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Abstract

The bundles of a differentiable manifold are also differentiable manifolds of
higher dimensions. In the present paper, we study certain bundles like
cotangent bundle, tangent bundle, linear frame bundle, principal fibre bundle
etc. It has also been shown that a pentalinear frame bundle is the principal
fibre bundle.
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Introduction
Let M be a C* manifold of dimension n. At each point F' € I, there is associated an
n-dimensional vector space of tangent vectors called tangent space. We represent the
tangent space at P of M by Tp(M) and Ugayy Te(M} = T(¥), T(M] is called tangent
bundle of M. If M is a differentiable manifold of dimension m, T(M) is a
differentiable manifold of dimension 2n. Let T be projection map T(M}— M. Let
P €M in the coordinate neighborhood U with local coordinate system (x"). Then
w*(U} is a coordinate neighborhood in T(M) with local coordinates (x®¥™) where
}rh =i are components of a contravarient vector.

If U(x™) and U*(h") be two coordinate neighborhoods in M such that UnU* s @,
then
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n~ (U} and n™*(U" Jare alse netdisjelnt ;, T(M).

(i) = = =2 () (i) ¥ = i—’?‘} P (1.1)

At each point P & M, there is associated an n-dimensional vector space Tg"(M)
dual to tangent space Tg(M).

Then Ugayy Te™ (M)} = T*(M), T*(M) is called cotangent bundle of M. Let T be
the projection map T*(M} — M.

At each point P € M in coordinate neighborhood U ,m~(U} has local coordinates
(x®,py) where p; are components of 1— form. If m~*(U} nn~*(U} = @, then at a
point in the intersection region:

(i 5 = 6% (i) py = S, (12)

Lifts of (1,1] tensor field M in T*(M)
Let us call the manifold M as base space. Consider base space admits a tensor
field f of type (1, 1) satisfying the equation:

£9 + A%C 4+ pit =0 2.1)

The complete lift £ of fis a (1, 1) tenser field in T®{M} with local components [6]
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Theorem (2.1) In order that the complete lift f* ofa (1, 1) tensor field f in M
satisfying % 4+ A%f® 4+ p*f* = @ may have similar structure in T*(M}, it is necessary
and sufficient that

TIIF-I- AE S*IIE'I'HZRH= &

Pentalinear Frame Bundle
In this section, first of all, we have some definitions.
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Definition (3.1) A set G is said to be a Lie group if G is a group as well as a
differentiable manifold and two maps

G» G — Gsuchthat (§4,82) — 81 83, B8z EG

and

G — Gsuchthatg — g~*, g€ G are differentiable.

If Gl{n, K) be the set of all n X n non-singular matrices over R, then Gl{n, K] is a
group under matrix multiplication. Moreover if g€ @l{1.K), we can write
g=(gt), gt €R ab=1Z....n. These n’ real numbers g can be treated as
coordinates and induce the manifold structure and Gl{n.E] is a Lie Group. We say
Gl(n, R} as the general linear group.

Definition: (3.2) A set (P, M, G, m) is called principal fibre bundle if P is a
differentiable manifold, G a Lie group and

G acts on P differentiably to the right. Hence there exists a differentiable map
PXG—Psuchthat (u,g) —ug uéP, g€Gand ug€ Pand

(uglh=u(gh). g, h€G

M is the quotient manifold P/G and the map m: F— I is differentiable.

For each € M and for every coordinate neighborhood U of =,m~1(U) is
isomorphic to U ¥ G.

Let M, Mg, My M, & M; be flve € manifold each of dimension n. If
xEM,;, ¥yE M, z €M, tel, s€DM;, it implies that (¥ = t.5) belongs to the
cartesian product manifold M, % My % My % M, % Mg.Let (5%5% wx™) be local
coordinate system about =z im M, (¥%¥® ..¥") about y in M, (zz?..z") about
zlnMy  (tht*.t*) about tinMy (5%5%..5") and about s in Mg Then

{30, 2%, t1, 8™ is local coordinate system about (¥, z,t,£) in the product manifold.
. . . &
The canonical basis vectors about x in M, are e about ¥inM,; are a_if’ about

g g : g .
zin My are o, about tim M, are T and about s in M are = Thus canonical

basis vectors about (¥ Z,t. 8} in the product manifold are

g & & & 8 .
[[E-x ,E,E,E_ﬁ@} Zllklm= I'.I:|. We can write
& & & & &
XE_=XLEE,?E=?]£,E,EE= EEE r Td=Tr£|E:[ and g. = géﬂ'ﬁ thus the

tangent vector at (x&¥.Z.t.5]) of the product manifold I, ¥ M, ¥ M, ¥ M, % Mg is
(X ¥yr Zo, T 8.0 Let us say the set (',3,2% t,s™, XL, ¥}, 25, T},8™) a pentalinear
frame at (%% Z,t.8) of the product manifold. If PL be set of all such pentalinear
frames at different points of the product manifold, then it is easy to prove that PL is
also a differentiable manifold.Let us call the set

{PL My % M, X My % My X Mg . m,Gl(mR) X Gl(n, R} X Gl(n.R) % Gl(n,K)} X
Gl(n, R)}
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the Pentalinear Frame Bundle of the product manifold M, x M, X My X M, x M
Now we prove the following theorem:

Theorem (3.1) The Pentalinear Frame Bundle is the Principal Fibre Bundle.

Proof: To prove this, we have to show

Gl (n,R) % Gl(n, R} % Gl(n,R) ¥ Gl(n. R} x Gl{n.R} acts on PL differentiably to the
right. We can take u € PL in the form u= C:cl,}fi,zk,t.l,sm, UL,?%,,W&‘,TE,,S?}. If
g€ Gl (n,R) x 6l{n, K} % 6l(n,R) x Gl(n, K) x Gl(n, R},

g= (a,BE, c2, DLES).

We can define a map
PL ¥ Gl{n, R} X Gl{n, R} % Gl{n, K} ¥ Gl(n, K} ¥ Gl{n, R} — PL

such that {(x',¥!, 2", t' &,™ UL V., Wk 1,82 )(45. BE, 2, DI, EF )}
— (' yl 250 e™, Ulat, v BE, wie, TiDd, $7EF) € PL

and (x', 3, 2% ¢, =™, UL a8, v BE wkee, TiDd s™EZ (L), M™, N7, B3, R, )

B

= (=l 256, o™, UL, v, Wk 1) g2 (At BE M™, ¢ °NZ,DIp3, ESR". |

Thus Gl (n.R) % Gl(n, R) % Gl(n,R) ¥ Gl{n, R} ¥ Gl{n,R} acts on PL
differentiably to the right.
(b) M, # M, % Iy % My X Mg is the quotient manifold

PL/GL{n, R} % Gl{n, R} ¥ Gl{n, K} % Gl{n,R} ¥ Gl{n, R} and the projection map
m:PL — M, % M, ® My X M, X M is differentiable.

(c) For each € M4 ¥ M, X My ¢ M, X M and for every neighborhood U ef 1 with
local co-ordinate system (x',¥!, 2%,t',2™) we can write

nHU) = {25 e™, UL VL W TL ™))

Now,

U= {(x' ¥, 2%, s™))

Gl(n, R} > GL(n,R) % Gl(n,R) x Gl(n,R) x 6l(n, R) = {(UL V), WE,TL52]}
So, U » @l(n,R) % Gl(n,R) % Gl(n, R} % Gl(n,R) x Gl(n,R)

= (G 25,0, a™) (UL VLW TLSP)).
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If I be the map
I: m™2(U} — U % Gl(n, R} ¥ Gl(n,R) % Gl(n,R) X Gl(n.R) X Gl(n,R)
such that EKL,EI, ==t 5™, UL, ?é,Wf,Té,EQ"‘}

— {250, 8™ (Ul v wh T sy}

Then I is the identity map which is always an isomorphism. Thus m~ (U=
isomorphic to U ¥ Gl(n, R} % Gl(n, R} % Gl(n, R} ¥ Gl(n, R} % Gl(n, K).
So the pentalinear frame bundle is the principal fibre bundle.
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