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Introduction and Preliminaries  
Let ࣢ሺ࣯ሻ denote the class of analytic functions in the open unit disk ࣯ ൌ ሼz ׷  |z| ൏
 1ሽ and let ࣢ሾa, pሿ denote the subclass of the functions f א  ࣢ሺ࣯ሻ of the form: 
 fሺzሻ ൌ a ൅ a୮ z୮ ൅ a୮ାଵ z୮ାଵ ൅ ሺa ڮ א ԧ, p א Nሻ 
 
 Also, let Aሺpሻ be the class of functions f א  ࣢ሺ࣯ሻ of the form 
 fሺzሻ ൌ  z୮ ൅ ∑ a୮ା୬ z୮ା୬ஶ

୬ୀଵ  , p א N                                                                        ሺ1.1ሻ 
 
and set A ؠ Aሺ1ሻ. 
 
 Let f, g א ࣢ሺ࣯ሻ, we say that the function f is subordinate to g , if there exist a 
Schwarz function w, analytic in ࣯, with wሺ0ሻ ൌ 0 and |wሺzሻ| ൏  1 ሺא ݖ ࣯ሻ, such 
that fሺzሻ  ൌ  gሺwሺzሻሻ for all z א ࣯. 
 This subordination is denoted by f ط g or fሺzሻ ط gሺzሻ. It is well known that, if the 
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function g is univalent in ࣯, then fሺzሻ ط gሺzሻ if and only if fሺ0ሻ  ൌ  gሺ0ሻ and fሺ࣯ሻ ؿ
gሺ࣯ሻ. 
 Let pሺzሻ, hሺzሻ א ࣢ሺ࣯ሻ, and let Φሺr, s, t;  zሻ ׷  ԧଷ  ൈ ࣯ ՜ ԧ. If pሺzሻ and 
Φሺpሺzሻ, zpԢሺzሻ, zଶ pԢԢሺzሻ;  zሻ are univalent functions, and if pሺzሻ satisfies the second-
order superordination 
 hሺzሻ ط Φሺpሺzሻ, zpᇱሺzሻ, zଶ pᇱᇱሺzሻ; zሻ                                                                         ሺ1.2ሻ  
 
then pሺzሻ is called to be a solution of the differential superordination ሺ1.2ሻ. (If fሺzሻ is 
subordinatnate to gሺzሻ, then gሺzሻ is called to be superordinate to fሺzሻ). An analytic 
function q෤ሺzሻ is called a subordinant if qሺzሻ ط   pሺzሻ for all pሺzሻ satisfies ሺ1.2ሻ . An 
univalent subordinant q෤ሺzሻ that satisfies qሺzሻ ط q෤ሺzሻ for all subordinants qሺzሻ of 
ሺ1.2ሻ is said to be the best subordinant. 
 Recently, Miller and Mocanu ሾ5ሿ obtained conditions on hሺzሻ, qሺzሻ and Φ for 
which the following implication holds true: 
 hሺzሻ ط Φሺpሺzሻ, zpᇱሺzሻ, zଶ pᇱᇱሺzሻ; zሻ ฺ qሺzሻ ط pሺzሻ 
 
with the results of Miller and Mocanu ሾ5ሿ, Bulboaca ሾ2ሿ investigated certain classes of 
first order differential superordinations as well as superordination-preserving integral 
operators ሾ3ሿ. Ali et al. ሾ1ሿ used the results obtained by Bulboaca ሾ3ሿ and gave the 
sufficient conditions for certain normalized analytic functions fሺzሻ to satisfy 

 qଵሺzሻ ط ୸୤ᇲሺ୸ሻ
୤ሺ୸ሻ

ط qଶሺzሻ 
 
where qଵሺzሻ and qଶሺzሻ are given univalent functions in ࣯ with qଵሺ0ሻ ൌ 1 and 
qଶሺ0ሻ ൌ 1. Shanmugam et al. ሾ8ሿ obtained sufficient conditions for a normalized 
analytic functions to satisfy 

 qଵሺzሻ ط ୤ሺ୸ሻ
୸୤ᇱሺ୸ሻ

ط qଶሺzሻ 
 
and 

 qଵሺzሻ ط ୸మ୤ᇲሺ୸ሻ
ሺ୤ሺ୸ሻሻమ ط qଶሺzሻ 

 
where qଵሺzሻ and qଶሺzሻ are given univalent functions in ࣯ with qଵሺ0ሻ ൌ 1 and 
qଶሺ0ሻ ൌ 1. 
 Let ₂F₁ሺa, b; c; zሻ be the Gauss hypergeometric function defined for z א ࣯ by, 
(see Srivastava and Karlsson ሾ9ሿ) 

 ଶFଵሺୟ,ୠ;ୡ;୸ሻ ൌ ∑ ሺୟሻ౤ ሺୠሻ౤  ౰౤

ሺୡሻ౤ ୬!
ஶ
୬ୀ଴                                                                                 ሺ1.3ሻ 

 
where  ሺλሻ୬ is the Pochhammer symbol defined, in terms of the Gamma function, by 

 ሺλሻ୬ ൌ ୻ሺ஛ା୬ሻ
୻ሺ஛ሻ ൌ ൜ 1 , n ൌ 0

λሺλ ൅ 1ሻሺλ ൅ 2ሻ … . ሺλ ൅ n െ 1ሻ , n א Գ                             ሺ1.4ሻ  
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for λ ് 0, െ1, െ2, …  
 
 We recall the following definitions of fractional derivative operators which were 
used by Owa ሾ6ሿ, (see also ሾ7ሿ) as follows: 
 
Definition 1.1: The fractional derivative operator of order λ is defined,  

   D୸
஛fሺzሻ ൌ ଵ

୻ሺଵି஛ሻ
ୢ

ୢ୸ ׬ ୤ሺஞሻ
ሺ୸ିஞሻಓ dξ୸

଴                                                                                  ሺ1.5ሻ 
 
where 0 ൑  λ ൏ 1, fሺzሻ is analytic function in a simply- connected region of the z-
plane containing the origin, and the multiplicity of ሺz െ ξሻି஛ is removed by requiring 
log (z െ ξሻ to be real when z െ ξ ൐ 0. 
 
Definition 1.2: Let 0 ൑ λ ൏ 1, and µ, η א Թ. Then, in terms of the familiar Gauss’s 
hypergeometric function ₂F₁ , the generalized fractional derivative operator J଴,୸

஛,µ,஗ is 

 J଴,୸
஛,µ,஗ fሺzሻ ൌ ୢ

ୢ୸
 ቀ ୸ಓషµ

୻ሺଵି஛ሻ ׬ ሺz െ ξሻି஛fሺξሻ ₂F₁ ቀ µ െ λ, 1 െ η; 1 െ λ; 1 െ ஞ
୸
ቁ dξ୸

଴ ቁ                         ሺ1.6ሻ 

 
where fሺzሻ is analytic function in a simply- connected region of the z-plane containing 
the origin with the order fሺzሻ ൌ Oሺ|z|கሻ , z ՜ 0, where ε ൐ maxሼ0, µ െ ηሽ െ 1, and the 
multiplicity of ሺz െ ξሻି஛ is removed by requiring log ሺz െ ξሻ to be real when z െ ξ ൐
0. 
 
Definition 1.3: Under the hypotheses of Definition 1.2, the fractional derivative 
operator J଴,୞

஛ା୫,µା୫,஗ା୫ fሺzሻ of a function fሺzሻ is defined by 

 J଴,୸
஛ା୫,µା୫,஗ା୫ fሺzሻ ൌ ୢౣ

ୢ୸ౣ  J଴,୸
஛,µ,஗ fሺzሻ                                                                           ሺ1.7ሻ 

 
 Notice that 

   J଴,୸
஛,஛,஗fሺzሻ ൌ D୸

஛fሺzሻ, 0 ൑ λ ൏ 1                                                                                  ሺ1.8ሻ 
 
 With the aid of the above definitions, we define a modification of the fractional 
derivative operator M଴,୸

஛,µ,஗fሺzሻ by 

 M଴,୸
஛,µ,஗fሺzሻ ൌ ୻ሺ୮ାଵିµሻ୻ሺ୮ାଵି஛ା஗ሻ

୻ሺ୮ାଵሻ୻ሺ୮ାଵିµା஗ሻ zµ J଴,୸
஛,µ,஗fሺzሻ                                                           ሺ1.9ሻ 

 
for fሺzሻ א Aሺpሻ and λ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1; p א N. Then it is 
observed that M଴,୸

஛,µ,஗fሺzሻ maps Aሺpሻ onto itself as follows: 

  M଴,୸
஛,µ,஗fሺzሻ ൌ z୮ ൅ ∑ δ୬ሺλ, µ, η, pሻஶ

୬ୀଵ a୮ା୬z୮ା୬                                                 ሺ1.10ሻ 
 
where 
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 δ୬ሺλ, µ, η, pሻ ൌ ሺ୮ାଵሻ౤ሺ୮ାଵିµା஗ሻ౤
ሺ୮ାଵିµሻ౤ሺ୮ାଵି஛ା஗ሻ౤

                                                                       ሺ1.11ሻ 
 It is easily verified from ሺ1.10ሻ that 

 z ቀ M଴,୸
஛,µ,஗fሺzሻቁ

ᇱ
ൌ ሺp െ µሻ M଴,୸

஛ାଵ,µାଵ,஗ାଵfሺzሻ ൅ µ M଴,୸
஛,µ,஗fሺzሻ                            ሺ1.12ሻ 

 
 Notice that 

  M଴,୸
଴,଴,஗fሺzሻ ൌ fሺzሻ, 

 
and 

  M଴,୸
ଵ,ଵ,஗fሺzሻ ൌ ୸୤ᇱሺ୸ሻ

୮
 

 
 The object of this paper is to derive several subordination results, superordination 
results and sandwich results for p-valent functions involving certain fractional 
derivative operator. Some special cases are also considered. 
 In order to prove our results we mention to the following known results which 
shall be used in the sequel. 
 
Lemma 1.4 [7]: Let λ, µ, η א Թ, such that λ ൒ 0 and k ൐ maxሼ0, µ െ ηሽ െ 1. Then 

  J଴,୸
஛,µ,஗z୩ ൌ ୻ሺ୩ାଵሻ୻ሺ୩ିµା஗ାଵሻ

୻ሺ୩ିµାଵሻ୻ሺ୩ି஛ା஗ାଵሻ
z୩ିµ                                                                         ሺ1.13ሻ 

 
Definition 1.5 [5]: Denoted by Q the set of all functions f that are analytic and 
injective in ത࣯ െ Eሺfሻ where 
 Eሺfሻ ൌ ሼξ א ∂࣯ ׷ lim୸՜ஶ fሺzሻ ൌ ∞ሽ 
and are such that fԢሺξሻ ് 0 for ξ א ∂࣯ െ Eሺfሻ. 
 
Lemma 1.6 [4]: Let the function q be univalent in the open unit disk ࣯, and θ and φ 
be analytic in a domain D containing qሺ࣯ሻ with φሺwሻ ് 0 when w א qሺ࣯ሻ. Set 
Qሺzሻ ൌ  zqᇱሺzሻφሺqሺzሻሻ and hሺzሻ  ൌ  θሺqሺzሻሻ  ൅  Qሺzሻ. Suppose that Q is starlike 
univalent in ࣯, and 
 Re ቀ୸୦ᇲሺ୸ሻ

୕ሺ୸ሻ
ቁ ൐ 0 for z א ࣯ 

 
 If  
 θ൫pሺzሻ൯ ൅ zpᇱሺzሻφሺpሺzሻሻ ط θ൫qሺzሻ൯ ൅ zqᇱሺzሻφሺqሺzሻሻ 
 
 Then pሺzሻ ط qሺzሻ and q is the best dominant. 
 Taking θሺwሻ ൌ αw and φሺwሻ ൌ γ in Lemma 1.6, Shanmugam et al. ሾ8ሿ obtained 
the following lemma. 
 
Lemma 1.7 [8]: Let q be univalent in the open unit disk ࣯ with qሺ0ሻ  ൌ  1 and 
α, γ א ԧ. 
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 Further assume that 
 Re ቀ1 ൅ ୸୯ᇲᇲሺ୸ሻ

୯ᇲሺ୸ሻ
ቁ ൐ max ቄ0, െRe ቀ஑

ஓ
ቁቅ 

 
 If pሺzሻ is analytic in ࣯, and 
 αpሺzሻ ൅ γzpᇱሺzሻ ط αqሺzሻ ൅ γzqᇱሺzሻ 
 
then pሺzሻ ط qሺzሻ and q is the best dominant. 
 
Lemma 1.8 [2]: Let the function q be univalent in the open unit disk ࣯, and θ and φ 
be analytic in a domain D containing qሺ࣯ሻ with φሺwሻ ് 0 when w א qሺ࣯ሻ. Suppose 
that  
 Re ቀ஘ᇱሺ୯ሺ୸ሻሻ

஦ሺ୯ሺ୸ሻሻ
ቁ ൐ 0 for z א ࣯ 

 
zqᇱሺzሻφ൫qሺzሻ൯ is starlike univalent in ࣯. 
 If pሺzሻ א ࣢ሾqሺ0ሻ, 1ሿ ת Q with pሺ࣯ሻ ك D, and θ൫pሺzሻ൯ ൅ zpᇱሺzሻφሺpሺzሻሻ is 
univalent in ࣯, and 
 θ൫qሺzሻ൯ ൅ zqᇱሺzሻφሺqሺzሻሻ ط θ൫pሺzሻ൯ ൅ zpᇱሺzሻφሺpሺzሻሻ 
 
then qሺzሻ ط pሺzሻ and q is the best subordinant. 
 Taking θሺwሻ ൌ αw and φሺwሻ ൌ γ in Lemma 1.8, Shanmugam et al. ሾ8ሿ obtained 
the following lemma. 
 
Lemma 1.9 [8]: Let q be univalent in the open unit disk ࣯ with qሺ0ሻ  ൌ  1. Let 
α, γ א ԧ and Re ቀ஑

ஓ
ቁ ൐ 0. If pሺzሻ א ࣢ሾqሺ0ሻ, 1ሿ ת Q, αpሺzሻ ൅ γzpᇱሺzሻ is univalent in 

࣯, and 
 αqሺzሻ ൅ γzqᇱሺzሻ ط αpሺzሻ ൅ γzpᇱሺzሻ 
then qሺzሻ ط pሺzሻ and q is the best subordinant. 
 
 
Subordination and superordination for p-valent functions 
We begin with the following result involving differential subordination between 
analytic functions. 
 
Theorem 2.1: Let q be univalent in ࣯ with qሺ0ሻ ൌ 1, and suppose that 
 Re ቀ1 ൅ ୸୯ᇲᇲሺ୸ሻ

୯ᇲሺ୸ሻ
ቁ ൐ max ቄ0, െRe ቀଵ

ஓ
ቁቅ                                                                        ሺ2.1ሻ 

 
 If fሺzሻ א Aሺpሻ, and 

 F஛,µ,஗ሺγ, fሻሺzሻ ൌ ሾ1 ൅ γሺp െ µ ൅ 1ሻሿ ୸౦ ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ൅ 
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 γሺp െ µ െ 1ሻ ୸౦ ୑బ,౰
ಓశమ,µశమ,ಏశమ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ െ 2γሺp െ µሻ
୸౦൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
మ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

య                        ሺ2.2ሻ 

 
 If q satisfies the following subordination: 
 F஛,µ,஗ሺγ, fሻሺzሻ ط qሺzሻ ൅ γzqᇱሺzሻ                                                                                ሺ2.3ሻ 

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ  
 
then 

 
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ط qሺzሻ                                                                                                ሺ2.4ሻ 

 
and q is the best dominant. 
 
Proof: Let the function pሺzሻ be defined by 

 pሺzሻ ൌ
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ  

 
 So that, by a straightforward computation, we have 

 ୸୮ᇱሺ୸ሻ
୮ሺ୸ሻ

ൌ p ൅
୸൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
ᇲ

 ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

െ
ଶ୸൬ ୑బ,౰

ಓ,µ,ಏ୤ሺ୸ሻ൰
ᇲ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

                                                    ሺ2.5ሻ  

 
 By using the identity ሺ1.12ሻ a simple computation shows that 

 ሾ1 ൅ γሺp െ µ ൅ 1ሻሿ ୸౦ ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ൅ γሺp െ µ െ 1ሻ ୸౦ ୑బ,౰
ಓశమ,µశమ,ಏశమ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ െ 

 2γሺp െ µሻ
୸౦൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
మ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

య ൌ pሺzሻ ൅ γzpᇱሺzሻ 

 
 The assertion ሺ2.4ሻ of Theorem 2.1 now follows by an application of Lemma 1.7, 
with α ൌ  1. 
 
Remark 1: For the choice qሺzሻ ൌ  ଵା୅୸

ଵା୆୸ 
 , െ1 ൑ B ൏ A ൑ 1, in Theorem 2.1, we get 

the following Corollary. 
 
Corollary 2.2: Let െ1 ൑ B ൏ A ൑ 1, and suppose that 
 Re ቀଵି୆୸

ଵା୆୸ 
ቁ ൐ max ቄ0, െRe ቀଵ

ஓ
ቁቅ                                                                                 ሺ2.6ሻ 

 
 If fሺzሻ א Aሺpሻ, and 
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 F஛,µ,஗ሺγ, fሻሺzሻ ط  ଵା୅୸
ଵା୆୸ 

൅ ஓሺ୅ି୆ሻ୸
ሺଵା୆୸ ሻమ 

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
where F஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.2ሻ, then 

 
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ط  ଵା୅୸
ଵା୆୸ 

 

and ଵା୅୸
ଵା୆୸ 

 is the best dominant. 
 
 Next, by appealing to Lemma 1.9 of the preceding section, we prove the 
following. 
 
Theorem 2.3: Let q be convex in ࣯ and γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ,  

 0 ്
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ א ࣢ሾ1, 1ሿ ת Q 

 
and F஛,µ,஗ሺγ, fሻሺzሻ is univalent in ࣯, then 
 qሺzሻ ൅ γzqᇱሺzሻ ط F஛,µ,஗ሺγ, fሻሺzሻ                                                                                 ሺ2.7ሻ 

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
 
implies 

 qሺzሻ ط
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ                                                                                                ሺ2.8ሻ 

 
and q is the best subordinant where F஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.2ሻ. 
 
Proof: Let the function pሺzሻ be defined by 

 pሺzሻ ൌ
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ  

 
 Then from the assumption of Theorem 2.3, the function pሺzሻ is analytic in ࣯ and 
ሺ2.5ሻ holds. Hence, the subordination ሺ2.7ሻ is equivalent to 
 qሺzሻ ൅ γzqᇱሺzሻ ط pሺzሻ ൅ γzpᇱሺzሻ 
 
 The assertion ሺ2.8ሻ of Theorem 2.3 now follows by an application of Lemma 1.9.  
 Combining Theorem 2.1 and Theorem 2.3, we get the following sandwich 
theorem. 
 
Theorem 2.4: Let qଵ and qଶ be convex functions in ࣯ with qଵሺ0ሻ ൌ qଶሺ0ሻ ൌ 1. Let 
γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ such that  
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୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ א ࣢ሾ1, 1ሿ ת Q 

 
and F஛,µ,஗ሺγ, fሻሺzሻ is univalent in ࣯, then 

 qଵሺzሻ ൅ γzqଵ
ᇱ ሺzሻ ط F஛,µ,஗ሺγ, fሻሺzሻ ط qଶሺzሻ ൅ γzqଶ

ᇱ ሺzሻ  

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
 
implies 

 qଵሺzሻ ط
୸౦ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ط qଶሺzሻ                                                                             ሺ2.9ሻ 

 
and qଵ and qଶ are respectively the best subordinant and the best dominant where 
F஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.2ሻ. 
 
Remark 2: For λ ൌ µ ൌ 0 in Theorem 2.4, we get the following result. 
 
Corollary 2.5: Let qଵ and qଶ be convex functions in ࣯ with qଵሺ0ሻ ൌ qଶሺ0ሻ ൌ 1. Let 
γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ such that  

 ୸౦శభ୤ᇱሺ୸ሻ

୮൫୤ሺ୸ሻ൯మ א ࣢ሾ1, 1ሿ ת Q 

 
and let 

 Fଵሺγ, fሻሺzሻ ൌ ሾ1 ൅ γሺp ൅ 1ሻሿ ୸౦శభ୤ᇱሺ୸ሻ

୮൫୤ሺ୸ሻ൯మ ൅ γ ୸౦శమ୤ᇱᇱሺ୸ሻ

୮൫୤ሺ୸ሻ൯మ െ 2γ ୸౦శమ൫୤ᇱሺ୸ሻ൯మ

୮൫୤ሺ୸ሻ൯య , p א N 

 
is univalent in ࣯, then 
 qଵሺzሻ ൅ γzqଵ

ᇱ ሺzሻ ط Fଵሺγ, fሻሺzሻ ط qଶሺzሻ ൅ γzqଶ
ᇱ ሺzሻ  

 
implies 
 qଵሺzሻ ط ୸౦శభ ୤ᇱሺ୸ሻ

୮൫୤ሺ୸ሻ൯మ ط qଶሺzሻ                                                                                           ሺ2.10ሻ 

 
and qଵ and qଶ are respectively the best subordinant and the best dominant. 
 
Theorem 2.6: Let q be univalent in ࣯ with qሺ0ሻ ൌ 1, and assume that ሺ2.1ሻ holds. If 
fሺzሻ א Aሺpሻ, and 

 G஛,µ,஗ሺγ, fሻሺzሻ ൌ ሺ1 ൅ γሻ  ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,ౖ
ಓ,µ,ಏ୤ሺ୸ሻ

൅ γሺp െ µ െ 1ሻ  ୑బ,౰
ಓశమ,µశమ,ಏశమ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

െ 

 γሺp െ µሻ
൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
మ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ                                                                                          ሺ2.11ሻ 
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 If q satisfies the following subordination: 
 G஛,µ,஗ሺγ, fሻሺzሻ ط qሺzሻ ൅ γzqᇱሺzሻ  

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ  
 
then 

 
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

ط qሺzሻ                                                                                                ሺ2.12ሻ 

 
and q is the best dominant. 
 
Proof: Let the function pሺzሻ be defined by 

 pሺzሻ ൌ
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

 

 
 So that, by a straightforward computation, we have 

 ୸୮ᇱሺ୸ሻ
୮ሺ୸ሻ

ൌ
୸൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
ᇲ

 ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

െ
୸൬ ୑బ,౰

ಓ,µ,ಏ୤ሺ୸ሻ൰
ᇲ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

                                                            ሺ2.13ሻ  

 
 By using the identity ሺ1.12ሻ a simple computation shows that 

 ሺ1 ൅ γሻ  ୑బ,౰
ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

൅ γሺp െ µ െ 1ሻ  ୑బ,౰
ಓశమ,µశమ,ಏశమ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

െ 

 γሺp െ µሻ
൬ ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ൰
మ

൬ ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ൰

మ ൌ pሺzሻ ൅ γzpᇱሺzሻ                                                      ሺ2.14ሻ 

 
 The assertion ሺ2.12ሻ of Theorem 2.6 now follows by an application of Lemma 
1.7, with α ൌ  1. 
 
Remark 3: For the choice qሺzሻ ൌ  ଵା୅୸

ଵା୆୸ 
 , െ1 ൑ B ൏ A ൑ 1, in Theorem 2.6, we get 

the following result. 
 
Corollary 2.7: Let െ1 ൑ B ൏ ܣ ൑ 1, and assume that ሺ2.6ሻ holds. If fሺzሻ א Aሺpሻ, 
and 

 G஛,µ,஗ሺγ, fሻሺzሻ ط  ଵା୅୸
ଵା୆୸ 

൅ ஓሺ୅ି୆ሻ୸
ሺଵା୆୸ ሻమ 

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
where G஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.11ሻ, then 

 
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

ط  ଵା୅୸
ଵା୆୸ 

 



296  Somia Muftah Amsheri and Valentina Zharkova 
 

 

and ଵା୅୸
ଵା୆୸ 

 is the best dominant. 
 
 Next, by appealing to Lemma 1.9 of the preceding section, we prove the 
following. 
 
Theorem 2.8: Let q be convex in ࣯ and γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ,  

 0 ്
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

א ࣢ሾ1, 1ሿ ת Q 

 
and G஛,µ,஗ሺγ, fሻሺzሻ is univalent in ࣯, then 

 qሺzሻ ൅ γzqᇱሺzሻ ط G஛,µ,஗ሺγ, fሻሺzሻ                                                                            ሺ2.15ሻ 

 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
 
implies 

 qሺzሻ ط
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

                                                                                            ሺ2.16ሻ 

 
and q is the best subordinant where G஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.11ሻ. 
 
Proof: Let the function pሺzሻ be defined by 

 pሺzሻ ൌ
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

 

 
 Then from the assumption of Theorem 2.8, the function pሺzሻ is analytic in ࣯ and 
ሺ2.13ሻ holds. Hence, the subordination ሺ2.15ሻ is equivalent to 
 qሺzሻ ൅ γzqᇱሺzሻ ط pሺzሻ ൅ γzpᇱሺzሻ 
 
 The assertion ሺ2.16ሻ of Theorem 2.8 now follows by an application of Lemma 
1.9. 
 Combining Theorem 2.6 and Theorem 2.8, we get the following sandwich 
theorem. 
 
Theorem 2.9: Let qଵ and qଶ be convex functions in ࣯ with qଵሺ0ሻ ൌ qଶሺ0ሻ ൌ 1. Let 
γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ such that  

 
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

א ࣢ሾ1, 1ሿ ת Q 

 
and G஛,µ,஗ሺγ, fሻሺzሻ is univalent in ࣯, then 

 qଵሺzሻ ൅ γzqଵ
ᇱ ሺzሻ ط G஛,µ,஗ሺγ, fሻሺzሻ ط qଶሺzሻ ൅ γzqଶ

ᇱ ሺzሻ  
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 ሺλ ൒ 0;  µ ൏ p ൅ 1;  η ൐ maxሺλ, µሻ െ p െ 1;  p א N;  γ א ԧሻ 
 
implies 

 qଵሺzሻ ط
 ୑బ,౰

ಓశభ,µశభ,ಏశభ୤ሺ୸ሻ

 ୑బ,౰
ಓ,µ,ಏ୤ሺ୸ሻ

ط qଶሺzሻ  

 
and qଵ and qଶ are respectively the best subordinant and the best dominant where 
G஛,µ,஗ሺγ, fሻሺzሻ is as defined in ሺ2.11ሻ. 
 
Remark 4: For λ ൌ µ ൌ 0 in Theorem 2.9, we get the following result. 
 
Theorem 2.10: Let qଵ and qଶ be convex functions in ࣯ with qଵሺ0ሻ ൌ qଶሺ0ሻ ൌ 1. Let 
γ א ԧ with Reሺγሻ ൐ 0. If fሺzሻ א Aሺpሻ such that  

 ୸୤ᇱሺ୸ሻ
୮୤ሺ୸ሻ

א ࣢ሾ1, 1ሿ ת Q 
 
and let 

 Gଵሺγ, fሻሺzሻ ൌ ሺଵାஓሻ
୮

୸୤ᇲሺ୸ሻ
୤ሺ୸ሻ ൅ ஓ

୮
൜୸మ୤ᇲᇲሺ୸ሻ

୤ሺ୸ሻ െ ୸మ൫୤ᇲሺ୸ሻ൯మ

൫୤ሺ୸ሻ൯మ ൠ , p א N 

 
is univalent in ࣯, then 
 qଵሺzሻ ൅ γzqଵ

ᇱ ሺzሻ ط Gଵሺγ, fሻሺzሻ ط qଶሺzሻ ൅ γzqଶ
ᇱ ሺzሻ  

 
implies 

 qଵሺzሻ ط ୸୤ᇱሺ୸ሻ
୮୤ሺ୸ሻ

ط qଶሺzሻ  
 
and qଵ and qଶ are respectively the best subordinant and the best dominant. 
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