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Abstract

The rotational motion of an artificial Earth Satellite has been investigated for
the non-resonant and resonant cases. The computational draw of resonant
curves portrays the presence of strange attractors.
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1. Introduction

The satellite with a magnetic stabilization have been discussed by various researchers
because it has a great significance in the space research. The results reported here are
mainly confined to the investigation of the resonant and non-resonant cases. Our
numerical study emphatically assures the existence of chaotic behaviour.

The equation of motion in the present problem (Fishell* and Beletsky?) is
2

d—2+a\/1+35in2vsinn=M 1)

dv (1+3sin?v)?
where 7 is the angle between the magnetic moment vector M of the satellite and the
geomagnetic field B, v is the angle between the plane of the Earth’s equator and the
radius vector of the satellite and « is a dimensionless constant that depends on the

magnetic moment of the satellite and the moment of inertia of the satellite relative to
the principal axis that is perpendicular to the plane of the orbit.

2.1/4

Assuming e = a=o¢€"".

(1+3sin?v)?’
Equation (1) is reduced to
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2
jTZ+a)2 sinn = 6esin 2v (2)

Adding w?y to both sides of eq. (2), we get

2
3_’27+a)277=6esin2v+w2(77—3in77) @)
v

In equation (3), the non-linearty (77 —sin#) is assumed to be sufficiently weak
and hence it may also be assumed to be of order of e. Therefore taking w? = pe, we
get

n"+w’n =e[6sin2v+ B —sinn)]. (4)

For e =0, the generating solution of the zeroth order is given by

n=acosy, ¥=av+¥*
where amplitude ‘a’ and the phase ‘y*> are constants to be determined by the initial
conditions. The solution of the eq. (4) is obtained in the form

n=acos¥ +eu,(a,¥,v)+e?u,(a, ¥,v) +... (5)
where the amplitude ‘a’ and the phase ‘w’ are determined by the differential
equations:

%:e@(a)+e2A2(a)+... (6)

d—\\fj:a)+eBl(a)+eZBz(a)+... (7)

From (5), we calculate n", " . Substituting them in (4) and ignoring the terms
containing fractional powers of e, we get

2 2 2
e ﬂﬂozﬂ—ZAla)sin‘P—ZaBla)cos‘PJrZw o
v, oY, ovo¥Y

2 2 2

+e? coza—u§+2a>a Up Oy ( B,— A Al)cos‘P
oY a‘I’av ov?

o2y

oYov

on e van Jame o202
ah —+2AB, S|n‘P+2a)Bl—+2A& a281

62u1
odaov
=6esin 2v+ pe[acos Y +eu ] - pesin(acos'Y +eu, +...)  (8)
Equating like powers of e, we get
2 2 2
P2 VoV
=6sin 2v+a,Bcos‘P—,Bsm(acos‘P). 9)
Equating like powers of e?, we get

—2wA, sin¥ — 2waB, cos ‘{’} +o° (eu, +e%u,) +54u,e? sin? 2v

“—L_2wA sin¥ —2awB, cos ¥ + w’u,
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2 2 2

oA 0B, i
v 8\P8v rYa (Bl A— ]cos‘P—(Alaa—a+2A&Bljsm‘P

2 2
o°u
20 2 +2 L cos¥ — 2wA, sin ¥
Bl A'l G‘PGV +2B, 8‘P8v &
+a)2u2+54uls|n 2v
= B(1—cos(acos¥))uy,. (10)

Using Fourier Expansions given by

sin(acos'¥) =2 (-1)" 3, ,; (a) cos(2k +1)¥
k=0

cos(acos'¥) = Jy(a) +2> " (-1)* I, (a) cos 2k
k=0
where J,, k=0,1,2 stands for Bessel functions. Equating the coefficients of cosy
and siny to zero in equation (9) so that u,(a,y,v) should not contain the resonant
terms, we get
A@)=0
pl23,(a) -a]
B, (a) = T oam
Further, substituting Aj(a) and B;(a) in (9), we get
20U, 0 S L4 o', =6sin2v- 263 () Iy a(@oos(k+ ¥ (11)
oy P o 1= & 2+l
Integrating the above equation we get
65in v p k Joa(@)cos(2k +1)¥
+— 7 ( 1)
-4 2w k(k +1)
aul 2I(+1(a)(2k +1)sin(2k +1)W¥
v 20)2 Z( 2 k(k +1)
ou; 12cos 2v
R w?—4

Substituting the values of A, B, ,

| =

%, % and u, in (10) and then equating
v

the coefficients of cosy and sin'¥ to zero, to avoid the resonant terms, we get
A, =0
36°30(@)35(a) _34%35(a) _ pl2,(a)-al
8aw’ 8aw® daw?

Thus in the 1% approximation the solution is
n=acosV¥; (12)

da
v (13)

BZZ
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Z—‘\f:w+2—“;[231(a)—a]. (14)

In the 2" approximation, the solution is
n=acosW¥ +e[65ln 2V N 2/3’2 Z(_l)k Joip(@)cos(2k +1)¥

o ~4 k(k+1) (15)
"o (16)
dv
A L @) ay-a)s 300@%@) 30li(@) e@L@)-a)
dv 2a 8a 8a da

Equation (15) gives us the main resonance at @ =+2.

We have calculated that the system experiences resonance behaviour when
@ =12 upto 2™ order of approximation. We now proceed to study the resonance at
w=7%2.

For e =0, the generating solutions are

n=acos¥Y

wz%+9 (18)
where, amplitude ‘ @’ and the phase © #’ are determined by the following equations:

da

—=eA(a,0); 19

4, —cA@o) (19)

do 1

—=w--+¢eB/(a,0); 20

&~ @ TeR@0) (20)

dv. k dv

=w+eB,(a,0)

where A (a,8) and B;(a, &) are particular solutions periodic with respect to 8. Using
2

(18), (19), (20) and (21), we find 3—77 and 3—727 and substituting them in equation (4)
v v

eH[m—%)%—ZBlaw}cosw—{a(w—%j%+ 20)A1}Sin z//}

+e? HA&%+ Bl%—aBl}cosw—{a(Al%+ Bl%j+2A182}sinw}

=6esin2v+epfacosy —epfsin(acosy) (22)
Comparing the coefficient of e,

_1VA Ja[w-1]%B i
{(a) kjae ZBlaa)}cosy/ {a(a) kj69+2a)A1}smw

=6esin2v+ facosy — gsin(acosy)

we get
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=6sin2v+ Bacosy — B| 2 (-1 Jp,1(a) cos(2k + 1)y
k=0

=6sin 2(ky —k6) + B(a—2J, (@) cosy — 28 (~1)* Jy.1(a) cos(2k + 1)y (23)
k=1
Comparing the coefficient of cosy and siny , we get the following cases:

Case a. When k :%

(a)—Z)%—ZBlaa)=—63in<9+,6’[a—2J1(a)], (24)
a(w-2) % +2wA =—-6C0s6 . (25)
Solving equations (24) and (25) we get
A=- P cosé ;
B = & ging F@=24(@)

w+2 2wa

Case b. When k = —%

((a)+ 2)%—281achosw—{a(a)+ 2)%+2(0A1}Sim//

=6sin2(ky — k&) + p(a—2J,(a)) cosy

ie.
(w+2)%—281aa):63in6?+,8(a—2J1(a)), (26)
a(w+ 2)2%+20)A1 =6c0s64. (27)
Solving equations (26) and (27), we get
A= 6coso
(0-2)
B, —— 6sing  p{a-2J,(a)} .

a(w—2) 2aw
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2. RESULTS AND DISCUSSIONS
During the analysis, we observe that for e=0.497, #=2.0, f=5.5, k=4.0. Fig. 1,

the resonance curve plotted between y and a and Fig. 2, the resonance curve plotted
between & and y indicates interestingly the presence of piano like strange attracters
near resonance.

3. CONCLUSION

In the computational studies analytically we have seen that the amplitude remains
constant upto the second order of approximation. Also we have estimated the resonant
solutions.
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