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Abstract

Summability theory has emerged as an important extension of ordinary
convergence theory, particularly in situations where classical methods fail to
capture the asymptotic behaviour of sequences. This survey systematically
traces the development of statistical convergence and its associated summability
methods in metric spaces, emphasizing the transition from ordinary statistical
convergence to d-statistical convergence and its generalized forms. Related
notions of boundedness and strong summability are also discussed, highlighting
the interconnections among these structures within modern summability theory.
Keywords: summability theory, strong Cesàro summability,
statistical convergence, metric spaces, lacunary convergence, deferred statistical
convergence, modulus functions.

1. INTRODUCTION

Classical convergence plays a central role in mathematical analysis and summability
theory. However, many sequences arising in analysis, approximation theory, Fourier
analysis and applied mathematics fail to converge in the ordinary sense while still
exhibiting a certain asymptotic regularity. This limitation motivated the development
of generalized convergence methods capable of capturing asymptotic behaviour beyond
ordinary convergence [14, 34, 37], [2].

Among such methods, statistical convergence has become one of the most influential
generalizations of classical convergence. The concept originated from ideas related
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to summability theory and density methods. Early forms appeared in Zygmund’s
work on strong density for trigonometric series [37], with formal development carried
out independently by Fast [14] and Buck [6]. Statistical convergence replaces the
ordinary notion of eventual behaviour by natural density-based behaviour [30], allowing
a sequence to deviate from its limit on a sparse subset of indices.

Subsequent investigations by Šalát [32], Fridy [15], Tripathy [36] and others established
statistical convergence and statistical boundedness as active areas of research within
summability theory. Over time, the theory was extended in several directions, including
lacunary statistical convergence [16], λ-statistical convergence [28], deferred statistical
convergence [2, 26], modulus-based convergence [27, 3], and statistical convergence of
order α [9, 8] together with their corresponding notions of statistical boundedness.

A particularly fruitful direction concerns statistical convergence in metric spaces. Here,
ordinary absolute difference gives way to the metric structure of the underlying space,
yielding d-statistical convergence and related summability methods [24, 25, 5, 20,
22, 29, 35, 13, 11, 21, 12]. These extensions offer a unified framework for studying
generalized convergence in abstract spaces.

As outlined in the abstract, this survey traces the evolution from ordinary statistical
convergence to its generalized forms in metric spaces, emphasizing the conceptual
transitions connecting these structures and their close relationship with modern
summability theory.

2. FROM DENSITY TO SUMMABILITY METHODS

The preceding discussion outlined the historical evolution of statistical convergence
and its gradual extension within summability theory. We now turn to the fundamental
concepts that connect density methods with generalized summability techniques.

At the core of this connection lie three closely related ideas:

• Density methods, which measure the asymptotic frequency of certain properties,

• Summability methods, which transform or average sequences in order to detect
generalized limiting behaviour,

• Metric structures, which extend these notions beyond real-valued sequences by
replacing ordinary absolute difference with abstract distance functions.

The notion of natural density [30] provides the basic framework for statistical
convergence. For a subset A ⊆ N, the natural density δ(A) measures the proportion
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of elements of A among the first n natural numbers as n → ∞. In this way, statistical
convergence replaces the classical requirement that a property holds eventually with the
condition that it holds for “almost all” indices in the density sense.

The interaction between density [2, 30] and summability methods [14, 34, 37, 32, 15]
subsequently led to several important generalizations of statistical convergence and
summability theory [16, 28, 9, 27, 17, 36, 8, 3, 26, 7]. Classical Cesàro methods
[7] introduced averaging processes through arithmetic means of partial sums, whereas
deferred methods [2, 26] studied convergence over moving intervals of the form
(p(r), q(r)]. Similarly, λ-methods [28, 9] generalized summability constructions by
replacing ordinary averaging intervals with variable windows determined by sequences
λ = (λr) tending to infinity.

Statistical convergence naturally emerges from the combination of these density-based
ideas with generalized summability techniques. The following section presents the core
definitions systematically, beginning with real-valued sequences and then extending
them to metric spaces, where the ordinary expression |zm−L| is replaced by the metric
distance d(zm, L).

2.1. Core Definitions

Natural density forms the basic foundation of statistical convergence and density-based
summability methods.

[[30]] The asymptotic density (or simply natural density) of a subset M ⊆ N is defined
by

δ(M) = lim
m→∞

1

m

∣∣{k ≤ m : k ∈ M}
∣∣,

provided the limit exists finitely.

In particular,

δ(N) = 1, δ(kN) =
1

k
,

while
δ(Nk) = 0, δ(kN) = 0,

where k ≥ 2 is fixed. Moreover,

δ(N \M) = 1− δ(M).

Deferred density generalizes natural density by replacing initial segments with variable
intervals.
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[[2]] Let p = (p(r)) and q = (q(r)) be sequences of non-negative integers satisfying

0 ≤ p(r) < q(r), q(r) → ∞.

The deferred density of M ⊆ N is defined by

δp,q(M) = lim
r→∞

∣∣{m : p(r) < m ≤ q(r), m ∈ M}
∣∣

q(r)− p(r)
,

provided the limit exists finitely.

If p(r) = 0 and q(r) = r, then deferred density reduces to ordinary natural density.

A further generalization is obtained through λ-density.

[[28]] Let
λ = (λr)

be a non-decreasing sequence of positive integers satisfying

λr+1 ≤ λr + 1, λ1 = 1, λr → ∞.

The class of all such sequences is denoted by Λ.

For λ = (λr) ∈ Λ, define
Ir = [ r − λr + 1, r ].

The λ-density of M ⊆ N is defined by

δλ(M) = lim
r→∞

1

λr

∣∣{m ∈ Ir : m ∈ M}
∣∣,

provided the limit exists finitely.

If λr = r, then λ-density reduces to ordinary natural density.

Lacunary sequences provide another important density structure associated with sparse
intervals.

[[16]] A sequence
θ = (kr)

is called a lacunary sequence if

k0 = 0 < k1 < k2 < · · · , hr = kr − kr−1 → ∞.

The intervals
Ir = (kr−1, kr]
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are called lacunary intervals, while

qr =
kr
kr−1

, r ≥ 2,

are called the lacunary quotients.

Generalized summability methods naturally arise from these density structures.

[[2]] For a sequence z = (zm), the deferred Cesàro mean is defined by

Cp(r),q(r)(z) =
1

q(r)− p(r)

q(r)∑
m=p(r)+1

zm.

[[28]] A sequence z = (zm) is said to be strongly (V, λ)-summable to L if

lim
r→∞

1

λr

∑
m∈Ir

|zm − L| = 0.

The class of all such sequences is denoted by [V, λ]. If λr = r, this reduces to strong
Cesàro summability [C, 1].

Modulus functions further generalize density and summability methods.

[[27, 3]] A function
f : [0,∞) → [0,∞)

is called a modulus function if:

1. f(x) = 0 ⇐⇒ x = 0,

2. f(x+ y) ≤ f(x) + f(y),

3. f is increasing,

4. f is right-continuous at 0.

Examples include

f(x) = xp (p > 0), f(x) = 1− e−x.

Statistical convergence forms the central notion connecting density methods with
summability theory.
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[[15]] A sequence z = (zm) is said to be statistically convergent to L if for every ε > 0,

δ
(
{m ∈ N : |zm − L| ≥ ε}

)
= 0.

In this case, we write
st- lim zm = L.

[[36]] A sequence z = (zm) is said to be statistically bounded if there exists K > 0

such that
δ
(
{m ∈ N : |zm| ≥ K}

)
= 0.

The above concepts collectively provide the fundamental framework underlying
generalized statistical convergence and summability theory. These density-based
structures and averaging methods form the basis for subsequent extensions to metric
spaces, deferred convergence methods, and generalized d-statistical convergence
techniques.

3. d-STATISTICAL CONVERGENCE IN METRIC SPACES

The extension of statistical convergence from real-valued sequences to metric-valued
sequences represents a significant development in modern summability theory. By
replacing the ordinary absolute difference with a metric distance function, statistical
convergence can be studied within abstract metric spaces, thereby enlarging the scope
of convergence analysis beyond classical settings. This approach led to the introduction
of d-statistical convergence and d-statistical boundedness together with several related
summability structures in metric spaces.

Küçükaslan and Değer [24, 25] systematically investigated d-statistical convergence
and d-statistical boundedness in metric spaces, emphasizing their relationship with
ordinary convergence and boundedness. Their work established several important
connections between statistical convergence methods and classical metric-space theory.
In particular, they studied the interplay between ordinary boundedness and d-statistical
boundedness, showing that neither notion necessarily implies the other in general metric
spaces. They also investigated conditions under which the collection of all bounded
sequences coincides with the class of all d-statistically bounded sequences.

Further, the authors examined the relationship between ordinary convergence and
d-statistical convergence, including the behaviour of subsequences and the role of
equivalent metrics inducing the same topology. Their results show that statistical
convergence in metric spaces preserves many structural properties of ordinary
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convergence while also introducing new asymptotic phenomena associated with
density-based methods.

The following definitions present the fundamental notions associated with statistical
convergence in metric spaces. Let (Z, d) be a metric space, and let ω(Z) denote the set
of all sequences of points of Z.

A sequence z = (zm) ∈ ω(Z) is said to be convergent to a point a ∈ Z if for every
ε > 0, there exists n0 ∈ N such that

d(zm, a) < ε for all m > n0.

A sequence z = (zm) ∈ ω(Z) is said to be d-statistically convergent to a point a ∈ Z if
for every ε > 0,

lim
m→∞

1

m

∣∣{k ≤ m : d(zk, a) ≥ ε}
∣∣ = 0.

The class of all d-statistically convergent sequences in (Z, d) is denoted by Sd.

A sequence z = (zm) ∈ ω(Z) is said to be bounded if there exist a ∈ Z and M > 0

such that
d(zm, a) < M for all m ∈ N.

A sequence z = (zm) ∈ ω(Z) is said to be d-statistically bounded if there exist a point
a ∈ Z and a real number M > 0 such that

lim
m→∞

1

m

∣∣{k ≤ m : d(zk, a) ≥ M}
∣∣ = 0.

The class of all d-statistically bounded sequences in (Z, d) is denoted by BSd.

The above notions provide the basic framework for studying convergence and
boundedness in metric spaces through statistical methods. These concepts serve as the
basis for several generalized forms of statistical convergence obtained by modifying the
underlying density structure or averaging process.

One important direction of generalization is obtained by replacing ordinary natural
density with λ-density, leading to the concept of λ-statistical convergence.

3.1. λ-Statistical Convergence in Metric Spaces

The notion of λ-statistical convergence extends ordinary statistical convergence by
replacing natural density with λ-density [28]. This generalization provides a broader
framework for studying convergence behaviour through variable averaging intervals.
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Throughout this subsection, λ = (λr) ∈ Λ and Ir = [ r − λr + 1, r ].

A sequence z = (zm) of real numbers is said to be λ-statistically convergent to a number
L if for every ε > 0,

lim
r→∞

1

λr

∣∣{m ∈ Ir : |zm − L| ≥ ε}
∣∣ = 0.

In particular, if λr = r, then λ-statistical convergence reduces to ordinary statistical
convergence.

Kayan and Çolak [20] extended these ideas to metric spaces through the introduction of
λd-statistical convergence, λd-statistical boundedness and strong (V, λ)d-summability.
Their work established several inclusion relations between the corresponding classes
of convergent, bounded and summable sequences associated with different choices of
λ = (λr). The following definition formalizes the notion of λd-statistical convergence
in metric spaces.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be λd-statistically
convergent to a point a ∈ Z if for every ε > 0,

lim
r→∞

1

λr

∣∣{m ∈ Ir : d(zm, a) ≥ ε}
∣∣ = 0.

The class of all λd-statistically convergent sequences in (Z, d) is denoted by Sd
λ.

If z = (zm) is λd-statistically convergent to a ∈ Z, then we write zm → a [Sd
λ].

In particular, if λr = r, then Sd
λ reduces to the class Sd of d-statistically convergent

sequences.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be λd-statistically
bounded if there exist a point a ∈ Z and a real number M > 0 such that

lim
r→∞

1

λr

∣∣{m ∈ Ir : d(zm, a) ≥ M}
∣∣ = 0.

The class of all λd-statistically bounded sequences in (Z, d) is denoted by BSd
λ.

If λr = r, then λd-statistical boundedness reduces to ordinary d-statistical boundedness,
and the corresponding class is denoted by BSd.

The associated notion of strong (V, λ)d-summability is defined through the generalized
de la Vallée-Poussin mean in metric spaces. It is obtained by requiring

lim
r→∞

1

λr

∑
m∈Ir

d(zm, a) = 0.
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The class of all strongly (V, λ)d-summable sequences is denoted by [V, λ]d.

When λr = r, this notion reduces to strong (C, 1)d-summability.

The above notions extend statistical convergence and summability methods through
variable interval structures determined by the sequence λ. Consequently, these methods
provide a flexible framework for studying generalized convergence and averaging
processes in metric spaces.

Another important generalization of statistical convergence is obtained through the
introduction of an additional parameter α ∈ (0, 1], leading to the notion of statistical
convergence of order α.

3.2. Statistical Convergence of order α in Metric Spaces

The concept of statistical convergence of order α extends ordinary statistical
convergence by modifying the associated density growth through the parameter α ∈
(0, 1].

Let 0 < α ≤ 1. A sequence z = (zm) of real or complex numbers is said to be
statistically convergent of order α to a number L if for every ε > 0,

lim
m→∞

1

mα

∣∣{k ≤ m : |zk − L| ≥ ε}
∣∣ = 0.

For α = 1, statistical convergence of order α reduces to ordinary statistical
convergence.

Kayan et al. [22] extended these ideas to metric spaces through the notions of
d-statistical convergence of order α, d-statistical boundedness of order α, and d-strong
p-Cesàro summability of order α. They also investigated inclusion relations between
the corresponding classes of convergent, bounded and summable sequences for various
values of α ∈ (0, 1].

Let (Z, d) be a metric space and let 0 < α ≤ 1. A sequence z = (zm) ∈ ω(Z) is said to
be d-statistically convergent of order α to a point a ∈ Z if for every ε > 0,

lim
m→∞

1

mα

∣∣{k ≤ m : d(zk, a) ≥ ε}
∣∣ = 0.

If z = (zm) is d-statistically convergent of order α to a ∈ Z, then we write
Sd
α- lim zm = a.

The class of all d-statistically convergent sequences of order α in (Z, d) is denoted by
Sd
α.
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In particular, when α = 1, the class Sd
α reduces to the class Sd of ordinary d-statistically

convergent sequences.

The corresponding notion of d-statistical boundedness of order α is obtained by
requiring the existence of a point a ∈ Z and a real number M > 0 such that

lim
m→∞

1

mα

∣∣{k ≤ m : d(zk, a) ≥ M}
∣∣ = 0.

The associated class is denoted by BSd
α.

Similarly, a sequence z = (zm) ∈ ω(Z) is said to be d-strongly p-Cesàro summable of
order α to a point a ∈ Z if

lim
m→∞

1

mα

m∑
k=1

(d(zk, a))
p = 0,

where p > 0.

The class of all d-strongly p-Cesàro summable sequences of order α is denoted by wd
p,α.

In each of the above notions, taking α = 1 reduces the corresponding concepts to their
ordinary d-statistical and strong p-Cesàro summability counterparts.

The above notions generalize ordinary statistical convergence and strong Cesàro
summability by incorporating variable rates of density growth through the parameter
α. These extensions provide a more refined framework for analyzing convergence and
summability behaviour in metric spaces.

3.3. Lacunary Statistical Convergence in Metric Spaces

Lacunary methods provide an important generalization of statistical convergence by
replacing ordinary initial segments with lacunary intervals generated through sparse
increasing sequences. This approach allows asymptotic behaviour to be analyzed
relative to sparse variable interval structures and has led to several extensions of
statistical convergence and boundedness in metric spaces.

Throughout this subsection, θ = (kr) denotes a lacunary sequence with Ir = (kr−1, kr]

and hr = kr − kr−1.

A sequence z = (zm) of real numbers is said to be lacunary statistically convergent to
a number L ∈ R if for every ε > 0,

lim
r→∞

1

hr

∣∣{m ∈ Ir : |zm − L| ≥ ε}
∣∣ = 0.
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Using the notion of lacunary sequences, Sengül et al. [35] introduced the concepts
of lacunary d-statistical convergence and lacunary d-statistical boundedness in metric
spaces. These notions extend d-statistical convergence by replacing ordinary density
intervals with lacunary intervals associated with a lacunary sequence.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be lacunary
d-statistically convergent (or Sd

θ -convergent) to a point a ∈ Z if for every ε > 0,

lim
r→∞

1

hr

∣∣{m ∈ Ir : d(zm, a) ≥ ε}
∣∣ = 0.

In this case, we write Sd
θ - lim zm = a.

The class of all lacunary d-statistically convergent sequences is denoted by Sd
θ .

In particular, if θ = (2r), then lacunary d-statistical convergence reduces to ordinary
d-statistical convergence.

The corresponding notion of lacunary d-statistical boundedness is obtained by requiring
the existence of a point a ∈ Z and a real number M > 0 such that

lim
r→∞

1

hr

∣∣{m ∈ Ir : d(zm, a) ≥ M}
∣∣ = 0.

The class of all lacunary d-statistically bounded sequences is denoted by BSd
θ .

In particular, when θ = (2r), lacunary d-statistical boundedness reduces to ordinary
d-statistical boundedness.

The above notions extend statistical convergence and statistical boundedness through
lacunary interval structures, thereby providing a flexible framework for studying
asymptotic behaviour in metric spaces. These constructions provide a useful
framework for studying asymptotic behaviour through sparse interval structures and
their interaction with generalized convergence methods in metric spaces.

3.4. Deferred Statistical Convergence in Metric Spaces

Deferred statistical methods generalize ordinary statistical convergence by replacing
natural density with deferred density determined through variable deferred intervals.
This approach provides a flexible framework for studying asymptotic behaviour relative
to two controlling sequences and has led to several extensions of statistical convergence
and summability methods in metric spaces.

Throughout this subsection, p = (p(r)) and q = (q(r)) denote sequences of
non-negative integers satisfying p(r) < q(r) and q(r) → ∞ as r → ∞.
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A sequence z = (zm) of real numbers is said to be deferred statistically convergent to a
number L ∈ R if for every ε > 0,

lim
r→∞

1

q(r)− p(r)

∣∣{m : p(r) < m ≤ q(r), |zm − L| ≥ ε}
∣∣ = 0.

In this case, we write Sp,q- lim zm = L.

If p(r) = 0 and q(r) = r, then deferred statistical convergence reduces to ordinary
statistical convergence.

Et et al. [11] extended deferred statistical convergence to metric spaces through the
notions of deferred d-statistical convergence and deferred strong d-Cesàro summability.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be deferred
d-statistically convergent to a point a ∈ Z if for every ε > 0,

lim
r→∞

1

q(r)− p(r)

∣∣{m : p(r) < m ≤ q(r), d(zm, a) ≥ ε}
∣∣ = 0.

The corresponding notion of deferred strong d-Cesàro summability is obtained by
replacing the cardinality expression with the averaged metric sum

1

q(r)− p(r)

q(r)∑
m=p(r)+1

d(zm, a).

The class of all deferred strongly d-Cesàro summable sequences is denoted by Dwd
p,q.

In the above constructions, choosing p(r) = 0 and q(r) = r, reduces the deferred
notions to their ordinary statistical counterparts.

Further refinements of deferred statistical convergence were obtained through the
introduction of order-based density conditions involving a parameter α ∈ (0, 1]. In
this direction, Et et al. [12] extended deferred statistical convergence of order α and
deferred strong Cesàro summability of order α to metric spaces, thereby providing a
more flexible framework for analyzing asymptotic behaviour under varying rates of
density growth.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be deferred
d-statistically convergent of order α to a point a ∈ Z if for every ε > 0,

lim
r→∞

1

(q(r)− p(r))α
∣∣{m : p(r) < m ≤ q(r), d(zm, a) ≥ ε}

∣∣ = 0.

The corresponding class is denoted by Sd,α
p,q .
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The corresponding notion of deferred strong d-Cesàro summability is obtained by
replacing the cardinality expression with the corresponding averaged metric expression

1

(q(r)− p(r))α

q(r)∑
m=p(r)+1

d(zm, a).

The class of all deferred strongly d-Cesàro summable sequences of order α is denoted
by wd,α

p,q .

When p(r) = 0 and q(r) = r, these order-based deferred notions reduce to the
corresponding ordinary statistical convergence and summability methods of order α.
In particular, when α = 1, they reduce to the ordinary d-statistical and strong d-Cesàro
summability methods.

The above concepts illustrate how deferred averaging processes naturally extend
statistical convergence and summability theory through variable interval structures and
order-dependent density behaviour. Consequently, these methods provide refined tools
for studying generalized asymptotic behaviour in metric spaces.

3.5. Modulus-Based Statistical Convergence in Metric Spaces

Modulus functions provide another important direction in the generalization of
statistical convergence by replacing ordinary density measures with generalized growth
conditions determined through modulus functions. These methods yield more flexible
convergence structures and allow greater flexibility in the study of asymptotic behaviour
and summability techniques.

Throughout this subsection, all results are established under the assumption that f is an
unbounded modulus function, unless otherwise specified.

A sequence z = (zm) of real numbers is said to be f -statistically convergent to a number
L ∈ R if for every ε > 0,

lim
m→∞

f
(
|{k ≤ m : |zk − L| ≥ ε}|

)
f(m)

= 0.

If f(x) = x, then f -statistical convergence reduces to ordinary statistical convergence.

Kayan and Çolak [21] further extended these ideas to metric spaces through
the notions of df -statistical convergence, df -statistical boundedness, and df -strong
Cesàro summability associated with modulus functions. They also investigated
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the relationships between the corresponding classes of convergent and summable
sequences.

Let (Z, d) be a metric space. A sequence z = (zm) ∈ ω(Z) is said to be df -statistically
convergent to a point a ∈ Z if for every ε > 0,

lim
m→∞

f
(
|{k ≤ m : d(zk, a) ≥ ε}|

)
f(m)

= 0.

If z = (zm) is df -statistically convergent to a ∈ Z, then we write zm → a [Sdf ].

The class of all df -statistically convergent sequences in (Z, d) is denoted by Sdf (Z).

If f(x) = x, then df -statistical convergence reduces to ordinary d-statistical
convergence, and the corresponding class is denoted by Sd(Z).

The corresponding notion of df -statistical boundedness is obtained by requiring the
existence of a point a ∈ Z and a real number M > 0 such that

lim
m→∞

f
(
|{k ≤ m : d(zk, a) ≥ M}|

)
f(m)

= 0.

Similarly, a sequence z = (zm) ∈ ω(Z) is said to be df -strongly Cesàro summable to a
point a ∈ Z if

lim
m→∞

1

m

m∑
k=1

f
(
d(zk, a)

)
= 0.

The class of all df -strongly Cesàro summable sequences in (Z, d) is denoted by
W df (Z).

Here, the modulus function f need not be unbounded. In particular, when f(x) = x,

the above notions reduce to the corresponding ordinary d-statistical and strong d-Cesàro
summability methods.

The above concepts demonstrate how modulus functions naturally extend statistical
convergence and summability methods through generalized density-type measures.
Consequently, these methods provide refined tools for studying asymptotic behaviour
and generalized summability structures in metric spaces.

Recent years have witnessed substantial further developments in the theory of
statistical convergence in metric and generalized metric spaces. In particular, the
notions of d-statistical convergence, λd-statistical convergence, lacunary statistical
convergence, deferred statistical convergence, modulus-based convergence and
statistical convergence of order α have been extended to several broader settings
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including fuzzy metric spaces, probabilistic normed spaces, cone metric spaces,
partial metric spaces, g-metric spaces, neutrosophic normed spaces, intuitionistic
fuzzy normed spaces and generalized difference sequence spaces. Contemporary
research has also focused on hybrid structures obtained by combining lacunary
methods, deferred averaging processes, modulus functions, generalized difference
operators, ideal convergence techniques and order-based density methods within unified
frameworks. Significant contributions in these directions may be found in the recent
works of Abazari [1], Jan and Jalal [19], Kişi [23], Hossain and Mondal [18],
Ersan [10], Nuray [31], Bayram et al. [4], and Sarikaya et al. [33]. These developments
considerably broaden the scope of density-based convergence theory and strengthen
its interaction with generalized summability methods and abstract metric structures.
However, since the primary objective of the present work is to study the transition
from statistical convergence to d-statistical convergence and its principal generalized
forms in metric spaces, a detailed treatment of these recent hybrid and highly
specialized extensions has not been included. Nevertheless, the foundational concepts
discussed herein provide the essential framework upon which many of these modern
developments are constructed.

4. CONCLUSION

This chapter presented a systematic overview of the evolution of statistical convergence
and generalized summability methods from classical density-based approaches to
their extensions in metric spaces. Beginning with natural density and its associated
summability structures, several generalized forms including deferred density, λ-density,
lacunary density, modulus-based density and convergence of order α were discussed in
a unified framework.

The chapter further examined the transition from ordinary statistical convergence
to d-statistical convergence in metric spaces, together with corresponding notions
of boundedness and strong summability. Various extensions such as lacunary
d-statistical convergence, deferred d-statistical convergence, λd-statistical convergence,
modulus-based df -statistical convergence and statistical convergence of order α were
also reviewed. These concepts demonstrate how classical convergence theory can be
generalized through density structures, variable interval methods, modulus functions
and metric-space techniques. Based on these generalizations, several recent and diverse
research directions in generalized metric and convergence spaces were also briefly
discussed.

Overall, the results surveyed in this chapter highlight the rich interaction between
summability theory, density methods and generalized convergence structures. The
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development of these notions not only broadens the scope of classical convergence
analysis but also provides a flexible framework for further investigations in sequence
spaces, functional analysis, approximation theory, and generalized summability
methods in abstract spaces.
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[25] Küçükaslan, M., Değer, U., and Dovgoshey, O., 2014, ”On the Statistical
Convergence of Metric-Valued Sequences,” Ukr. Math. J., 66(5), pp. 796–805.
doi:10.1007/s11253-014-0974-z
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