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Abstract

Given a simple digraph D = (V, A) and a set-valuation f: V —2% to each arc

(u,v) of D we assign the set f(u) - f(v). A set-valuation f of a given digraph D =
(V, A) is a set-indexer of D if both f and its “arc-induced function' g;, defined
by letting g (u,v) = f(u) - f(v) for each arc (u,v) of D, are injective. Further, f is
arc-bounded if |g¢ (u,v)| < [f(V)], for each (u,v) in A. The aim of this paper is to
report results of our preliminary analysis of these notions and generate new
ideas for advanced studies in specific directions, indicated through open
problems and conjectures.

Keywords: digraph, set-valuation, set-indexer, set-graceful, set-sequential,
arc-binding

Mathematics Subject Classification: 05C 10, 78.

Introduction

Unless mentioned or defined otherwise, for all the terminology and notation in graph
theory the reader is referred to [2, 4]. Also, unless stated otherwise, all graphs and
digraphs considered in this paper are finite, simple and without self-loops.

By defining an assignment of subsets of a "ground set' to the vertices of a graph G
and the symmetric difference of subsets of X associated with end vertices of an edge
to the corresponding edge in G, calling it a set-valuation of G in general, Acharya [1]
gave a new direction to the very topic of graph labeling. For a (p,q)-graph G = (V, E)
and a nonempty set X of cardinality n, he defined a set-indexer of G as an injective
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‘set-valued' function (or, equivalently, ‘set-labeling') f: V —2 such that the induced
‘edge-function' f® :E— 2% - ¢ defined by f® (u,v) = f(u) F f(v) for all (u,v) € E(G)
is also injective, where 2% is the set of all subsets of X and @} denotes the binary
operation of taking the symmetric difference of pairs of subsets of X. He called a

graph G, not necessarily finite, set-graceful if it admits a set-graceful labeling (or,
graceful set-indexer) f which is defined as a set-indexer such that f® (E(G)) =

{£f® (u,v): (u,v)E E(G)} = 2% - ¢. Also, he defined G to be set-sequential if G admits
a set-sequential labeling, which is a bijection f: V U E — 2% - ¢ such that f® (u,v) =
f(u) & f(v) for all (u,v) € E(G).

Further, Acharya [1] showed that every graph possesses a set-indexer f: V —2%

such that f(V) = {f(v): v EV(G)} is a topology on the ground set X; he called such a

set-indexer a topological set-indexer (or, a T-set-indexer) of G. In particular, a set-
graceful graph G is topologically set-graceful (or, 'T-set-graceful’) if G admits a
graceful set-indexer f such that f(V) is a topology on X; such set-indexers are called
graceful topological set-indexers of G. Hence, he defined the topological number (or,
simply, the T-number) t(G) of G as the smallest cardinality of a ground set X with
respect to which G has a T-set-indexer.

Notice that given any set-valuation f of a graph G, one can construct a set-valued
symmetric digraph (a f ) by splitting every edge uv of G into two arcs (u,v) and (v,u)
assigned with the set-labels f(u) — f(v) and f(v) — f(u) respectively. We get back the
original set-labeled graph (G,f) from (E,) f ) by merging every symmetric arc (u,v),
(v,u) into the undirected edge uv together with (f(u) — f(v)) U (f(v) — f(u)) = f(u) &
f(v) as its set-label. This motivates the new idea to generalize the very notion of set-
valuations to arbitrary simple digraphs:

Definition 1.1: Given a simple digraph D = (V, A) and a set-valuation f: V —2% | to
each arc (u,v) in D assign f(u) — f(v). A set-valuation f of a given digraph D = (V, A) is
a set-indexer of D if both f and its ‘edge-induced function' gr defined by letting g (u,v)
= f(u) — f(v) for each arc (u,v) of D, are injective. Further, let us call f arc-binding if |
gr|== | f(v)|for each (u,v) in A.

For example, the single-arc digraph u — v has an arc-binding set- indexer f
defined by f(u) = ¢ and f(v) = {1}.

As a second example, take the 3-dicycle Z; = (u,v,w,u). Then, it has an arc-
binding set-indexer f defined by letting f(u) = {1,3}, f(v) = {1,2}, f(w) = {1,2,3}.
Corresponding non-examples are obtained by reversing the labels of the vertices in
the first example and, for Z; in the second example, label u,v,w respectively by the
sets @, {3} and {1,2}. That is, in each case, the set-labeling is not arc-binding.

The aim of this article is to report results of our preliminary analysis of the above
notions and generate new ideas for advanced studies in specific directions, indicated
through open problems and conjectures.
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Set-indexed digraphs
Observation 2.1: Let f: V —2% be any set-valuation of a digraph D = (V, A). If (u,v)

is an arc of D such that f(u) < f(v) then g (u,v) = o.

Observation 2.2: If D = (V, A) is a set-indexed digraph, then any vertex v can have at
most one successor U such that f(u) M f(v) = o.

Proof: Suppose under the hypothesis that there are two successors u, w of v such that
f(u) M f(v) = ¢ and f(w) M f(v) = ¢. Then, g (u, v) = f(u) - f(v) = f(v) = f(v) — f(w) = g
(v, w) which is a contradiction to the injectivity of gs

Lemma 2.3: The out-degree 0d(v) of any vertex u in a set-indexed digraph (D, f) is at
most 2

Proof: Let D = (V, A) be a set-indexed digraph with a set-indexer f: V —=2% . Let f(v)
=X, € 2% . Since f is a set-indexer of D, for an arc (v, vj) in D, gf (v, vj) = f(v) - f(v))
should necessarily be in one of the sets Sy, S, ..., Sxxi.1 where S; are sets of subsets

of X; with cardinality i. Then, Ziilol_lSi = 21l — 1 as there cannot be a successor
(or, equivalently, an ‘out-neighbor') of v labeled X; due to injectivity of f. Moreover,

there could be at most one successor of v whose label is a super set of X; without

violating the injectivity of the induced arc function gs. Thus, od(v) < 2*! = 2

Theorem 2.4: Every digraph admits a set-indexer.

Proof: Let D = (V, A) be a digraph where V = {vy, va, ..., vo} and A = {ejj= vivj: Vi, V;
€ V}. Choose X = V U A as the ground set. Define a function f: V —2% by f(v;) =
{vi} U {ejj € A| ej; is incident with v;} and the induced arc function is gr (u, v) = f(u) -
f(v). Injectivity of f follows from the definition of f. Now, consider any two arcs ejj =
vivjand ejm = Vivm. If vi 3 v| then gr () 7 0r (em) as vi € s (ejj) and vi & 0 (em). If v
= v; then, €ij = €m = €im = ViVm which in turn implies Cij £ 0 (eim) ; but Cij g Ot (eij).

That is, gt (eim) = Ot (e ) and hence g 1s injective.
The following problem is open.

Problem 1: What is the least cardinality of a ground set X with respect to which a
given digraph D admits a set-indexer?

If " (D)denotes the least cardinality of a ground set X with respect to which the
given digraph D admits a set-indexer, then from the proof of Theorem 2. 4 one can
infer that

w (D) < |[V(D)| U |A(D) (2)
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It would be interesting to determine digraphs D for which equality is attained in
(2). The question whether the bound in (2) could be improved in general is open.

Arc-binding set-indexers of a digraph
Note that any set-indexer f of a digraph D = (V, A) has the property that |gs (u,v)| =
[f(u) — f(v)| < | f (0)| for any arc (u,v) but |gs (u,v)| could be equal to, or larger than, |
f (v)|. This motivates the following definition.

Definition 3.1: A set-indexer f of a given digraph D = (V, A) is arc-binding if |g
(u,v)| < | f (v)| for each (u,v) in A.

Theorem 3.2: Every digraph admits an arc-binding set-indexer.

Proof: Let D = (V, A) be a digraph where V = {vy, va, ..., Vq}.

When n =1, let f (v1) = {1}. Clearly, f is an arc-binding set-indexer.

When n =2, let X = {0, vi, v2}. Let f: V —2% be defined by f (vi) = {0, vi},i =1,
2. Then, the induced arc function gr yields g (vi, vj) = f(vi) — f(vj) = {0, vi} - {0, vj} =
{vi}. Now, |gr (vi, vj)| = [f(vi) — f(vj)] = 1< [f(v;)]. Therefore, f is an arc-binding set-
indexer.

Next, let n > 3. Let X; =V and X, = {1, 2, ..., n}. Choose X = X; U X; as the

ground set. Let f: V —2% be defined by f (vi) = {vi} U (X2 - {i})} where 1 <i<n.
Then, the induced arc function gr yields gf (vi, vj) = f(vi) — f(v;) = {vi} U (X2 - {i})} -
{vi} U X2 - {iD} = {vi j}- Injectivity of f follows from the definition of f . Now,
consider any two arcs €;j = vivjand eim = vivm. If v; & vi, then 0 (€j) # 0t (em) as vi €
Ot (Gij) and v; & Ot (eij). If v; = v; then, €ij = €im = €im = ViVm which in turn implies Cij £ o
(eim) but ej; & 0 (ej). That is, ¢ (eim) # Or (i ) and hence ¢ is injective. Further, [f(v)]
=|{vi} U X2- {jD} |=1+n-1=nand [f(vi) — f(vj)|= |{vi, j}| = 2. This implies |gr (v;,
vi)| = [f(vi) — f(vj)|= 2 < [f(vj)] = n for every i, j. Therefore, f is an arc-binding set-
indexer of D.

Remark 3.3: Note that the proof of Theorem 3.2 indicates that it is valid even if D is
an infinite digraph.

Thus, for any given digraph D = (V, A) and for any arc-binding set-indexer f we
have

19¢ (u, V)| < min {[f(w)], [f[(v)|-1}, for every (u, v) € A 3)
The following problem arises.
Problem 2: Characterize digraphs D = (V, A) that admit arc-binding set-indexers f
such that |g¢ (u, v)| = min {[f(u)|, [f(v)|]-1}, for every (u, v) € A 4)

The following problem is open.
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Problem 3: What is the least cardinality of a ground set X with respect to which a
given digraph D admits an arc-binding set-indexer?

If wab (D)denotes the least cardinality of a ground set X with respect to which the
given digraph D admits an arc-binding set-indexer then from the proof of Theorem
3.2 one can infer that

w2 (D) < 2n (%)

where n = [V(D)|. It would be interesting to determine digraphs D for which equality
is attained in (5). Again, the question whether the bound in (5) could be improved in
general is open. In any case, we have

w (D) = w* (D) (6)
for any digraph D.

Problem 4: Characterize digraphs D for which equality holds in (6).
For digraphs D of order n, the inequalities (5) and (6) can be put together as

w (D) < w2 (D) <2n (7)

Another problem that naturally arises is the following.
Problem 5: Find a 'good' lower bound for w" (D).

For attempting to answer some of the above questions, one needs to look at
fundamental properties of (arc-binding) set-indexers of a digraph, which we shall
hence pursue.

Proposition 3.4: Let f: V —2% be any arc-binding set-indexer of a digraph D = (V, A)
and u be a vertex in D such that f(u) = ¢. Then, u is a source with od(u) = 1.

Proof: Let f be an arc-binding set-indexer of D. If possible, let u be not a source of D.
Then there must exist a € V(D) such that (a, u) £ A and |g; (a, u)| = [f(a) — f(u) | =
If(a)|, because f(u) = ¢ by hypothesis. But then, invoking injectivity of f, we get |gs (a,
u)| = |f(a)] > 0 = |f(u)|, a contradiction to the hypothesis that f is an arc-binding set-
indexer of D. Therefore, U is a source in D. Now, invoking Observation 2.2 we
conclude that od(u) cannot be greater than one and hence od(u) = 1. Hence, U is a
source with od(u) = 1.

Lemma 3.5.: Let f: V— 2% be any arc-binding set-indexer of a digraph D = (V, A).
Then, for any arc (u, v) in D with [f(u)| = [f(v)|, one has f(u) M f(u) = o.

Proof: Let f: V— 2% be any arc-binding set-indexer of a digraph D = (V, A) with an
arc (u, v) such that [f(u)| = [f(v)|. If possible, suppose f(u) (M f(u) # ¢. Then, |g (U, v)|=
[f(u) - f(v)|= [f(u)| = [f(V)], a contradiction to the hypothesis that f is arc-binding.

Lemma 3.6: If (u, v) is a symmetric arc in a digraph D = (V, A) together with an arc-
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binding set-indexer f then,(i) f(u) M f(u) # o, and (ii) [f(u)| > 1 and [f(v)| > 1.

Proof: (i) If possible, under the hypothesis, suppose f(u) M f(u) = ¢ . Then, we have
either [f(u)| = [f(v)| or one of these numbers is less than the other. If [f(v)| = [f(u)| then
by Lemma 3.5, f(u) M f(v) # ¢. So without loss of generality let [f(u)| < [f(v)|. Then ,
9r (U, V)= [f(w) - f(V)I= f)] < [f(v)l. But |gr (v, w)= [f(v) - fw)= [f(v)] > [f(w)] a
contradiction to our assumption. Hence, f(u) M f(v) # o.

(ii) Suppose [f(v)| < 1. That is, either |[f(v)|=0 or [f(v)[=1. If |f(v)|=0 then v is a source, a
contradiction to the hypothesis that (u, v) is a symmetric arc. Now, [f(v)|= 1 is not
possible by (i). Hence, [f(v)[>1. Similarly, we can prove, [f(u)| > 1.

In cases of specific digraphs D, one can find arc-binding set-indexers with ground
sets X having much lower cardinalities than the one found in the general case as in the
proof of Theorem 3.2, thereby improving the bound given by (5). In what follows, we
give some examples of this kind.

Theorem 3.7: For the directed path B, , o*®(B,) <n.

Proof: Let Fn) be the directed path of order n with V(Tn)) = {vi], V2, ..., Vu}. Choose X
= {1, 2, ..., n} and define f:V@) — 2% by letting f(v;) = {1, 1+ 1}, 1 <i<n. Clearly
f is injective. Further, g (Vi, vis1) = f(vi) - f(vie) = {1, i+1} — {1, i+2} = {i+1}, 1 <i <
n. Clearly g is also injective. Moreover, |gs (Vi, Vit1)[= [{it1}| = 1 <[f(vi)|. Therefore, f
is an arc-binding set-indexer of PTl and the result follows.

Theorem 3.8: For the directed cycle Z_n), n>3, % (ZTl) <n+1.

Proof: Let V(Z) ={vy, V2, ..., Vn}. Choose X = {1, 2,..., n +1} as the ground set and
define f:V@) — 2% such that f(v;) = {1, 1 +1}, 1 <i<n-1 and f(vy)= {1, 2, n+1}.
Clearly, f is injective. Further, g (Vi, vir1) = {i +1}, 1 <i<n-1 and g (Vn, v1) = {n+1}.
Therefore, gr is also injective. Moreover, [gf (Vi, Vis1) | = |{1 +1}| = 1< [f(v;)| for all i.
Thus, f is an arc-binding set-indexer of Z

Theorem 3.9: For the directed star K ,, o™ (Kin) <n+2.

Proof: The proofs for n =1 and n = 2 follow from Theorem 3.2. So let n > 3 and w be
the central vertex of m We will prove the theorem in three cases.

Case 1: w is a source. Then, od(w) = n. Choose a set X of cardinality n. Let X = {1, 2,
..., n}. Define f:V— 2% by letting f(w) = X; f(vi)= X - {i}; 1 <i <n. Then, for the
induced arc function we have gt (w, v;) =f (w) - f(v;) = {i}. Hence, g; (W, v;) =f (W) -
f(viy={i} =1<n-1=|[f(v))].
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Case 2: w is a sink. Then, id(w) = n. Choose a set X of cardinality n + 2. Let X = {1,
2, ..., n+2}. Define f:V— 2% by letting f(w) = {n + 1, n +2}; f(vj) = {i}; 1 <i <n.
Then, the induced arc function yields gs (vi, w) = f(vj) - f(w)= f(v;), since f(w) M f(v;) =
¢. Thus, | gr (vi, )| = [f(vi) - f(w)|= [f(vi)| =1 <2 =[f(w)].

Case 3: od(w) > 1 and id(w) > 1. Let od(w) =r and id(w) =s. Let Vo= {vy, v, ..., V;}
be the set of all vertices adjacent from w and V| = {u, u, ..., u;} be the set of all
vertices adjacent to w. Let X; = {0, 1, 2, ..., r} and X, = {r+1, r+2, ...., r+s}. Choose
X=XUX;,={0,1, 2,..., r, r+1, r+2, ..., r+s} as the ground set. [X| =1 + s + 1.
Define f:V— 2% by letting f(w) = X;; f(vi) = X, - {i}; 1 <i<r, f(uj) = {rtj}; 1 <i<s.
The induced arc function yields g (w, v; ) = f(w) - f(v;) = {i}. Hence, |g; (W, vi)| = [f(w)
- f(vi)| =l{i}] = 1 <r=[f(vi)|. Also, gt (vi, w,) = f(vi) - f(w) = f(vi), since f(w) M f(vi) = o.
Then, |gf (vi, W) | = [f(vi)| = 1 <2 = [f(w)|. Thus, in each of the three mutually exclusive
and exhaustive cases, we have shown that f satisfies the condition in the definition of
an arc-binding set-indexer and hence the result follows.
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