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Abstract

This paper introduces and explores functions defined on H*-normal spaces
through the framework of H*-open sets. We extend the concept of H*-normality
and investigate its connections with g-normal and classical normal spaces.
Additionally, we generalize H*-closed and H*-generalized closed functions,
analyzing their fundamental properties. Several characterizations of H*-normal
spaces are established, along with preservation theorems that highlight the
structural significance of these functions.
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INTRODUCTION

The concept of normality holds a central position in topology, both for its foundational
significance and for its utility in addressing problems across theoretical and applied
domains. A major focus of ongoing research has been the characterization of normality
via combinations of weaker separation and covering properties. Over the years,
numerous generalizations of open and closed sets have been proposed to support such
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investigations. For instance, Stone [13] introduced the concept of regular-open sets,
which was later extended by Levine through the introduction of semi-open sets in
1963 [8], and subsequently g-closed sets in 1970 [7]. In 2015, Nidhi Sharma, Poonam
Sharma, and collaborators introduced the notion of H*-normal spaces [4], stimulating
further research on generalized closed sets and separation axioms within topological
structures. Continuing in this direction, Hamant Kumar and Tomar N. (2024) proposed
the concept of (Q*-normal spaces, a new form of generalized normality designed to
capture weaker separation conditions [3]. In the same year, Neeraj Kumar Tomar, Fahed
Zulfeqarr, and M. C. Sharma[15] introduced the concept of SC*-normal spaces along
with certain related functions, offering further insights into weak forms of normality
and expanding the study of separation axioms in topological spaces.

This paper is structured into four main sections, each addressing a distinct aspect of the
study:

Section 1. This section reviews several generalized set types, including H*-closed,
gH™-open, H*g-closed, and related classes. We provide illustrative examples and
analyze the interrelations among these sets. In addition, we revisit the definition
of H*-normal spaces, offering examples and presenting a fundamental equivalence
theorem.

Section 2. We introduce and examine the concepts of strongly H*-open, strongly
H*-closed, and almost H *-irresolute functions. Several results are established that link
these functions to the structure of H*-normal spaces.

Section 3. This section focuses on various generalizations of closed functions,
including g H*-closed, H*g-closed, quasi H*-closed, H*-H " g-closed, H"-gH *-closed,
and almost gH*-closed functions. We explore fundamental properties and provide
supporting theorems.

Section 4. We conclude with preservation theorems and characterizations related to
H*-normal spaces, supported by theorems, lemmas, and corollaries that highlight their
structural significance.

1. PRELIMINARIES AND NOTATIONS

Unless stated otherwise, all spaces discussed in this work are considered to be
topological spaces without assuming any particular separation axioms. Let ¢

(X,7) = Y,o)& v : (Y,o0) = (Z,p)(¢: X =Y & : Y — Z) be functions
between topological spaces. In this context, ¢ denotes a function from the topological
space (X, 7) to (Y,0), & g denotes a function from (Y, o) to (Z, p). For any subset
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A C X, the closure of A is denoted by A or cl(A), and the interior of A is denoted by

A or int(A).

We now define some basic notions which will be used throughout. For a good
understanding of them, readers are referred to see [5, 8,9, 11, 12, 13].

1.1. Definition:

A subset A of a topological space X is said to be:

1. regular closed [13](briefly r-closed) if A = cl(int(A)).

2. semi-closed [8] (briefly s-closed) if int(cl(A)) C A.

3. w-closed [9] if cl(A) C U, whenever A C U and U is semi-open in X.
4. a-closed [11] if cl(int(cl(A))) C A.

5. a*-set [5] if int(cl(int(A))) = int(A).

6. C-set [5]if A= U NV, where U is an open set and V' is an o*-set in X.
7. h-closed [12] if s-cl(A) C U, whenever A C U and U is w-open in X.
8. gh-closed [12] if h-cl(A) C U, whenever A C U and U is h-open in X.

9. regular-h-open [12] if there exists a regular open set U such that U C A C
h-cl(U).

10. rgh-closed [12] if h-cl(A) C U, whenever A C U and U is regularly h-open in
X.

11. hCg-closed [12] if h-cl(A) C U, whenever A C U and U is a C-set in X.

The complement of a r-closed set (or s, w, «, h, gh, rgh, and hC'g) closed sets is called
a r-open set (or s, w, «, h, gh, rgh, and hC'g) open sets, respectively.

The h-closure (or s-closure) of a subset A of a topological space, denoted by A" (or
A%, is the smallest h-closed (respectively, s-closed) set that contains A. Formally, it is
defined as

A" =({F C X |AC Fand F is h-closed},

and
A"=({FCX|AC Fand Fis s-closed}.



336 Neeraj kumar Tomar, M. C. Sharma and Amit Ujlayan

The h-interior (or s-interior) of a set A, denoted Al (or 14015), refers to the greatest
h-open (respectively, s-open) subset fully contained in A. It is constructed as the union
of all h-open (or s-open) sets that lie entirely within A.

1.2. Definition

A subset A of a topological space X is said to be H*-closed [4] if h-cl(A) C U
whenever A C U and U is hCg-open in X. The complement of a H"-closed set is
called H"-open.

The H*-closure of a set A C X, denoted by A" orH *-cl(A), is the intersection of all
H*-closed sets containing A. That is,

H*-cl(A) = ﬂ{C’ CX|ACCandCis H*-closed}.

The H*-interior of A, written as A”" or H*-int(A), is the union of all H*-open sets
contained in A, i.e.,

H*-int(A) = U{O CX|OCAand O is H*-open}.

The family of all H*-open sets (respectively, H*-closed sets, r-open sets, r-closed
sets, s-open sets, & s-closed sets) in a space X is denoted by H*O(X) (respectively,
H*C(X), RO(X), RC(X), SO(X), & SC(X)).

1.3. Definition
Let A be a subset of a topological space (X, 7). Then:

1. g-closed [7] if cl(A) C U whenever A C U and U € 7.

2. generalized H*-closed [4] (briefly, gH*-closed) if H*-cl(A) C U whenever
A CUand U is H*-open.

3. H*-generalized closed (briefly, H" g-closed) if H*-cl(A) C U whenever A C U
and U € X.

4. regular-H™-open if there exists a regular open set U such that U C A C
H*-cl(U).

The complement of a g-closed (respectively, gH"-closed, H"g-closed) set is called
g-open (respectively, gH"-open, H*g-open). The complement of a regular-H*-open
set is called regular- H *-closed.
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1.4. Remark

The following sequence of implications illustrates the hierarchy among various
generalized closed sets in topological spaces:

closed — a-closed — h-closed — H*-closed — gh-closed — rgh-closed

3 3
gH*-closed — rgH *-closed

It is important to note that while each implication holds in the forward direction, the
reverse implications are not generally valid. This can be demonstrated with suitable
counterexamples.

1.5. Example

Let X = {p, q,r, s} be a topological space with the topology

T ={0,{p}. {¢}. {p, ¢}, {p,q, 7}, X}.

Consider the subset A = {r} C X.

Then A is an h-closed set as well as an H*-closed set in X, but it is not closed in the
topological sense, since its complement {p, ¢, s} is not open in 7.

This example demonstrates that a set can be h-closed and H*-closed without being
closed in the usual topological sense.

1.6. Example

Let X = {p,q,r,s,t} be a topological space with the topology

T =A{0.{p}. {s}, {t}, {p. s}, {p, t}, {s, 1}, {p, s, 1}, X},

Consider the subset A = {p, s,t} C X.

The set A is both rgh-closed and rgH"-closed in X, but neither gh-closed nor
gH™-closed.

Example illustrates, rgh-closedness & rgH *-closedness do not imply gh-closedness or
gH™-closedness, emphasizing the distinctness of these generalized closure properties.
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1.7. Example

Let X = {p, q,r, s} be a topological space with the topology

7 =A{0,{p}, {a}. {p, ¢}, {p. ¢, 7}, X}.

Consider the subset A = {r} C X.

Thus A is a gH*-closed set in X, but not a closed set in the standard topological sense,
since its complement {p, ¢, s} is not open in 7.

This example demonstrates that a set can be gH *-closed without being topologically
closed.

1.8. Definition

A topological space X is said to be normal[14, 16] (resp. g-normal[10], H*-normal)
if for any pair of disjoint closed sets A and B, there exist open (resp. g-open, H *-open)
sets U and V suchthat AC U and B C V.

1.9. Remark
In a topological space X, the following hierarchy of normality conditions holds:
normal = g-normal = H*-normal

It is important to note that the converse of each implication does not generally hold, as
counterexamples can be constructed to demonstrate their failure.

1.10. Example

Let the topological space X = {p, ¢,, s} equipped with the topology
T =A{0.{p}. {a}, {p. a}. {r, s}, {p, 7, s}, {q, 7, s}, X}

Consider the sets A = {s} & B = (), which are disjt., closed. 3 disjt., open sets
U={p,rst&V ={q¢,st ACU&BCYV.

Thus, X satisfies the conditions for being normal, g-normal, & H*-normal, since every
open set in X is also an H *-open set.
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1.11. Theorem
For a topological space X, the following statements are equivalent:

1. X is H*-normal.

2. For every pair of open sets () & R with Q U R = X, there 3 H"-closed sets
DCQ&ECRst. DUE =X.

3. For all closed set J C X & every open set K with J C K, there 3 an H*-open
set () s.t.
JCQCH-d(Q) CK.

Proof. (1) = (2): Let Q & Rbe open sets s.t. X = QU R. Thesets X \ Q & X \ R
are disjt., closed sets. Since X is H"-normal, there 3 disjt., H*-open sets (1 & Ry s.t.
X\QC Q1 &X\RC Ry DefineD=X\Q; &FE =X\ Ry. Then, D & E are
H*-closed sets satisfying D C Q, F C R, & DUFE = X.

(2) = (3): Let Jbe aclosed & J C K & K an open set. The sets X \ J, K are open
& union is J U K = X. By (2), 3 H"-closed sets M; & My st. My € X\ J &
M, C K, with M; UM, = X. Thus, J C X \ M; & X \ K C X \ M,, implying
that (X \ M1) N (X \ M) =0. Let Q@ = X \ M; & R = X \ Ms. Then, Q & R are
disjt., H*-open sets s.t. J C Q € X \ R C K. Since X \ R is H*-closed, we have
H*-cl(Q) C X\ R,&hence J C Q C H*-cl(Q) C K.

(3) = (1): Let J; & J; be two disjt., closed sets. Let K = X \ Jp, so Jo,N K = (). Since
J1 C K, & K is open, by (3) there 3 an H*-openset @ s.t. J; C Q C H*-cl(Q) C K.
It follows that J, C X \ H*-cl(Q) = R, where R is H*-open. Hence, Q N R = 0,
showing that .J; & J; are separated by disjt., H™*-open sets ) & R.

Therefore, X is H*-normal.

2. FUNCTIONS ASSOCIATED WITH H*-NORMAL SPACES
2.1. Definition

A function ¢ : X — Y is called:
1. R-map [2] if for every regular open set V in Y, the preimage ¢~ '(V/) is r-open
in X.

2. completely continuous [1] if for every open set V in Y, the preimage ¢ (V) is
regular open in X.
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3. re-continuous [6] if for every regular closed set F in Y, the preimage ¢~ *(F) is
regular closed in X.
4. strongly H"-open if for each U € H*O(X), it holds that (U) € H*O(Y).
5. strongly H*-closed if for each U € H*C(X), it holds that ¢(U) € H*C(Y).
6. almost H"-irresolute if for every x in X & every H*-nbd V of ¢(z), the closure

H*-closure of the preimage ¢~ (V), i.e., H*-cl(¢"*(V)), is a H*-nbd of x.

2.2. Theorem

A mapping ¢ : X to Y is strong., H"-closed iff, for every subset D C Y & every
H*-open set ) C X containing ¢ *(D), 3a H*-openset S C YV st. D C S &
¢ (S) € Q.

Proof. (=) Suppose ¢ is strongly H*-closed. Let D C Y, & let Q € H*O(X) be s.t.
¢~ 1(D) C Q. Define
S=Y\p(X\Q)

Since X \ Q € H*C(X), & ¢ maps H*-closed sets to H*-closed sets, we have
#(X\ Q) € H*C(Y). Hence, S € H*O(Y). Clearly, D C S & ¢~ *(S) C Q, as
required.

(«<=) Conversely, assume the given condition holds. Let K € H*C'(X), so
X\ K € H'O(X). Define D =Y \ ¢(K), then

¢"(D) C X\ K.
By assumption, 3a H*-openset S C Y s.t. D C S & ¢~ '(S) C X \ K. Thus,
o(K) 2 Y\ S, which implies ¢(K) € H*C(Y). Therefore, ¢ is strong.,H"-closed.

2.3. Lemma

For a mapping ¢ : X to Y, Each of the following assertions is equivalent:

1. ¢ is almost- H *-irresolute.
2. Forevery S € H*O(Y'), we have

¢~'(S) C H*-int(H*-cl(¢7'(9))).
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2.4. Theorem

Let ¢ : X to Y be a mapping between topological spaces. Then ¢ is almost
H*-irresolute iff

H*-cl(Q) C H*-cl(¢(Q)) forall @ € H*O(X).

Proof. (=) Suppose ¢ is almost H*-irresolute, let ) € H*O(X). Assume that
y & H*-cl(¢(Q)). Then there 3an H*-openset S CY s.t. y € S & SN o(Q) = 0.

This implies ¢~ *(S) N Q = (). Since ¢ is almost H*-irresolute, it follows that:
¢~ (S) C H*-int(H"-cl(¢™(S5))).
Hence,
H*-int(H*-cl(¢™(5))) N H*-cl(Q) = 0,

which further implies

gb_l(S) N H*- Cl(Q) =0 = SN gb(H*— Cl(Q)) = 0.

Therefore, y ¢ ¢(H™-cl(Q)), since y was arbitrary, we conclude:

H™-cl(Q) € H*-cl($(Q))-

(<) Now suppose that for every ) € H*O(X), the inclusion H*-cl(Q) C
H*-cl(¢(Q)) holds. Let S € H*O(Y'), and define M = X \ H*-cl(¢'(S)), which
belongs to H*O(X).

By the hypothesis, we have:

G(H™-cl(M)) € H*-cl(¢p(M)).

Now observe:
X\ H*-int(H*-cl(¢1(S))) = H*-cl(M)

THH-cl(p(M)))

¢
¢~ (H™-cl(Y'\ 8)) = X\ ¢7'(S).

N 1N

Thus, ¢~ (S) C H*-int(H*-cl(¢~'(S))), and so by the characterization of almost
H*-irresolute functions, ¢ is almost H *-irresolute.
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2.5. Theorem.

Let ¢ : X to Y be a surjective mapping that is cont., strongly H*-open, & almost
H*-irresolute. If X is an H*-normal space, then Y is also H*-normal.

Proof. Let D C Y be a closed subset & £ C Y an open subset s.t. D C F.
Since ¢ is cont., the preimage ¢~ (D) is closed in X, & ¢ ' (E) is open in X, with
¢~'(D) C ¢~ (E).
Given that X is H*-normal, there 9 a H"-open set () C X satisfying:

¢~'(D) CQ C H*-cl(Q) € ¢7'(E).
Applying ¢ to the above chain of inclusions, we obtain:

D C¢(Q) C o(H"-cl(Q)) C E.

Since ¢ is strongly H *-open, it follows that ¢(Q)) € H*O(Y). Also, because ¢ is almost
H*-irresolute, we have:

H*-cl(¢(Q)) € E.
Hence, there 3 a H*-open set ¢((Q)) in Y s.t.:

D C ¢(Q) € H*-cl(¢(Q)) C E.

By the definition of H*-normality, this confirms that Y is H*-normal.

2.6. Theorem.

Let ¢ : X to Y be a cont., and strongly H *-closed surjection, where X is an H *-normal
space. Then the space Y is also H*-normal.

Proof. Suppose M; & M, be two disjt., closed subsets of Y. Then their inverse images
¢ (M) & ¢~ (M) are closed in X. Since X is H*-normal, there 3 disjt., H*-open
sets Q & S'in X s.t.

(ﬁil(Ml) g Q and (bil(MQ) g S.
Because ¢ is strongly H*-closed, there 3 H*-open sets D & E in Y s.t.:
My €D, MyCE, ¢ (D)C@Q and ¢ '(E)CS.

Since Q & S are disit., it follows that ¢~ *(D) N ¢~ (E) = (), which implies
D N E = (). Therefore, D & F are disjt., H*-open sets containing M; & Mo,
respectively. Hence, Y is H*-normal.
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2.7. Theorem.

Let a mapping ¢ : X to Y be a surjective function. Then, ¢ is almost H"*g-closed iff
for every subset 7' C Y & for each r-open set () C X s.t. gb‘l(T) C @, there d a
H*g-openset RC Y st. TC R& ¢ '(R) C Q.

Proof. (Necessity): Assume ¢ is almost H*g-closed. Let 7' C Y be a subset, & let
Q C X be a r-open set s.t. ¢ 1(T) C Q. Define the set R = Y \ ¢(X \ Q). By
construction, R is H*g-open in Y, & R contains 7. Furthermore, since ¢ *(R) C Q,
the condition is satisfied.

(Sufficiency): Suppose the condition holds. Let D C X be a r-closed set. Then, X \ D
is a r-open set. Define £ =Y \ ¢(D). Clearly,

671(E) € X\ D,
Since X \ D is r-open, by assumption, there 3 a H*g-open set R C Y s.t.:
ECR and ¢ '(R)C X\D.

Thus, we obtain:
PD)2Y\R = ¢D)=Y\R

This shows that ¢(D) is H*g-closed in Y. Hence, ¢ is almost H*g-closed.
3. EXTENSIONS OF H*-CLOSED FUNCTION CONCEPTS

3.1. Definition.

A function ¢ : X — Y is said to be:

1. H*-closed[4] if ¢(D) is H"-closed in Y for every closed set D C X.

2. H*g-closed[4] if ¢(D) is H*g-closed in Y for every closed set D C X.
3. gH"-closed if ¢(D) is gH*-closed in Y for every closed set D C X.

4. quasi H"-closed if ¢(D) is closed in Y for every D € H*C(X).

5. H*-H"g-closed if ¢(D) is H"g-closed in Y for every D € H*C'(X).

6. H*-gH"-closed if ¢(D) is gH"-closed in Y forevery D € H*C(X).
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7. almost g H*-closed[4] if ¢(D) is gH*-closed in Y for every D € RC(X), where
RC(X) denotes the regular closed sets of X.
8. H*-gH*-continuous if ¢ (K) is gH*-closed in X for every K € H*C(Y).

9. H*-irresolute if o' (V) € H*O(X) forevery V € H*O(Y).

3.2. Theorem.

Letgp: XtoY &4 : Y to Z be functions. Then:
(1) The mapping ¥ o ¢ : X to Z is H*-gH"-closed if ¢ is H*-gH"-closed & 1) is
cont., and H*-gH*-closed.

(2) The mapping ¢ o ¢ : X to Z is H*-gH*-closed if ¢ is strongly H*-closed & 1) is
H*-gH"-closed.

(3) The mapping ¢ o ¢ : X to Z is H*-gH"-closed if ¢ is quasi H*-closed & ) is
gH™-closed.

3.3. Theorem.

Letp : X toY & ¢ : Y to Z be mappings s.t. the mapping ) o ¢ : X to 7 is
H*-gH*-closed. If ¢ is an H *-irresolute surjection, then ¢ is also H*-gH *-closed.

Proof. Consider any set K € H*C(Y'), i.e., a H"-closed subset of Y. Since ¢ is an
H*-irresolute surjective mapping, its preimage ¢! (K) belongs to H*C(X). Given
that the composition ¢ o ¢ is H*-gH *-closed, we have:

(¥ o @) (97 (K)) = d(K),
which implies ¢ (K) is gH*-closed in Z. Hence, ¢ maps H*-closed sets in Y to

gH™-closed sets in Z, proving that ¢ is H*-gH*-closed.

3.4. Lemma.

A function ¢ : X to Y is called H*-gH *-closed iff for every subset £ C Y and every
H*-open set Q C X s.t. gzﬁ_l(E) C @, there JagH"-openset S CYst. ECS&
¢7(8) € Q.
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Proof. (=) Assume that ¢ is H*-gH *-closed. Let £ C Y be any subset, let
Q<€ H'O(X)best. ¢ '(E) CQ.Define S =Y\ ¢(X \ Q). Then S is a gH*-open
setin Y, and since £ C S & ¢~ '(S) C Q, the condition is satisfied.

(«=) Conversely, suppose that for each £ C Y and each H*-open set () C X with

¢ (F) C Q,there 3agH*-openset S C Y sit. EC S& ¢ '(S5) C Q. Let

W € H*C(X) be a closed set in X. Consider the set Y\ ¢(W). Then

(Y \ ¢(W)) C X \ W, which is H*-open. By the assumption, there 3 a g H*-open
set SCY s.t. Y\ (W) CS&o (S)C X\ W. This implies p(W) D Y \ S, so
o(W) =Y \ S, which shows that ¢(W) is gH"-closed in Y. Therefore, ¢ is
H*-gH"-closed.

3.5. Theorem.

Let ¢ : X to Y be a cont., & H*-gH"-closed mapping. Then, for every gH *-closed
subset N C X, the image ¢(/N) is gH*-closed in Y.

Proof. Let N C X be a gH *-closed set, & let S C Y be an open set s.t. p(N) C S.
Since ¢ is cont., ¢~ '(S) is open in X and contains N. Thus, H*-cI(N) C ¢~ *(S),
which implies:

O(H*-cl(N)) C .

Because ¢ is H*-gH"-closed & H*-cl(N) € H*C(X), it follows that:
GH"-C1($(N)) C gH*-cl(¢(H*-cI(N))) C S.

Hence, ¢(NV) is gH*-closed in Y.

3.6. Remark.

It holds that every H *-irresolute function is H*-gH *-cont., However, the converse does
not necessarily hold.

3.7. Theorem.

A mapping ¢ : X toY is said to be H*-gH *-cont., iff the preimage ¢~ (.S) is g H*-open
in X forevery S € H*O(Y).
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3.8. Theorem.

Let ¢ : X to Y be an H*-gH"-cont., mapping. Then for every gH*-closed subset
W C Y, the preimage ¢~ (W) is gH*-closed in X.

Proof. Let W C Y be a gH"-closed set, and let Q € H*O(X) be an H"-open set s.t.
¢ 1 (W) C Q. Define the set S = Y \ ¢(X \ Q). Then S is a gH*-open subset of Y/,
with W C S & ¢ 1(S) C Q.

Since W C S, it follows that H*-cl(I¥') C S. Taking preimages, we get:
¢~ (W) C o (H™-cl(W)) € 67(9) € Q.
As ¢ is H*-gH*-cont., the set ¢~ ' (H*-cl(W)) is gH*-closed in X. Hence,
gH*-cl(¢™ (W) C gH*-cl(¢™ ! (H*-cl(W))) C Q.

Therefore, ¢~ (W) is gH*-closed in X, completing the proof.

3.9. Corollary.

Let ¢ : X to Y be a closed & H*-irresolute mapping. Then for every g H*-closed set
W C Y, the preimage ¢~ (W) is gH*-closed in X.

3.10. Theorem.

Let ¢ : X to Y be an open, bijective, and H*-gH *-cont., mapping. Then for every
gH*-closed set W C Y, the preimage ¢ (W) is gH*-closed in X .

Proof. Let W C Y be gH*-closed, let Q@ C X be an open set s.t. (W) C Q. Since
¢ is open and surjective, we have:

W= (¢~ (W)) € ¢(Q),
& ¢(Q) is open in Y. Hence, H*-cl(WW) C ¢(Q).
Because ¢ is injective, it follows that:

¢~ (W) C o~ (H™-cl(W)) C ¢~ (6(Q)) = Q.

Since ¢ is H*-gH*-cont., the preimage ¢ (H*-cl(W)) is gH*-closed in X.
Therefore,
gH"~cl(¢™'(W)) C gH*-cl(¢™ ' (H"-cl(W))) € Q.

Thus ¢~ (W) is gH*-closed in X, as required.
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3.11. Theorem.

Let o : XtoY & ¢ : Y to Z be mappings s.t. the mapping ¢ o ¢ : X to Z is
H*-gH"-closed. If ¢ is an open, bijective, and H"-gH *-cont., mapping, then ¢ is
H*-gH"-closed.

Proof. Let W € H*C(X). Since ¢ o ¢ is H*-gH"-closed, it follows that

(¥ 0 @)(W) = p(p(W))

is gH"-closed in Z. Because v is a bijection, we have
(W) = = (¥ (6(W))).

Moreover, since ¢ is H*-gH*-cont., & open, the inverse image of a g H*-closed set
under ¢! is also gH*-closed in Y by Theorem 3.10. Hence, (W) € gH*C(Y), &
so ¢ is H*-gH*-closed.

3.12. Theorem.

Let o : XtoY & ¢ : Y to Z be mappings s.t. the mapping ¢ o ¢ : X to Z is
H*-gH"-closed. If 1 is a closed injection & H*-gH *-cont., then ¢ is H*-gH *-closed.

Proof. Suppose W € H*C(X). Since 1) o ¢ is H*-gH *-closed, the image
(o @) (W) =1(o(W)) is gH*-closed in Z. As v is injective, it follows that

(W) =¥~ (W (6(W))).

Now, since v is H*-gH"-cont., and closed, by Theorem 3.11, the inverse image of a
gH™-closed set under 1 is g H"-closed in Y. Therefore, p(W) € gH*C(Y'), which
implies that ¢ is H*-gH™-closed.

4. PRESERVATION THEOREMS AND CHARACTERIZATIONS OF
H*-NORMAL SPACES

4.1. Theorem.

Let ¢ : X to Y be a cont., quasi H"-closed surjection, & suppose that X is H"-normal.
Then, Y is normal.
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Proof. Suppose GG; & G, be two disjt., closed subsets of Y. If ¢ is cont., the
preimages ¢~ (G1) & ¢~ '(G>) are disijt., closed subsets of X. Since X is H*-normal,
there 3 disjt., H*-open sets Q; & Q2 in X s.t. ¢ (G1) C Q1 & ¢ 1 (G2) C Q..

Next, define the sets S1 = Y \ ¢(X \ @1) & So =Y \ ¢(X \ Q2). These sets are open
in Y, and we have the following conditions:

G1CS1, GaCS, ¢71(S1)CQ1, ¢ (%) C Qo
Since Q1 N Q2 = 0 & ¢ is surjective, it follows that S; N Sy = ().

Thus, Y is normal.

4.2. Lemma.

A subset D of a topological space X is g H"-open iff for every closed set F's.t. F' C A,
it holds that F* C H*-int(A).

4.3. Theorem.

Let ¢ : X to Y be a closed H*-gH*-cont., injection, & suppose that Y is H*-normal.
Then X is H*-normal.

Proof. Suppose closed set G; & G5 be disjt., X. If ¢ is a closed injection, the images
#(G1) & ¢(Gy) are disjt., closed sets in Y. By the H*-normality of Y, there 3 disjt.,
open sets S1 & Sz in H*O(Y) s.t. ¢(G;) C S; fori = 1,2.

Since ¢ is H*-gH*-cont., the preimages ¢ '(S;) & ¢~ '(S,) are disjt., g *-open sets
inX,&G; C qﬁ_l(Si) fori=1,2.

Next, define Q; = H*-int(¢'(S;)) fori = 1,2. These sets Q; are elements of
H*O(X),G; C Qi and Q1 N Q2 = 0.

Thus, X is H*-normal.
4.4. Corollary.
Let¢ : X toY beaclosed H"-irre., injection. If Y is H*-normal, then X is H*-normal.

Proof. This follows from the fact that an H *-irresolute function is
H*-gH"-continuous. Since normality is preserved under closed H*-gH *-continuous
injections, the result follows directly.
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4.5. Lemma.

A function ¢ : X to Y is almost g H *-closed iff for every subset £ C Y & every r-open
set Q € RO(X) s.t. ¢ Y(E) C Q, there 3a gH*-openset S C Y st. E C S &
¢1(S) C Q.

4.6. Lemma.

Let ¢ : X to Y be an almost g H"-closed function. Then for every closed set G C Y
and for every r-open set Q € RO(X) s.t. ¢ '(G) C Q, there Faset S € H*O(Y) s.t.
GCS&¢(S)CQ.

S. CONCLUSION

This paper presents the introduction and analysis of a new class of spaces called
H*-normal spaces, which are defined using H*-open sets. We investigate the
connections between traditional normality and H*-normality, demonstrating that
H*-normality is a more generalized or weaker form of normality. Additionally, we
provide various characterizations of H*-normal spaces and discuss the properties of
gH* and H"g-closed functions within this framework. The findings in this study
contribute valuable insights and methods that can assist researchers in further exploring
normal spaces of this type. Moreover, the concepts and techniques developed here could
be extended to other types of topological spaces, such as ordered topological spaces,
bi-topologically ordered spaces, and fuzzy topological spaces, offering potential for
broad applications in topological research.
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