
Global Journal of Pure and Applied Mathematics.
ISSN 0973-1768 Volume 8, Number 3 (2012), pp. 219–228
© Research India Publications
http://www.ripublication.com/gjpam.htm

A proof of the existence of an approximate Nash
equilibrium in a finite strategic game directly by

Sperner’s lemma: A constructive analysis1

Yasuhito Tanaka

Faculty of Economics, Doshisha University,
Kamigyo-ku, Kyoto, 602-8580, Japan
E-mail: yasuhito@mail.doshisha.ac.jp

Abstract

We constructively prove the existence of an approximate Nash equilibrium in a
finite strategic game directly by Sperner’s lemma. We follow the Bishop style con-
structive mathematics according to [1], [2] and [3].

AMS subject classification: 03F65, 91A10.
Keywords: Approximate Nash equilibrium, Sperner’s lemma, constructive math-
ematics.

1. Introduction

It is often said that Brouwer’s fixed point theorem can not be constructively proved.

[5] provided a constructive proof of Brouwer’s fixed point theorem. But
it is not constructive from the view point of constructive mathematics a la
Bishop. It is sufficient to say that one dimensional case of Brouwer’s fixed
point theorem, that is, the intermediate value theorem is non-constructive.
See [2] or [4]. Brouwer’s fixed point theorem can be constructively, in the
sense of constructive mathematics a la Bishop, proved only approximately.
The existence of an exact fixed point of a function which satisfies some
property of local non-constancy may be constructively proved.

1This research was partially supported by the Ministry of Education, Science, Sports and Culture of
Japan, Grant-in-Aid for Scientific Research (C), 20530165, and the Special Costs for Graduate Schools
of the Special Expenses for Hitech Promotion by the Ministry of Education, Science, Sports and Culture
of Japan in 2011.
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Thus, the existence of Nash equilibrium in a finite strategic game (a strategic game
with a finite number of players and a finite number of pure strategies) also can not be
constructively proved. On the other hand, however, Sperner’s lemma which is used to
prove Brouwer’s theorem can be constructively proved. Some authors have presented a
constructive (or an approximate) version of Brouwer’s theorem using Sperner’s lemma.
See [4] and [10]. Thus, Brouwer’s fixed point theorem can be constructively proved in
its constructive version, and it seems that we can prove the existence of an approximate
Nash equilibrium using the constructive version of Brouwer’s fixed point theorem.

Then, can we prove the existence of an approximate Nash equilibrium in a finite
strategic game directly by Sperner’s lemma?

We present such a proof. An approximate (or an ε-approximate) Nash equilibrium is
a state such that mixed strategies chosen by all players are optimal responses each other
within the range of ε.

In the next section we consider Sperner’s lemma. Its constructive proof is omitted..
In Section 3 we will show the existence of an approximate Nash equilibrium in a finite
strategic game by Sperner’s lemma. We follow the Bishop style constructive mathematics
according to [1], [2] and [3].

2. Sperner’s lemma

Let � denote an n-dimensional simplex. n is a finite natural number. For example, a
2-dimensional simplex is a triangle. Let partition or triangulate the simplex. Figure 1 is
an example of partition (triangulation) of a 2-dimensional simplex. In a 2-dimensional
case we divide each side of � in m equal segments, and draw the lines parallel to the sides
of �. m is a finite natural number. Then, the 2-dimensional simplex is partitioned into
m2 triangles. We consider partition of � inductively for cases of higher dimension. In a
3 dimensional case each face of � is an 2-dimensional simplex, and so it is partitioned
into m2 triangles in the way above mentioned, and draw the planes parallel to the faces
of �. Then, the 3-dimensional simplex is partitioned into m3 trigonal pyramids. And
similarly for cases of higher dimension.

Let K denote the set of small n-dimensional simplices of � constructed by partition.
Vertices of these small simplices of K are labeled with the numbers 0, 1, 2, . . . , n subject
to the following rules.

1. The vertices of � are respectively labeled with 0 to n. We label a point (1, 0, . . . , 0)

with 0, a point (0, 1, 0, . . . , 0) with 1, a point (0, 0, 1 . . . , 0) with 2, . . . , a point
(0, . . . , 0, 1) with n. That is, a vertex whose k-th coordinate (k = 0, 1, . . . , n) is
1 and all other coordinates are 0 is labeled with k.

2. If a vertex of K is contained in an n− 1-dimensional face of �, then this vertex is
labeled with some number which is the same as the number of one of the vertices
of that face.

3. If a vertex of K is contained in an n− 2-dimensional face of �, then this vertex is
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Figure 1: Partition and labeling of 2-dimensional simplex

labeled with some number which is the same as the number of one of the vertices
of that face. And similarly for cases of lower dimension.

4. A vertex contained inside of � is labeled with an arbitrary number among 0, 1,
. . . , n.

A small simplex of K which is labeled with the numbers 0, 1, . . . , n is called a fully
labeled simplex. Sperner’s lemma is stated as follows.

Lemma 2.1. [Sperner’s lemma] If we label the vertices of K following the rules 1 ∼
4, then there are an odd number of fully labeled simplices, and so there exists at least
one fully labeled simplex.

Proof. About constructive proofs of Sperner’s lemma see [7] or [8]. �

Since n and partition of � are finite, the number of small simplices constructed by
partition is also finite. Thus, we can constructively find a fully labeled n-dimensional
simplex of K through finite steps.

3. Approximate Nash equilibrium

Using Sperner’s lemma we look at the problem of the existence of an approximate Nash
equilibrium in a finite strategic game according to [6]. Let ε > 0 be a small number. If a
strategy of a player is an optimal response to strategies of other players within the range
of ε, we call it an approximate optimal response, and call a state where all players choose
their approximate optimal responses each other an approximate Nash equilibrium.

Consider an n-players strategic game with m pure strategies for each player. n and
m are finite natural numbers not smaller than 2. Let Si be the set of pure strategies for
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player i, and denote his each pure strategy by sij . His mixed strategy is defined as a
probability distribution over Si , and is denoted by pi . Let pij be a probability that player

i chooses sij , then
m∑

j=1

pij = 1 for all i. A combination of mixed strategies of all players

is called a profile, and is denoted by p. Let πi(p) be the expected payoff of player i at
profile p, and πi(sij , p−i) be his payoff when he chooses a strategy sij at that profile,
where p−i denotes a combination of mixed strategies of players other than i at profile p.
πi(p) is written as follows,

πi(p) =
∑

{j :pij>0}
pijπi(sij , p−i)

We assume that the values of payoffs of all players are finite. Then, since pure strategies
are finite and expected payoffs are linear functions about probability distributions over
the sets of pure strategies of all players, πi(p) is uniformly continuous about p. Let S̃i

be the set of player i’s approximate optimal responses to p−i . It includes pure strategies
which satisfy the following condition.

S̃i = {sij |for all s′
ij ∈ Si, πi(sij , p−i) > πi(s

′
ij , p−i) − ε}.

Mixed strategies which assign positive probabilities to only pure strategies satisfying
this condition are also approximate optimal responses for player i. Each player chooses
one of his approximate optimal responses corresponding to strategies of other players.
Now we define the following function.

ψij (p) = pij + max(πi(sij , p−i) − πi(p), 0)

1 + ∑m
k=1 max(πi(sik, p−i) − πi(p), 0)

,

where
m∑

j=1

ϕij = 1 for all i. Let ψi(p) = (ψi1
, ψi2

, . . . and ψim
), ψ(p) = (ψ1,

ψ2, · · · , ψn). Since each ψi is an m-dimensional vector such that the values of its
components are between 0 and 1, and the sum of its components is 1, it represents a
point on an m − 1-dimensional simplex. The vertices of the simplex correspond to
pure strategies. ψ(p) is a combination of vectors ψi’s. It is a vector such that its
components consist of components of ψi(p) of all players. Thus, it is a vector with
n × m components, but since the number of independent components is n(m − 1), the
range of ψ(p) is the n-times product of m − 1-dimensional simplices. It is convex,
and homeomorphic to n(m − 1)-dimensional simplex. Let denote the n-times product
of m − 1-dimensional simplices by (�m−1)n and an n(m − 1)-dimensional simplex by
�n(m−1). p = (p1, p2, . . . , pn) is also a vector with n×m components, and the number
of its independent components is n(m − 1). Thus, the domain of ψ(p) is the same set
as the range of ψ(p), and a uniformly continuous function from n(m − 1)-dimensional
simplex to itself corresponds one to one to a uniformly continuous function from the
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Figure 2: Homeomorphism between (�m−1)n and �n(m−1)

domain of ψ(p) to its range. The relation between (�m−1)n and �n(m−1) in the case
where n = m = 2 is illustrated in Figure 2. F corresponds to H , and G corresponds to
I .

Let q be a point on �n(m−1) and p = η(q) be a uniformly continuous homeomorphism
between (�m−1)n and �n(m−1). Then,

ζ (q) = ψ ◦ η(q)

is a uniformly continuous function from �n(m−1) to itself.
Now we show the following theorem.

Theorem 3.1. In any finite strategic game there exists an approximate Nash equilibrium.

Proof.

1. First we show that we can partition �n(m−1), which is the domain and range
of ζ (q), so that the conditions for Sperner’s lemma are satisfied. We partition
�n(m−1) according to the method in Sperner’s lemma, and label the vertices of
simplices constructed by partition of �n(m−1). It is important how to label the
vertices contained in the faces of �n(m−1). Let K be the set of small simplices
constructed by partition of �n(m−1), q = (q0, q1, . . . , qn(m−1)) be a vertex of a
simplex of K , and denote the i-th component of ζ (q) by ζ i . Then, we label a
vertex q according to the following rule,

If qk > ζ k or qk + τ > ζk, we label q with k,

where τ > 0. If there are multiple k’s which satisfy this condition, we label q
conveniently for the conditions for Sperner’s lemma to be satisfied. We do not
randomly label the vertices.

For example, let q be a point contained in an n(m − 1) − 1-dimensional face of
�n(m−1) such that qi = 0 for one i among 0, 1, 2, . . . , n(m−1) (its i-th coordinate
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is 0). With τ > 0, ζ i > 0 or ζ i < τ 2. When ζ i > 0, from
n(m−1)∑

j=0

qj = 1,

n(m−1)∑

j=0

ζ j = 1 and qi = 0 we have

n(m−1)∑

j=0,j �=i

qj >

n(m−1)∑

j=0,j �=i

ζ j .

Then, for at least one j (denote it by k) we have qk > ζ k, and we label q with
k, where k is one of the numbers which satisfy qk > ζ k. Since ζ i > qi , i does

not satisfy this condition. When ζ i < τ , qi = 0 implies
n(m−1)∑

j=0,j �=i

qj = 1. Since

n(m−1)∑

j=0,j �=i

ζ j ≤ 1, we obtain

n(m−1)∑

j=0,j �=i

qj ≥
n(m−1)∑

j=0,j �=i

ζ j .

Then, for τ > 0 we have

n(m−1)∑

j=0,j �=i

(qj + τ) >

n(m−1)∑

j=0,j �=i

ζ j .

There is at least one j (�= i) which satisfies qj + τ > ζ j . Denote it by k, and we
label q with k. k is one of the numbers other than i such that qk+τ > ζk is satisfied.
i itself satisfies this condition (qi + τ > ζ i). But, since there is a number other
than i which satisfies this condition, we can select a number other than i. We have
proved that we can label the vertices contained in an n(m − 1) − 1-dimensional
face of �n(m−1) such that qi = 0 for one i among 0, 1, 2, . . . , n(m − 1) with
the numbers other than i. By similar procedures we can show that we can label
the vertices contained in an n(m − 1) − 2-dimensional face of �n(m−1) such that
qi = 0 for two i’s among 0, 1, 2, . . . , n(m − 1) with the numbers other than those
i’s, and so on.

2In constructive mathematics for any real number x we can not prove that x ≥ 0 or x < 0, that x > 0
or x = 0 or x < 0. But for any distinct real numbers x, y and z such that x > z we can prove that x > y

or y > z. See [1], [2] and [3] about constructive mathematics.
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Consider the case where qi = qi+1 = 0. By similar procedures we see
that when ζ i > 0 or ζ i+1 > 0,

n(m−1)∑

j=0,j �=i,i+1

qj >

n(m−1)∑

j=0,j �=i,i+1

ζ j .

Then, for at least one j (denote it by k) we have qk > ζ k, and we label
q with k. On the other hand, when ζ i < τ and ζ i+1 < τ , we have

n(m−1)∑

j=0,j �=i,i+1

qj ≥
n(m−1)∑

j=0,j �=i,i+1

ζ j .

Then, for τ > 0 we have

n(m−1)∑

j=0,j �=i,i+1

(qj + τ) >

n(m−1)∑

j=0,j �=i,i+1

ζ j .

Thus, there is at least one j (�= i, i + 1) which satisfies qj + τ > ζ j .
Denote it by k, and we label q with k.
Next consider the case where qi = 0 for all i other than n(m − 1). If
for some i ζ i > 0, then we have qn(m−1) > ζn(m−1), and label q with
n(m − 1). On the other hand, if ζ j < τ for all j �= n(m − 1), then we
obtain qn(m−1) ≥ ζ n(m−1). It implies qn(m−1) + τ > ζn(m−1). Thus, we
can label q with n(m − 1).

Therefore, the conditions for Sperner’s lemma are satisfied, and there exists an
odd number of fully labeled simplices in K .

2. Suppose that we partition �n(m−1) sufficiently fine so that the distance between
any pair of the vertices of small simplices is sufficiently small. Let q0, q1, . . . and
qn(m−1) be the vertices of a fully labeled simplex. We name these vertices so that
q0, q1, . . . , qn(m−1) are labeled, respectively, with 0, 1, . . . , n(m − 1). The values
of ζ at theses vertices are ζ (q0), ζ (q1), . . . and ζ (qn(m−1)). The i-th components
of q0 and ζ (q0) are denoted by q0

i and ζ (q0)i , and so on.

From the uniform continuity of ζ we can select δ > 0 so that when the distance
between q0 and q1 (|q0 − q1|) is smaller than δ, the distance between ζ (q0) and
ζ (q1) (|ζ (q0) − ζ (q1)|) is smaller than ε. We can make δ satisfying δ < ε3.
Suppose τ > 0. About q0, from the labeling rules we have q0

0 + τ > ζ(q0)0.
About q1, also from the labeling rules we have q1

1 + τ > ζ(q1)1 which implies

3For example, for δ < 1 and ε < 1, if when |q0 − q1| < δ we have |ζ (q0)− ζ (q1)| < ε, then we have
|ζ (q0) − ζ (q1)| < ε also when |q0 − q1| < δε < ε.
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q1
1 > ζ(q1)1 − τ . By the uniform continuity of ζ , |q0 − q1| < δ implies |ζ (q0) −

ζ (q1)| < ε, which means ζ (q1)1 > ζ(q0)1 − ε. On the other hand, |q0 − q1| < δ

means q0
1 > q1

1 − δ. Thus, from

q0
1 > q1

1 − δ, q1
1 > ζ(q1)1 − τ , ζ (q1)1 > ζ(q0)1 − ε

we obtain
q0

1 > ζ(q0)1 − δ − ε − τ > ζ(q0)1 − 2ε − τ

By similar arguments, for each i other than 0, we obtain

q0
i > ζ (q0)i − 2ε − τ . (3.1)

For i = 0 we have q0
0 + τ > ζ(q0)0. Then,

q0
0 > ζ(q0)0 − τ (3.2)

Adding (3.1) and (3.2) side by side except for some i (denote it by k) other than 0
yields

n(m−1)∑

j=0,j �=k

q0
j >

n(m−1)∑

j=0,j �=k

ζ (q0)j − 2[(n(m − 1) − 1]ε − n(m − 1)τ .

From
n(m−1)∑

j=0

q0
j = 1,

n(m−1)∑

j=0

ζ (q0)j = 1 we have 1 − q0
k > 1 − ζ (q0)k − 2[(n(m−

1) − 1]ε − n(m − 1)τ , which is rewritten as

q0
k < ζ(q0)k + 2[(n(m − 1) − 1]ε + n(m − 1)τ .

Since (3.1) implies q0
k > ζ(q0)k − 2ε − τ , we have

ζ (q0)k − 2ε − τ < q0
k < ζ(q0)k + 2[(n(m − 1) − 1]ε + n(m − 1)τ .

Thus,
|q0

k − ζ (q0)k| < 2[(n(m − 1) − 1]ε + n(m − 1)τ (3.3)

is derived. On the other hand, adding (3.1) from 1 to n(m − 1) yields

n(m−1)∑

j=1

q0
j >

n(m−1)∑

j=1

ζ (q0)j − 2n(m − 1)ε − n(m − 1)τ .

From
n(m−1)∑

j=0

q0
j = 1,

n(m−1)∑

j=0

ζ (q0)j = 1 we have

1 − q0
0 > 1 − ζ (q0)0 − 2n(m − 1)ε − n(m − 1)τ . (3.4)
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Then, from (3.2) and (3.4) we get

|q0
0 − ζ (q0)0| < 2n(m − 1)ε + n(m − 1)τ . (3.5)

Since n and m are finite, and ε and τ are positive real numbers which are small,
2n(m − 1)ε + n(m − 1)τ and 2[(n(m − 1) − 1]ε + n(m − 1)τ are also small.
Redefining 2n(m−1)ε+n(m−1)τ by ε, (3.3) and (3.5) yield the following result,

|q0
i − ζ (q0

i )| < ε for all i. (3.6)

All points contained in the fully labeled simplex of K satisfy this relation.

3. Denote a point which satisfies (3.6) by q̃. Let p̃ = η(q̃) = (p̃1, p̃2, . . . , p̃n).
Denote the components of p̃i by p̃ij . Since η and ψ are uniformly continuous,

|ψij − p̃ij | < λ, for all i and j,

for some λ > 0. If ε is small, λ is also small. From the definition of ψij , we obtain
∣∣∣∣

p̃ij + max(πi(sij , p̃−i) − πi(p̃), 0)

1 + ∑m
k=1 max(πi(sik, p̃−i) − πi(p̃), 0)

− p̃ij

∣∣∣∣

=
∣∣∣∣
max(πi(sij , p̃−i) − πi(p̃), 0) − p̃ij

∑m
k=1 max(πi(sik, p̃−i) − πi(p̃), 0)

1 + ∑m
k=1 max(πi(sik, p̃−i) − πi(p̃), 0)

∣∣∣∣ < λ.

Let γ =
m∑

k=1

max(πi(sik, p̃−i) − πi(p̃), 0), then

∣∣∣∣
max(πi(sij , p̃−i) − πi(p̃), 0) − γ p̃ij

1 + γ

∣∣∣∣ < λ,

or equivalently
∣∣max(πi(sij , p̃−i) − πi(p̃), 0) − γ p̃ij

∣∣ < (1 + γ )λ

is derived, where p̃−i denotes a combination of mixed strategies of players other
than i at profile p̃. This implies

−(1 + γ )λ + γ p̃ij < max(πi(sij , p̃−i) − πi(p̃), 0) < (1 + γ )λ + γ p̃ij .

Since πi(p̃) =
∑

{j :p̃ij>0}
p̃ijπi(sij , p̃i), it is impossible that max(πi(sij , p̃−i) −

πi(p̃), 0) = πi(sij , p̃−i)−πi(p̃) > 0 for all j satisfying p̃ij > 0. Thus, γ as well
as λ is a small real number. Redefining (1 + γ )λ+ γ p̃ij by ε, max(πi(sij , p̃−i)−
πi(p̃), 0) < ε holds for all sij ’s whether p̃ij > 0 or not, and it holds for all players.
That is, strategies of all players in p̃ are optimal responses each other within the
range of ε. Thus, they are approximate optimal responses, and a state where all
players choose these strategies is an approximate Nash equilibrium. �
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4. Concluding Remark

In this paper we have presented a proof of the existence of an approximate Nash equi-
librium in a finite strategic game directly by Sperner’s lemma from a point of view of
constructive mathematics. In another paper, ([9]), we apply this method to prove the
existence of an approximate equilibrium in a competitive economy.

References

[1] E. Bishop and D. Bridges, Constructive Analysis, Springer, 1985.

[2] D. Bridges and F. Richman, Varieties of Constructive Mathematics, Cambridge
University Press, 1987.
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