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Abstract 
 

In [1] a strange property of the determinant of minors of a matrix was 
discussed. In this paper, we show that evaluation of the determinant of any 
square matrix can be obtained using this property. 
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Introduction 
Let ܯ be the matrix of the minors of a square matrix ܣ of order ݊. For every square 
submatrix of order k; ܯ௞ = (ܯ௜௝ሻ of ܯ, the determinant of a square submatrix of order 
(n-k) of ܣ is defined as 
௞ = หሺܽ௣௤ሻห, 1൑ߜ  ,݌ ݍ ൑ ݊; p ് ݅, q ് ݆ 
 
 With this notion, the relationship  
 หܯ௜௝ห = |ܣ|k-1ߜ௞  (1) 
 
was proved in [1]. The result is trivially true for k = 1 and it is also true for ݊ ൌ ݇.  
 A particular case of equation (1) where k = 2 gave the equation |ܯଶ| = ߜଶ|ܣ|, so 
that  
ଵ = |ܣ| 

ఋమ
ଶߜ ଶ| providedܯ|  ് 0  (2) 

 
 The expression in (2) provides an easy way of obtaining the determinant of A. 
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Evaluation of the determinant of ૜ ൈ  ૜ dimensional matrices  
Given any 3 ൈ  3 dimensional matrices, each ܯ௜௝ is a 2 ൈ  2 matrix and ߜଶ is of order 
(3 െ 2) which is a scalar quantity. ߜଶ is chosen arbitrarily so that ߜଶ ് 0 and ܯ௜௝ is 
calculated for the complementary row/column to the selected ߜଶ.  

 Let ܣ ൌ ൭
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ  ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

൱, and we select  ߜଶ ൌ ܽଷଵ ് 0 then ܯଶ ൌ ቀ
݉ଵଶ ݉ଵଷ 
݉ଶଶ ݉ଶଷ

ቁ so 

that  
|ଶܯ| ൌ  ቚ

݉ଵଶ ݉ଵଷ 
݉ଶଶ  ݉ଶଷ

ቚ  ൌ ݉ଵଶ ݉ଶଷ െ ݉ଵଷ ݉ଶଶ

ൌ ሺܽଶଵ ܽଷଷെ ܽଶଷ  ܽଷଵሻ ሺܽଵଵ ܽଷଶെ ܽଵଶ  ܽଷଵሻ
െ  ሺܽଶଵ ܽଷଶെ ܽଶଶ  ܽଷଵሻ ሺܽଵଵ ܽଷଷെ ܽଵଷ  ܽଷଵሻ 

=ሺܽଵଵ ܽଶଵ ܽଷଶ ܽଷଷ ൅  ܽଵଶ ܽଶଷ ܽଶ
ଷଵ ൅  ܽଵଷ ܽଶଵ ܽଷଵ  ܽଷଶ ൅  ܽଵଵ ܽଶଶ ܽଷଷ ܽଷଵ ሻ 

 െሺܽଵଶ ܽଶଵ ܽଷଵ ܽଷଷ ൅ ܽଵଵ ܽଶଷ ܽଷଵ  ܽଷଶ ൅ ܽଵଵ ܽଶଵ ܽଷଶ ܽଷଷ ൅  ܽଵଷ ܽଶଶ ܽଶ
ଷଵ ሻ  

=ܽଷଵ ሾሺܽଵଵܽଶଶܽଷଷ ൅  ܽଵଶܽଶଷܽଷଵ ൅  ܽଵଷܽଶଵܽଷଶ ሻ െ ሺܽଵଵܽଶଷܽଷଶ ൅  ܽଵଶܽଶଵܽଷଷ ൅
 ܽଵଷܽଶଶܽଷଵ ሻሿ 
 
Hence  
|ଶܯ|  ൌ  ܽଷଵ|ܣ| ݎ݋ |ܣ| ൌ |ெమ|

௔యభ
  (3) 

 
 If ߜଶ is replaced by ܽଶଶ on the right hand side of equation (2) then 
ଶܯ  ൌ ቀ 

 ܽଵଵ ܽଶଶ െ ܽଵଶ ܽଶଵ ܽଵଶ ܽଶଷ െ ܽଵଷ  ܽଶଶ 
ܽଶଵ ܽଷଶ െ ܽଶଶ ܽଷଵ ܽଶଶ ܽଷଷ െ  ܽଶଷ  ܽଷଶ 

ቁ  
 
so that 

|ଶܯ|  ൌ ቮ
 ቚ

ܽଵଵ  ܽଵଶ 
ܽଶଵ  ܽଶଶ 

ቚ

ቚ
ܽଶଵ ܽଶଶ
ܽଷଵ ܽଷଶ

ቚ

 ቚ
ܽଵଶ  ܽଵଷ 
ܽଶଶ  ܽଶଷ 

ቚ

 ቚ
ܽଶଶ ܽଶଷ
ܽଷଶ ܽଷଷ

ቚ
ቮ  (4) 

 
 That is, each entry in ܯଶ is the determinant of each adjacent 2 x 2 submatrices of 
A. 
 
 
Evaluation of the determinant of ࢔ ൈ   dimensional matrices ࢔ 
For a matrix of higher order, a sequence of every overlapping submatrices of order 
3 ൈ  3 evaluated by the determinant of adjacent 2 ൈ  2 submatrices 
 ሺܯଶ 

݇ ሻkכ  ൌ ሺ݊ െ 1ሻ, ሺ݊ െ 2ሻ . . . 1  (5) 
 
and sequence of component divisors 
  ሺߜଶ)k ݇ ൌ ሺ݊ െ 2ሻ, ሺ݊ െ 3ሻ . . . 1   (6) 
 
are obtained so that 
 ሺܯଶሻ௞  ൌ · ሺெమ 

ሻೖכ 
ሺఋమሻೖ

 , ݇ ൌ ሺ݊ െ 2ሻ, ሺ݊ െ 3ሻ. . . 1,  
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where ·  denotes division is done entrywise. 
 ሺܯଶሻ௡ିଵ  ൌ ሺܯଶ 

 ሻ௡ିଵ (7)כ 
 
 And |ܣ| ൌ |  · ሺெమ 

ሻభכ 
ሺఋమሻభ

| provided ሺߜଶሻଵ ് 0 and has no zero component. 
 It should be noted that the division on the right hand side of equation (7) are done 
component wise. If ሺߜଶሻ௞  is zero, row/column be interchanged to obtain nonzero 
ሺߜଶሻ௞. 
 
 
Sample Examples 

(i). Given ܣ ൌ ൭
1 2 3

4 െ 5 6
7 8 9

൱, |ܣ| is calculated as follows: 

 
 Take  

 ሺߜଶሻଵ ൌ െ5 and ሺܯଶ 
ሻଶכ  ൌ ቌ

ቚ 1 2
4 െ 5ቚ 

ቚ4 െ 5
7 8 ቚ 

ቚ 2 3
െ5 6ቚ

ቚെ5 6
8 9 ቚ

ቍ 

 
 So that  
 |ሺܯଶ 

ሻଶ|= ቚכ  െ13 27
67 െ 93ቚ and ሺܯଶ 

ሻଵכ  ൌ െ600 
 
 Hence |ܣ| = · |ሺெమ 

| ሻమכ 
ሺఋమሻభ

 ൌ  ି଺଴଴
ିହ

ൌ 120 
 

(ii). Let ܤ ൌ ൮

1 0 2 3
2 0 4 1

െ1 3 0 3
4 4 1 1 

 ൲ , | ܤ | is also evaluated as follows: 

 
 If ሺߜଶሻଶ is selected as ቚ0 4

3 0ቚ, it contain zero components hence the following 
interchanges are made col <1, 2> and <3, 4> so that 

כܤ   ൌ  ൮

0 1 3 2
0 2 1 4

3 െ 1 3 0
4 4 1 1 

 ൲,  

 
it is noted that |ܤ| ൌ |כܤ|, now let ሺߜଶሻଶ = ቚ  2 1

െ1 3ቚ then ሺߜଶ)1 = 7 
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 ሺܯଶ 
ሻଷכ  ൌ  

ۉ

ۈۈ
ۇ

 

ቚ0 1
0 2ቚ 

ቚ 0 2
3 െ 1ቚ 

ቚ1 3
2 1ቚ ቚ3 2

1 4ቚ

ቚ 2 1
െ1 3ቚ ቚ1 4

3 0ቚ

ቚ3 െ 1
4 4 ቚ ቚെ1 3

4 1 ቚ ቚ3 0
1 1ቚی

ۋۋ
ۊ

ൌ ൭
0 െ 5 10

െ6 7 െ 12
16 െ 13 3

൱ 

 |ሺܯଶ 
ሻଷ| ൌכ   อ

0 െ 5 10
െ6 7 െ 12
16 െ 13 3

อ = |ሺܯଶሻଷ| 

 |ሺܯଶ 
ሻଶ|  ቚכ  െ30 െ 10

െ34 െ 135ቚ,  
 
and by dividing |ሺܯଶ 

 ଶሻଶ we obtainedߜሻଶ| component wise by ሺכ 
 ሺܯଶሻଶ ൌ ቀെ15 െ 10

34 െ 45 ቁ 
 
 Therefore, |ሺܯଶ 

ሻଶ| = ቚെ15 െכ  10
34 െ 45 ቚ = 1015 

 Hence ሺܯଶ 
ሻଵכ  ൌ1015 

 And according to our formula, 
· ൌ | ܤ |  ሺெమ 

ሻభכ 
 ሺఋమሻభ

, 

  = ଵ଴ଵହ
଻

ൌ 145 
 

 Hence, ተ

1 0 2 3
2 0 4 1

െ1 3 0 3
4 4 1 1

ተ = 145 

 
 
Remark 
Manual evaluation of n x n matrices with n ൒ 5 is very tedious but the method of 
successive reduction has reduced the rigour. The order of the matrix is successively 
reduced by evaluating the determinant of adjacent 2 x 2 submatrices until the 
determinant is obtained. 
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