero, when  i.e. 

 

 

REMARK 5:Hence for  in the given model, for the chosen constants two 

cases arise: 

1. A saddle-focus for . 

2. A saddle-node bifurcation for . However, in this system for the 

constants chosen for simulation, the change of sign in  when  

remain positive, shows  to be less than zero, as indicated in Table 1. As 

long as , making  negative. A similar 

change in sign is noted for the system in the presence of diffusion (Table 1) . 

In Fig 1 the following behavior are noted. 

Saddle-focus:  
 

Saddle-node bifurcation:  
 

 changes from imaginary to real, indicating the point of emergence of a saddle-

focus in this case. 

 

 
 

Fig 1:Intersection points indicating change in behavior:
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Figure 2:BIFURCATION CURVE-Linear fit for the values in Table 1 

 

TABLE 1:Codimension 2 bifurcation for the system with diffusion:d1 = 0.0001; d2 = 
0.009; d3 = 0.001; d4 = 0; k = 0.45; l = 50(values above) and without (values below) 
 

 



Representing pollution in a food chain through bifurcating solutions 2167 

 
 

 

*  becomes less than zero 

The values in the Table 1 have been calculated using the values of in the 

characteristic equation. 

For the region represented by 

 
as an approximation from Table 1, a linear relationship between the first predator 

handling time and attack rate is determined (Table 2) . As noticed, the slope of the 

order of 10
-4

 is small as compared to a unit increase in . 

 

TABLE 2:Equations of the fitted curves (linear) 

 

 WITH DIFFUSION WITHOUT DIFFUSION 

Hopf t1 = 7.7x10-4b12 + 11.55818923 t1 = 7.4x10-4b12 + 12.62569259 
Bogdanov-

Takens 

t1 = 2.0148x10-4b12 + 
12.68991236 

t1 = 2.0141x10-4b12 + 
12.68991781 

saddle-node t1 = 2.0153x10-4b12 + 
12.68991121 

t1 = 2.0134x10-4b12 + 
12.68992643 

 

 

From Table 2, it can be concluded that for a linear approximation in the region 

defined, 

> >  

>  

Every unit change (increase) in the competition rate requires a larger change in the 

handling time to bring about a bifurcation when diffusion takes place as against a 

direct comparison of the system without dispersion. Hence the predator can take 

longer times, delaying the onset of a stability change in the presence of diffusion, 

assuming zero flux across the boundary of the region. Similarly, a Hopf bifurcation 

requires a larger change in as compared to the other forms for every unit increase in 

independent of the inclusion of diffusion terms. 
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5. SPATIO-TEMPORAL PATTERN FORMATION 

Two dimensional spatial diffusion 

This section simulates the spatial inhomogeneity as diffusion terms are introduced in 

an otherwise asymptotically stable temporal system. The three different sets of initial 

conditions lead to patterns with symmetry as well as random pattern occurrences. 

 

5.1. PERTURBATIONS LEADING TO PATTERNS WITH NO SYMMETRY 

 

 
 

Fig 3:Patterns of time evolution in all the variables with d1 = 1.2; d2 = 0.05; d3 = 
0.005;d4 = 0 and wave number k/l where k = 46 under initial conditions (4.2a)-(4.2d) 
at times t = 0.001, 3, 10 

 

 

The dominating feature noticed is the absence of symmetry in the pattern formation 

given by the domain  in space. There is 

also a rapid change in pattern for small changes in time. Although the coefficient of 

diffusivity taken for the toxin is zero, clearly the coupling with the system of 

population 1 has induced pattern formation in the fourth variable. 

The most striking feature in Figures 3 and 4 is the approach to equilibrium values 

with the patterns being greatly reduced. The system asymptotically stable without 

diffusion has clearly become unstable in the spatial domain, although tending to 

stability in the temporal domain. 
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Fig 4:Patterns of time evolution in all the variables with d1 = 1.2; d2 = 0.05; d3 = 
0.005;d4 = 0 and wave number k/l where k = 46 under initial conditions (4.2a)-(4.2d) 
at times t = 20, 40, 80 

 

5.2. CHANGE IN WAVE NUMBER CAUSING APPEARANCE AND LOSS OF 

SYMMETRY 

 

 
 

Fig 5:Patterns of time evolution in all the variables with d1 = 1.2; d2 = 0.05; d3 = 
0.005; d4 = 0 and wave number k/l where k = 0.5 under initial conditions (4.2a)-
(4.2d) at times t = 1, 2.5, 5 

The spatial domain remains . The 

diffusion coefficients also stay as in the previous case, a decrease in wave number 

being the only change. There appears to be a brief occurrence of symmetry, with 

populations 1 and 2 showing flips between maximum and minimum. This behavior is 

noticed only for small . 
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Fig 6:Patterns of time evolution in all the variables with d1 = 1.2; d2 = 0.05; d3 = 
0.005; d4 = 0 and wave number k/l where k = 0.5 under initial conditions (4.2a)-
(4.2d) at times t = 60, 70, 90 

 

 

The increase in time sees the loss of symmetry with the system eventually reaching 

equilibrium in time, although in space it still shows some variation. 

 

5.5. DIFFERENT INITIAL CONDITIONS 

The patterns that follow are for differing initial conditions and an expanded square 

grid in space. 

Initial conditions-both sets given under zero flux boundary conditions 

Case 1: 

 

(5.1a) 

 

(5.1b) 

 

(5.1c) 

 

(5.1d) 

 

Case 2: 

 

(5.2a) 

 

(5.2b) 
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(5.2c) 

 

(5.2d) 

In all the cases above  gives the wave number which in both the  as well as 

directions are assumed to be equal 

i.e. , making  

Both the sets of perturbations about equilibrium lead to symmetric patterns of time 

evolution. All the patterns show that perturbations and diffusion in induce 

pattern formation in  

The absolute value part of the conditions are giving rise to a line symmetry (Fig 7) 

given in the expanded spatial domain 

. The effects of diffusion are 

noticeable in all the figures. 

The conditions in the form of hyperbolic functions lead to symmetric formations (Figs 

8 and 9) , taken again in the larger spatial domain 

 0,100X [0,100]. 
Figures 8 and 9 exhibit patterns which may alternate, maintaining symmetry. The 

diffusion is clearly visible after , with populations flipping between high and 

low density. 

 

 
 

Fig 7:Patterns of time evolution in all the variables with d1 = 12; d2 = 0.9; d3 = 
0.8;d4 = 0 and wave number k = 0.099 under initial conditions (5.1a)-(5.1d) at times t 
= 3, 6, 9, 40 
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Fig 8:Patterns of time evolution in all the variables with d1 = 12; d2 = 9; d3 = 8; d4 = 
0 and wave number 1/k where k = 120 under initial conditions (5.2a)-(5.2d) at times t 
= 0.001, 3, 10 

 

 
 

Fig 9:Patterns of time evolution in all the variables with d1 = 12; d2 = 9; d3 = 8; d4 = 
0 and wave number 1/k where k = 120 under initial conditions (5.2a)-(5.2d) at times t 
= 25, 35, 50 

 

 

5.6. SUMMARY AND CONCLUSIONS 

The parabolic system of three species in response to toxin under Neumann boundary 

conditions in a square domain  in space is found to be asymptotically 

stable under certain conditions on its parameters. 
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With a two-parameter variation under specified perturbations, a direct comparison of 

the codimension two bifurcations of the system show that there is a relationship curve 

between the two bifurcation parameters which can be used to compare the effects of 

diffusion on a temporal system to that without dispersal. In the region defined, the 

system with diffusion requires a larger change in the handling time compared to the 

temporal system for bifurcation. A Hopf bifurcation requires a larger change 

compared to saddle-node and Bogdanov-Takens in the specified region. Hence, the 

existence of a relationship between the handling time and interspecific competition in 

the stability properties of the system becomes clear. A unit change in the attack rate 

requires a change of the order of  in the search and consumption time associated 

with the prey to make the system unstable or change its stability properties. Further, 

the stability criteria can be extended to the system when certain diffusion coefficients 

become zero. The variables in the temporal system tend to their equilibrium values 

with exceptions, including the occurrence of a saddle-focus or a saddle-node 

bifurcation, both corresponding to a change of a single eigen value to zero. 

The spatially inhomogeneous patterns are studied at perturbations about the 

asymptotically stable equilibria of the corresponding temporal system under varied 

initial conditions, coefficients of diffusivity, wave numbers and domain sizes. In some 

cases, the patterns have line symmetry, in others they lose symmetry, but in all the 

cases there is some pattern induced in the fourth state variable (toxin) due to coupling 

with its direct consumer which it initially follows in certain cases and in others the 

diffusion becomes apparent, while in all the cases the diffusion including self-

diffusion becomes visible only after a certain time interval. 
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