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Abstract

In [2] and [3], Buhagiar defined paracompact mappings, metacompact
mappings, subparacompact mappings, submetacompact mappings and
collectionwise normal mappings which are the fibrewise topological analogues
of paracompact, metacompact, subparacompact, submetacompact and
collectionwise normal spaces respectively. Also in [7], Al-Zoubi and Hdeib
defined countably paracompact mappings which are the fibrewise topological
analogues of countably paracompact spaces.

In this paper we define fibrewise SB-property on spaces. Several
characterizations of fibrewise $B-property on spaces are proved. Several
properties of fibrewise $B-property on spaces are studied.
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Introduction
The fibrewise viewpoint is standard in the theory of fibre bundles, and some of the
ideas of fibrewise topology originated in work of the ideas of that theory. In fibrewise
we work over a topological base space B. When B is a point space, the theory reduced
to that of ordinary topology. Most of the results obtained in this field can be found in
[2], [3] and [6].

Preliminaries

Unless otherwise stated, B is a fixed topological space, J ** denotes the closure of U
in X,, and nbhd denotes a neighborhood of a point in a topological space.
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Definition 1.1 [10]: Let 7 = {U, |aeA} be a collection of subsets of space X.
Then ¢/ is called monotone increasing if U, < Ug for any o <f. ¢/ is called locally
finite if for every X € X there is nbhd O of X such that the cardinality of { U € &/ \ U

(1O # ¢ }is finite.
Let 7 and 77 be collections of subsets of a space X. Then we say that 7is
cushioned in ¢ if for every V € 77there exists U(V) € & such that for every

subcollection 7 of 7, UV eV cUUY) |Ve 77 }.A collection ¢ of subsets of

space X is said to be finitely closure - preserving in X if for any subcollection ¢ of ¢
and any point xe X there exists a nbhd O of X and a finite subcollection ¢ of ¢ such

that O N (U <) < UL,

Definition 1.1 [6]: let B be any set .Then a fibrewise over B consists of a set X
together with a function P : X — B, called the projection., where B is called a base
set .

For each point b of B the fibre over is the subset X =p’ ! (b) of X .Also for each

subset B’ of B we regard X g—p (B’ ) as fibrewise set over B’ .

Definition 1.2 [6]: If X and Y are fibrewise sets over B with projections p and q
respectively, a function ¢ :X— Y is said to be fibrewise if q¢@=p. In other words ¢

(Xp) < Yy for each be B.

Definition 1.3[6]: Let{X_ }be an indexed family of fibrewise sets over B. Then the

fibrewise product is defined as a fibrewise set over B, and comes equipped with

X
the family of projections ;. ;HB X X,

Specifically the fibrewise product is defined as the subset of the ordinary product
HB X in which the fibrewise are the corresponding fibres of the factors x_ .

Definition 1.4 [6]: Let B be a topological space. Then a fibrewise topology on a
fibrewise set X over B is any topology on X for which the projection p is continuous.
A fibrewise topological space over B is defined to be a fibrewise set over B with
fibrewise topology.
If the projection p is closed then the fibrewise topology on X is called fibrewise
closed

Proposition 1.5 [6]: Let X be fibrewise topological over B. Then X is fibrewise closed
if and only if for each fibre X, of X and each nbhd U of X, in X there exists a nbhd

w of b in Bsuch thatX, cU.

Definition 1.6[6]:The fibrewise topological space X over B is called fibrewise T, if

1
for every X ,ye Xp, beB ,there exists a nbhd U of X which does not contain y and a
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nbhd V of y which does not contain X.

Definition 1.7[6] :The fibrewise topological space X over B is called fibrewise T,if
whenever X ,ye X, , be B, there exists disjoint nbhds of X and y in X..

Definition 1.8[6] :The fibrewise topological space X over B is called fibrewise regular
if for each Xe Xpand for each nbhd V of X in X, there exists a nbhd Wof b in B and a
nbhd U of Xin X, such that ..........

A fibrewise Ty and fibrewise regular space is called fibrewise T,-space.

Definition 1.9 [6]: Let X be fibrewise topological over B. Then X is called fibrewise
compact if the projection P is perfect .i.e. X is fibrewise compact if and only if X is
fibrewise closed and every fibre of X is compact.

Definition 1.10 [2]: Let X be fibrewise topological over B. For be B, a collection ¢/
of subsets of Xis said to be p -locally finite if for every xe X, , there exists a nbhd v,
of x such that \V meets only finitely many members of 7.

If the collection {U, | aeA} is p -locally finite open (in X) collection then 7/ is
locally finite iny vV, | xe X,}-

Theorem 1.11 [2]: Let X be fibrewise topological over B. Then the following are
equivalent:

1. Xis fibrewise compact.

2. The fibrewise projection 7z, : X x, Y — Y is closed.

Definition 1.12 [2]: Let X be a fibrewise topological space over B. Then X is called
fibrewise paracopmact if for every be B and every open (in X) over 7 ={U, | aeA

tof X there is a nbhd W of b in B such that X, is covered by ¢ and {U, (1 Xy | aecA

+has an open (in X) locally finite refinement in X .

Definition 1.13 [2]: Let X be fibrewise topological over B. Then X is called fibrewise
Lindelof if X is fibrewise closed and for every be B, every open cover of of X, has a
countable subcover.

Theorem 1.14 [2]:a fibrewise topological space over B is fibrewise Lindelof if and
only if for every be B and every open cover 7/ of X, there exists a nbhd Wof b in B

such that X, is covered by a countable subfamily from /.

Theorem 1.15 [2]: If X is fibrewise Lindelof over B then X is fibrewise paracompact
over B.
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Definition1.16 [7]: Let X be fibrewise topological over B. Then X is called fibrewise
countably paracompact if for every be B and every countable open cover T4 = {U, | n
e N} of X there exists a nbhd W of b in B such that X, is covered by ¢ and {U, N Xy

| Une U} has a locally finite open refinement in X,y .

Theorem 1.17 [7]: A fibrewise topological space X over B is fibrewise countably
paracompact if and only if for every be B and every monotone increasing open (in X)

cover T = {Uy | ne N} of Xj,  there exists a nbhd W of b in B such that X, is covered
by & and there exists a countable open (in X) cover 7° = {V, |ne N} of Xy such
that V. " < Un N Xw.

Theorem 1.18[1]: Let X be fibrewise topological over B. then the following are
equivalent:

Xis fibrewise paracompact.

For every be B and every monotone increasing open (in X) cover ¢ ={ U, |
aeA} of Xy, there are a nbhd W of b in B and monotone increasing and finitely
closure-preserving open (in X) cover {V ‘ aeA} of Xy in Xy such that Xy, is covered

by ¢ and \TaXW cU, NXy forevery acA.

Fibrewise 8B-Property
In this section we introduce the definition of fibrewise %®-Property on topological

spaces or spaces that has $B-Property fibrewisely and give some characterizations of
such spaces.

Definition 2.1: A fibrewise topological space X over B is said to have %®-Property
fibrewisely over B if for every be B and every monotone increasing open (in X) cover
w={U, | aeA} of Xpthere exists a nbhd W of b in B such that X, is covered by 7/

and there exists a monotone increasing open cover 7°= {V, | aeA} of Xy in Xy such

that V. Uz N Xu.
It is clear that:

Theorem 2.2: Every fibrewise paracompact space over B has B3-Property fibrewisely.
The converse of the last theorem is not true (see [10]).
Also from theorem 1.17 we have:

Theorem 2.3: Every fibrewise topological space that has B-Property fibrewisely over
B is fibrewise countably paracompact over B.
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Theorem 2.4: Let X be a fibrewise topological space over B. Then the following are
equivalent:

X has ®-Property fibrewisely.

For every be B and every monotone increasing open cover ¢ of X, there exists a

nbhd W of b in B such that X, is covered by & and {U,[1Xy | aeA} has a

cushioned open refinement in Xy, . Then there exists a nbhd W of b in B such that X, is
covered by ¢ and {U,N X, | aeAthasa

For every be B and every monotone increasing open cover T of X, there exists a
nbhd W of b in B such that X, is covered by 7 and {U Xy |aeA}haS a o-

cushioned open refinement in X, .

Proof:

(1) = (2) Clear.

(2) = (3) Clear.

(3)—>(1) Let beB and & ={U, | aeA} be a monotone increasing open (in X)
cover of X, . Then there exists a nbhd W of b in B such that X, is covered by #and

{UoN Xy | a e A} has a ¢-cushioned open refinement U {74, | ne N}, where each 74,
is cushioned in 7. Let 75 ={v | aeA}, where U, |a e AV UtU, |a e A’ for any
subset A" of Aand any ne N. Let V,, = V,,| @eA}. Then {v |ne N}is a countable

open (in X) cover of Xy . Since ,by theorem 1.17 , X is fibrewise countably
paracompact, there exists a nbhd w'cwof b in B such thatx, is covered by {

V,Jne N} and there exists a countable open cover{O, | ne N}ofx,such that
0, <V, N X, =U{v, NX,| acatfor  every ne N .For every aeA,let
M, =U{0, NUN,, N X, [B<a})| neNj ,then {M, | a €A }1s a monotone increasing open
cover of X, such that M_ " cu, N X,, - Therefore X has ®-Property fibrewisely.

Theorem 2.5: If a fibrewise topological space X over B has ®-Property fibrewisely

then for every be B and every open (in X) cover ¢ = {U, | aeA} of Xy there exists

a nbhd Wof b in B such that X, is covered by 7/ and there exists an open (in X) cover

V?=1{V,,| B < a;a e A }of Xysuch that :

(1) vV, cU, N X, forany o, p withg <« .

(2) For each xe Xy , there exists a nbhd O of X and ¢ eA such that
ONWUYV [fzasaza,l)=¢-

Proof: Let beB and @ = {U, | aeA} be an open (in X) cover of X, Let
U, =UU,|p<a}-Then &=
Since X has ®-Property fibrewisely, there exists a nbhd W of b in B such that X, is

a e A} 1S a monotone increasing open cover of X,
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covered by /' and there exists a monotone increasing open cover 7={V, | aecA}of
Xwsuch that v cu: nx, for each aea.Let v, = Ugv,|p < «} for each o <A and for
each ¢,pecawith g<qo, let Va,]=(U/,ﬂXW)\ V. ™. Then V,, cU,NX, for each
a,peawith g<qg.

Let xe Xyand o, be the first of {geAlxeU }, thenxgU’ , s0xeV, . Since

ay-1
u. :UNﬂ\ﬂgao},then there exists g < o, such that xeU,, SO XE(UﬂﬂxW))\VW1 Xw —

V,;-and 8o (v |p < a;a e A} covers of Xy

Let Xe Xy and ¢, e A withxevan. For any o eA withg, <o, we have v m(xw\
v,y = gbecause {V, | a € A }1s monotone increasing ,so for any aeA with g>¢, +1

and any pea withp<awe have v, Nv,cv, NX,\V,  ™)=¢s0
V, NUN B2 aa>a, +1j=g.hence (v |# < a;a e A} satisfies (2).

Theorem 2.6: Let X be a fibrewise topological space over B. Then the following are
equivalent:
(1) Xhas B-Property fibrewisely.

(2) For every be B and every monotone increasing open cover ¢ = {U, | aecA} of
Xp . there exists a nbhd W of b in B such that Xy is covered by 7/ and there exists
an open (in X) cover {V, | a e A} of Xysuch that:

(a) V, < U, N Xy foreacha eA.
(b) For each Xe Xy, there exists a nbhd Oy of X in Xy and someq, e such

that o, VUV, |o 2 o, }) -

(3) For every beB and every infinite open cover & ={U, | aeA} of of Xy there

exists a nbhd W of b in B such that X, is covered by 7/ and {U,1 X | aeA} has
an open refinement 7”such that each xe X, has a nbhd Oy such that the cardinality
of {Ve 790,NV = ¢ }is less than the cardinality of 7.

Proof: (1) —>(2) Let be B and & ={U, | a € A } be a monotone increasing open cover
of X, . Then there exists a nbhd W of b in B such that X, is covered by 7/ and there
exists a monotone increasing open cover {T, | aeA} of Xy in Xy such that
T.™ cu,nx, for eachaea. Since {T, | aeA} is an open cover of X, then there
exists a nbhd w'c w of b in B such that X, is covered by {T, | aeA} and there
exists ~ monotone  increasing open  cover {§ | acA} such  that
S, eT, T, ™ U, NX,for each aea.Assume that T =UiT,|g<a}for any aea

a

andletv, =T \S_ “ foreach gcA.
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Let xe x,,and ¢, be the first of {a e A|xeT, }.Then xeT, and hencexe s 50

1

xeV, Thus {V, | a €A} is an open cover of X, .

Letxex, . Since {S, | aeA} covers X,,, there exists ¢, e Asuch thatx e S,,> 80 for
everya > q,, we haves, NV, cs, \s, e S, \S, " =¢.Therefore
S., N(UNV, Jaza,}) -

(2) >(1) LetbeBand &= {U, | a € A } be a monotone increasing open cover of
Xp . Then there exists a nbhd W of b in B such that X, is covered by #/and there exists
an open (in X) cover 7={V, | aeA} of Xyin Xy such that 77satisfies (a) and (b) of
(2).For each aea let T, =U{O |O is open in Xy and ON(U {V,|p=a})=¢}. Then
{Ta | aeA} 1S a monotone increasing open cover of XyFor eachaea,Ton(U ¢
Vigzal)=¢}), and 50 T NUN, [pzah =9, hence
T, e Xy UV, [B2a}cUV, [f<alcUU, N X, [f<a}cU, NX,-

Therefore X has ®-Property fibrewisely.

(3) = (2) Clear.

(1)>@3) Let beB and @ ={ U, | a <7 }be an open (in X) cover of X, where ris
the minimal ordinal number whose cardinality is equal to the cardinality of 7. By
theorem 2.5, there exists a nbhd W of b in B such that X, is covered by #/and there
exists an open (in X) cover 7°={v_ | < a;a <7} of Xysuch that:

D v, cu,nx, foranyq,gwithp<q and
(2) For each xe X, there exists a nbhd O of X and 4 <: such that

ONWUN,, |B<asa,<a}) =¢ »so the cardinality of {Ve 77|0nV#¢} is less

than the cardinality of /.

From theorem 2.5 and theorem 2.6 we have

Theorem 2.7: Let X be a fibrewise topological space over B. Then the following are
equivalent:
1. Xhas ®-Property fibrewisely.

2. For every be B and every monotone increasing open (in X) cover 74 = {U, |

a e} of Xy there exists a nbhd W of b in B such that X is covered by 7/ and
there exists an open (in X) cover 7= {v_ | f<a;a e A} of Xysuch that:

(a) V,, cU,NX, forany o5 with p<a.
(b) For each Xe X, , there exists a nbhd O of X andg, ea such that
ONWUNV, IB<asa,<a})=¢-

Proof: (1) —>(2) From theorem 2.5.
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(2)—>(1) Let be B and & ={U, | a € A } be a monotone increasing open cover of

Xp. Then There exists a nbhd W of b in B such that X, is covered by 7/ and there exists
an open (in X) cover 77 = {v_ |f<a;acA} of Xy satisfying (a) and (b). Let
V, =\, |f<a} for eacha e A, then {V, | aeA} 1s an open cover of Xy such that V,
U, for eacha e A. Also for each Xe Xy there exists a nbhd O of x and 4, e A such that
ONWUINV, | f<asa, <a})=¢, SOON UL, |a, <a}) =¢. Therefore, from theorem

2.6 (2), X has ®-Property fibrewisely.

Theorem 2.8: A fibrewise regular (T, ) space X over B is fibrewise Lindelof if and

only if X has B-Property fibrewisely and for every be B ,every uncountable subset of
Xphas a limit point in Xj

Proof: Suppose that X is fibrewise Lindelof over B. Then, by theorem 1.15, X is
fibrewise paracompact over B, so X has ®B-Property fibrewisely. Let be B and A be an
uncountable subset of X, and suppose that A has no limit point in Xy, ,then for any xe
Xy there exists a nbhd y, of X such that U, N(A\{x})=¢, SO {U |xe X,} 1S an open

cover of X, which has no countable subcover, a contradiction. Thus A has a limit point
n Xp.
Conversely, suppose that X is fibrewise Lindelof over B, let be B and let 74 ={U,

| a € A } be a monotone increasing open (in X) cover of Xp,then there exists a nbhd W
of b in B such that X, is covered by 7/ and there exists a monotone increasing open
(in X) cover {V, | aeA} of Xysuch that V™ cu_ Suppose that ¢ has no countable

subcover of Xy ,then Xy\ U, is an uncountable subset of X, for each o € A, hence Xpn
(Ugi1\ Ug )= ¢ for an uncountable number of o’s. Let A'= (g ea|U,,,\U,)N X, = ¢} and

x, e(X,\U,)NU,, \U )for allaeA’. Then A={x |a e A'}is an uncountable subset of
Xp , so it has a limit point x. Let gbe the first of (g ea’|xeU,}. Then U\ v, ™ is a

a+l

a+l

nbhd of X with (ua\\KXW)m(A\{X})is at most finite. Since X is fibrewise T, then

U, \V,, “)N A is an infinite set, a contradiction, so £ has a countable subcover of X.
Therefore X is fibrewise Lindelof.

Corollary 2.9: A fibrewise countably compact and fibrewise T, space X over B is
fibrewise compact if and only if X has B-Property fibrewisely.

Proof: suppose that X is fibrewise countably compact and fibrewise T, over B. Then

for any beB , every infinite countable subset of Xy has a limit point, so every
uncountable subset of X, has a limit point, so if X has ®-Property fibrewisely over B,
then ,by theorem 2.8, X is fibrewise Lindelof over B. Thus X is fibrewise compact
over B.

The converse is clear.
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Definition 2.10: A fibrewise topological space X is called fibrewise Para-Lindelof if
for every be B and every open (in X) cover & ={U, \ aeA} of Xp, there exists a nbhd
W of b in B such that X, is covered by ¢ and {U, Xy | aeA} has a locally
countable open (in X) refinement that covers X .

Theorem 2.11. If a fibrewise topological space X is fibrewise Para-Lindelof and
fibrewise countably paracompact over B, then X has 3-Property fibrewisely over B.

Proof: Let be B and &= {U, \ a € A } be a monotone increasing open (in X) cover of
Xp. Then we have the following cases:

Casel: If ¢/ is uncountable, then there exists a nbhd W of b in B such that X is
covered by ¥ and {U,NXw \ aeA} has a locally countable open (in X) refinement

7= {V, | a e A} that covers Xy withv, cu_n x,,. For each Xe X, there exists a nbhd
Oy of X in Xy that intersects only countably many members of 77 so there existsq, e A
such that OxNV,=¢ for all 4o , henceo, N (U{v, |a, <a}) =¢ . Therefore, by
theorem 2.6, X has ®3-Property fibrewisely over B.

Case2: If ¢ is countable then, by theorem 1.17, there exists a nbhd W of b in B such
that X, is covered by 7 and {U, Xy ‘aeA} has a locally finite open (in X)

refinement 7%={V, | aeA} that covers Xy withy cu_NXx,. For each xe X there
exists a nbhd Oy of X in Xy that intersects only finitely many members of 72 hence
there exists o eAsuch that OxNV, =¢ for allg >4, SO O, NUWV, |a, <a}) =¢-
Therefore, by theorem 2.6, X has ®-Property fibrewisely over B.

Properties of Fibrewise 8B-Property

Theorem 3.1: Let X be a fibrewise topological space over B. Then if X has ®-
Property fibrewisely over B and Y is a closed subspace of X, then Y has %-Property
fibrewisely over B.

Theorem 3.2: Let X be a fibrewise T, space over B. If X has ®B-Property fibrewisely
over B, then Xis fibrewise T, over B.

Proof: Let be B and suppose that there exists a closed set H in X and a point Xe X,
withxe¢ H such that if W is any nbhd of b in B and O is any open set in Xy with
HNX, cO then xe0™ .Since X is fibrewise T, then for every yeH, there exists a

nbhd Uy of y such that x ¢ UT , S0 xg lTy N X, = lTyXW for any nbhd W of b in B, hence we

can find an open cover % of Hy of minimal cardinal 2 such that if Ue #thenxeU™
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for any nbhd W of b in B. Let {U, \ a A} be a well-ordering of 7/ according to the
initial ordinal of cardinal 4 .Note that 1 cannot be finite because if so, then T/ ={
U,...U, }» ngiXW , 1=1,2,.....,n for any nbhd W of b in B. Since H has the $B-Property
fibrewisely and we can make 7/ a monotone increasing open cover of Hp, then there

exists a nbhd M of b in B such that H,, =H N X,, is covered by 7% so yn X, EUUi

S. nixM n h —Xm
Since |y =| o then "y

i=1

S0 ye | Ju, N X, " butxe0™ for any nbhd M of

bin B and any open set O in X, withH N X,, < 0,a contradiction, so 4 is infinite.
Let \, _ Uy, then {V, | aeA} 1S a monotone increasing open cover of Hp, so
p<a
there exists a nbhd w’of b such that H,,is covered by {V, | a e A} and there exists a
monotone increasing open cover {G, | aecA} of H,such that g™ cv NH,, .Let

a, e Asuch that xg\fﬁ”w', then o <iand xgG, ™ Let G- Usc then 77=

aza,

{U,|p<a, JU{G}Is an open cover of H,, such that the cardinality of Z71s strictly less

than 2, which is a contradiction.
Therefore X is fibrewise T, over B.

Recall that a function f : X—Y is called proper if f is continuous, closed and f'(y)
is compact for any ye'Y.

Theorem 3.3: Let X and Y be fibrewise a topological spaces over B and f :X—>Ybe a
proper fibrewise surjection. Then X has %-Property fibrewisely over B if and only if Y
has B-Property fibrewisely over B.

Proof: suppose that X has ®B-Property fibrewisely over B and let 74 ={U, \ acA} bea
monotone increasing open cover of Yy ,then {f'u, )« eA}ls a monotone increasing
open cover of Xy ,so there exists a nbhd W of b in B such that X, is covered by
(f1(U, e arand there exists an open cover {V, | aeA} of Xy such that
V, c f'(U,)N %, and for each xe Xy there exists a nbhd Oy of X and «_ e asuch that
ONUV,|lazal)=¢-

Leto, =Y\ f(x\v,), then O, is open in Y and O, cU_NY, and if ye Y, then there
exists xef'(y), so there exists a nbhd Oy of X and 4 easuch that
O,NUV,laza})=¢-

LetMy =Y\ f(x\0,), then m ,NUO, |a > a,}) = ¢ .Thus, by theorem 2.6, Y has ®-
Property fibrewisely.

Conversely, suppose that Y has B-Property fibrewisely over B and let 7/ ={U, \

aeA} be a monotone increasing open cover of X, Since f is proper then f-'(y) is
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compact, so there exists a(y)ea such that f-(y)cu,  .Also since f is closed then
there exists a nbhd Vy of y in Y such that f1v,)cU,,, For each aealet
G, =UN,| f7'(V,)cU,,.yeY,} Then & ={G, ‘ aeA}is a monotone increasing open
cover of Yp, so there exists a nbhd W of b in B such that Y,y is covered by & and there
exists a monotone increasing open cover {O, \ a € A }of Yy such thatg ™ < G Ny, , so

110, " < 17(0,") < 17(G,)N Xy U, N Xy -
Therefore X has ®-Property fibrewisely over B.

Corollary 3.4: If X is fibrewise compact over B and Y has $B-Property fibrewisely
over B. Then X x, vy has ®-Property fibrewisely over B.

Proof: The fibrewise projection , .x x_v Y is a proper fibrewise surjection over B.
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