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On An Contact Angle Problem of Rotating Fluid With Free
Surface

Hirotada Honda

Abstract

In this paper, we consider the fluid on the rotating plate in 3 dimensional space,
which is applicable to thin film coating process, and so on. By considering the
contact line of the fluid and the plate, we model the system as a contact angle
problem in 3 dimensional space. We model the system mathematically using
Stokes equation, and verify the solvability near the edge in weighted Sobolev
spaces.

1991 Mathematics Subject Classification: 35M10, 35Q35, 35R35, 76D99,
86A05

Introduction

Mathematical modeling of thin film coating process is one of the most important
features in the fluid dynamics. It will contribute to thin film coating control process. In
the coating process of thin film, the free surface of the fluid and the contact angle
problem should be considered. There are several studies of coating processes in the
literature, but they did not deal with them at the same time. In this paper, we model the
system as a 3 dimensional stationary contact angle problem with free surface. We
assume that the diameter of the fluid is small and constant. In the following, we
introduce the mathematical formulation on the problem in the next section, consider the
linear problem in section 3, nonlinear problem in section4, and conclude this paper in
the final section.

Mathematical Formulation
Consider the system depicted in Fig.1.
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Figure 1: Fluid around Contact Angle

For simplicity, we assume that the contact line of the fluid is a ball on the plane,
and the distance between the contact line of the fluid and the rotating center is a positive
constant d. To model the system, we introduce the coordinate system shown in Fig.2.
In this system, a point in the region is denoted by (d — rcos¥, ¢, ¥), where 0 < r <

d,0<¢p<2m 0<¥<

Figure 2: Coordinatge System

Linear problem for stationary problem for the fluid shown in Fig.1 can be
described using Stokes equation:

vAav+Vp=f,, (1.2)
V.-v=0 x€Q (1.2)
Twn—-ocHn—-pn=f; x€T,, (1.3)
v=f, x€T, (1.4)

By Q we denote the region satisfied by the fluid, I'; the free surface of the fluid,
I', the bottom boundary. f,, f3, f, stand for external forces which are known
functions. v > 0 is viscosity constant, v velocity of the fluid, T(v) the stress tensor,
o the surface tension, H twice the mean curvature of the surface, p, the pressure on
the free surface, n is the outer unit normal to the free suraface. For convenience, we
assume that supp(v) € {|(r,¢, ¥ € Qy|0 <r < €} for a positive constant € .
Operators A and ¥ in the coordinate system introduced above is denoted as follows:
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Af =
1 a of a or of 0 (d-rcos¥ Of
(d—rcos¥)r {E (T(d B TCOS‘P) 5) + E (6d—rcos‘P ﬁ) + ov ( T E)}’ (1'5)
99
ar
1 ag
V’g = |d=rcosw ﬁ ) (16)
10g
row

Next, we can see that the line component of the coordinate system is denoted as
ds® = hdr? + h}d¢? + hyd¥?, and we use the following notations:

r=(5) + () +(5) =1

B = () 4 (2) +(Z) = @-reosey

ap) " \agp) " \ag
hy = (asv) t (at.v) t (aw) =T (1.7)
From relations above, we get
Grr =1, gpgp = (d —1C05P)?,  gyy =17, (1.8)
™ o_ PP — 1 vy _ 1
g =1L g "~ (d-rcos¢)?’ g TN (1'9)

Now we introduce new coordinates (b,,bg, by) defined by b, =./g"a, ,

by = g%Pay, by =/ g¥¥ay, and using o;;a' ® a’ = &;;b' ® b/, and stand for
the (i,j) component of the stress tensor T(v) in the old and coordinate system by o;;

and &;;, respectively. Then we get the relations
Opp = Oppy Opg = (d —7€050)brg, Opp = TGy, Opg = (d —

7C0SP)* G pep (1.10)
Opy = 1(d —1C0SP)Bpy, Opy = 12Gpy. (1.11)

On the other hand we can calculate Christoffel notations by

. = 1gzi (6gkz 991 _ 39kj).
kj 2 axJ axk axt )’

oo b cos¥ _ ¢ _  rsin¥
L =Ty =The =0, rdﬂ__d—rcosll” 99 =0, rw'_d—rcos’z"'
Ty ==, Tis=0, Tiy=0,
d — rcos¥)sin¥
T =T =0,Th4 = (d — rcos¥)cos¥, Thy = _{ . ) , Thy
— ¢ _

Then we get
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v, v,
O'rr=21/?, O'r¢=1/ %

0
Opy = [( o v\y) r—] Opp = 2v(d — rcos‘P)

0
+ —((d - rcos‘P)v"’) + v¢cos‘1‘] ,

oy ¢
vy, 0Vy 0vy

gy =V |(d - rcos‘I‘) — + r% Opy = 2Vr ¥k
and since the (i,j) component of the deformation tensor g;; is denoted as:
oy =¥ (25 T8 # 50 (224 T8 012
we get
— v, 1 v, N vy N 2cos¥ .
I =V I TV T rcosw 0¢p Odr d—rcos¥ K

v [(avr ) N avg,
~rl\oy 4 or

. [<0vr )+ 0vy . 2v vy
T =VI\ow )T 99 T (A~ rcos¥) a¢

5 161;4, N 1 0Vy . 2vovy
%0 =V 0w T d —rcos® ¢ |’ Y=y

From the above considerations, original equations, continuity equations and
boundary conditions are described as follows:

v a v d T 6 d-rcos¥ ov
B (d=rcos¥)r {5 (T(d B TCOS\P) E) + 6_ (d rcosy E) o ( r 6'{')} +
Vp =1, (1.13)
— 2 (r(d - rcosP)v,) + + - ((d - reos¥)vy) | = €
@reost)r \ar (r(d — rcos?)v,) 3% (1vg) + o ((d —rcosPyvy)j = f x
Q, (1.14)
[ (v, a
v (al;; - 17\{1) +r W] f31, (1.15)
v (d — rcos‘I‘) 4’ +r av""] f32, (1.16)
.8
v _Zr% - pe] fz3, x €Ty, (1.17)
V= f4 X € rz, (118)
where
%
ar
I )
Vp = d—rcos¥ a¢ | (1.19)
19p

r o¥
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(1.13)-(2.19) are our mathematical model of the fluid on the plate in the thin film
coating process, and is the original problem we deal with in this paper.

Mellin Transform And Function Spaces

In this section, we introduce some function spaces to solve the model problems. Before
that, we introduce the Mellin transform with respect to r. From here after, we denote
the Mellin transform of a function f(r) by f(A)(r > 0) given as follows:

f =["f@r*tdr, 2=2+il €C. (2.1)
The inverse transformation is given by

F) = 5 fognea, 7 F Q)2 (2.2)
We know that the following equalities holds[1]:

2 fronon, | FOOPRAL = [ 170071 | () Par, (2.3
rkf(r) = fA+h), (2.4)
') = -2 (), (2.5)

where f'(r) means the derivative of f with . Next we introduce function
spaces.

Let Q be adomain of the fluid depicted in Fig.1, and we introduce the coordinate
system described in the previous section. We also denote by T" the bottom boundary
with ¥ = g Then, for ardinary m € N, and v > 0, we define weighted Sobolev

norms for the functions defined on them:

Il w W= Z f | DEDE DY () [2r2#=0n=D+D drdpdy,
osl+a+jsm Q
Il 112

w NI»—k

m
u
m-—

FErIE P2 dg g dr

FTMS

»—-II

f f” f“ |DrDg™"f(r, @) — DiDg ™' f (r, @I
Ry

m-k—1 2m
+ Z f f |D D¢f(T ¢)|2 2(u— m+l+1)d¢dr
Ry

k=0

m-1 2 Dm -k- 1Dk r+ Dm k- le r 2
fkf 4 gr2 gy fo| Ef( piz fror

For domains after Mellin transform, let A€ C, § ER, 0 < ¥ < g and we define
norms of functions on (4, ¢, '%V),
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21 j)
ol = [ g [ av S e S
o ReA=pu— m+3 d¥/

20<j+asm
(el Zf L1+ Y M2 P dadé
Rel=pu—- m+—
m—1
+zf (1 Y2182 vl dads
k=0 ~ReA=p-— m+—

2

Similarly, for 1€ €, § €R (i =1,2), we define norms of functions on
(AJ¢I\I‘)1
2T

11wl 0 = f dfldfzf d¥ D (L PRIl P
0 ReA=u—m+§ 0=jsm
Note that these norms have weights with the distance from the contact line of the
fluid. We define function spaces for vector functions in the same manner.
For functions defined on Q, consider its Mellin transform with respect to » and
Fourier transform to ¢, denoted by . Then, Il u [ is equivalent to | Il v| Il .,

(1 2] Ny, and Twll 2 to |l v ||M_m_%, respectively.

H, ()
n
Proof. We can easily prove the lemma above using Parseval type equalities.

Actually,  since [ ._ e LIRDPPA+121Pkd2, is equivalent  to
Sico [y 22 [ r20ken-tar )

XFva=0 Jer=p-msz( 1+ 12 2ym=U+a) || DEDYE IF, ., dA (2.6)

is equivalent to

Z;'r-ll-a=0 Z?:)(Ha) f; I DﬁDgD\{,u "iz,qb,‘P r2u=(m=D+0 gy (2.7)

where I-llL, denotes the L, norm in the space {0 < ¢ < g 0 < ¥ < m} with

respectto ¢ and V.
This completes the first assertion of the proof. The other assertions can be proved
similarly. Now, the following is the main theorem of this paper: [J

3 3
For arbitrary m =0, f, € H'(Q), f3 € H:HZ(Fl) , fa € H;n+2(1“2) , the
problem (1.13)-(1.19) has a solution v € H2+m(Q) satisfying

12 ooy S CIN fr Mgy + R gz +0 Fo 0 s+ fal 2, ]
Hf (1) Hy "(r2)
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Approximate Problem
In this section, we consider an approximate problem of (1.14)-(1.20). Replacing r in
(1.14) by a constant 7, that satisfies 0 < ro <r, Expanding (1.14), and denoting the

] ov r?
term (d — rcos‘P)ra (r ;) — rcos‘{’r— + ma¢2 +(d by
ov v T2
L[v] and (d - rocos‘PO)ra(r ;) rocos‘I’Or— + Tc(‘)os'}’oa¢2 + (d -
2
rocos‘PO):TZ by Lo[v],
and (d — 2rycos¥y) v, + (d — rocos‘PO)r% ¢ 4 rsin®vy + (d —
ToCOSTo) = by L3o[v],
(d - Zrcos‘I‘)v + (d — rcos‘P)r— + ra—; + rsinfvy + (d — rcos‘P) by
Ls[v],
v g ” 0 ( 617) v ov N ré 0%v
(d — rycos¥y) (d = rocos O)T 0 ToCOS ol G T = rocos¥W, d¢p?
22
or
+(d P 6217} + o op
— 15COS —
0 ) oy? d — rycos¥, d¢
ap
L Tow
v
= 2 — — —_
v=rh [(d —19c05¥,) (d — rcos‘[f)] L]+ (d —rocos¥y) LLLw] = Lo[v]]
_l_
29p
r 6r<
7o r? ap
{d—rocoslllo d- rcos‘l’} ad | (28)
ap
aw
((d = 2rycos¥y)v, + (d — rocos‘I‘o)r + To—=— P e (d - rocos‘I‘o)
_ roSin¥,
=11 (d —rycos¥y) Ve
1 1 1
t {d—rcos‘{' N d—rocos'ilo} L3[17] t m [L30 [’I}] - L3 [17]] (2'9)

v [(% — v\y) +r av“"] f31, (2.10)
v[(d = rocosPo) S + 15| = fiz + v [ (a0 (0, Bo) — a(r B) + (1 —
) """”] (2.11)
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Zvro a =faz+v [Z(ro — r) prw £ pe] x €Ty, (2.12)
V= f4_ X € rz, (213)
where ¢’y =d — 2rycos¥, and ¢’y = d — rycos¥,.

In (2.3), we replace the second term of LHS by +r0cos‘I‘0r% for a technical
reason. So we consider

v g ” 0 ( OV) N " ov N ré 0%v
(@ = rocosgy |\ ~ TocostoIr au(r gy )+ rocostor oot e 347
[ 2]
, or
0“v 0 op
d— ¥ —
+ (d = Tocoso) 6‘{’2} + d — rycos¥, d¢
Lo
L Tow
v 2
= -2 (d = rocos¥y) rocosWVYor — F + r“f,

v

B [(d —19c0s¥,) - (d — rcos‘l’)] Livl+ (d — rocos¥y) LL1Y]
= Lo[v]] +
29p

r or

7o r? ap
{d—rocoslllo T d- rcos‘ll}% { (2.14)

op

rr

Replacing RHS of (2.8) and (2.9) by F; and F,, (2.10)-(2.13) by f',., f',,,
f's5: f', respectively, we consider the nonhomogeneous problem:

- d {(d—r cos¥ )ri(ra—v)+r cos¥ ra—v+ 1o o™
(d — rycosW¥y) 0 7 ar\ ar 0 O 9r ' d—rycos¥,0¢?
2
or
+ (d — rycos¥y) 0217} + o 6_p
oy? d —rycos¥, d¢
ap
| oy
=1r?F,, (2.15)
(c'o —c" Vv + 15— 2% i + (d — rocos‘PO) =1k, (2.16)

v [(% - vqf) +r a”‘”] f31, (2.17)
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[(d - 7‘0505‘1'0) ‘|‘ To aau;,] faz +V [(%(7’0: ¥o) —a(r,¥)) + (ro —

) "”"P] (2.18)
vy av‘l’

2V —— P =fi3+V [Z(TO - r) — + pe] x €Iy, (2.19)

v=f, x€T, (2.20)

Applying the Mellin transform to » and Fourier transform to ¢, we get

2
v ~
- d— P A2 — VoD + ——— (i6)?D + (d
(@ = 1ocos¥y) {( rocos¥y) roc0sW o)V + . rocos‘I’O (i&v+(
0%v
—19c0s¥P)) ET7E)
—(,1 +1)§
+|d-r cos‘l’0 (lf)f]\ = Tzfl, (221)
24
ov
(c'o — "1 D)5 + (i)roTy + (d — 1ocos¥) 2F = 1T, (2.22)
av, T =< Fr
v|ZE (] 4 DT =F2 (2.23)
= y
v [(d - rocos‘PO)— + 15 ;;’] =f's (2.24)
vy £
2vr, a’jl'j =1, (2.25)
v=f', x€Tly (2.26)

The following theorem guarantees the solovability of the approximate problem
(2.15)-(2.20).
- 1’r1_+3 m+3
For arbitrary m >0, f, € H'(Q), fz€H, *(I'1), fo€H, *(T;), the
approximate problem (2.15)-(2.20) has a unique solution v € H2+m(Q) satisfying

I v IIH2+m(Q) Clll £+ "Hm(g) +I R IIHm+2(Q) +if3ll s, I fall 3, ].
Hu Ty H2 ")

Half Space Problem
We consider homogeneous problems of (2.15)-(2.20) in the half space 6 € R, :

We seek a solution such that 7 — 0 with the form

h, n,
B=e M0 (hz) +e 20|, |, (2.27)
hs R,
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q = h,e™26. (2.28)
From the equation (2.15), we get
[(d — 15c0sW)A2 — (rocosFy)d — —85 4 (d — rocos‘Po)rlz] h =0,(2.29)

d—-1rycos¥,

[(d — 15c05¥)A? — (15c05¥y) A — L S (d - rocos‘Po)rzz] h' +

d—-1ycos¥,
-(1+1)
7o , _
d-rocos¥, (i) ha =0, (2.30)
(c'o — "y Dhy + iérgh, —1r1hy =0, (2.31)
(CIO —_ Cllﬂ,)hll + i{rohlz - rzh,3 = 0, (232)

h, h'y
where h = <h2>, h’ ={ k', |. and from which

h h's
2 - T8 [j2_ (ocosto)
= (d=71ocos¥y)? {/1 d-rycos¥, /1}' (2.33)
T'2 _ Tgfz + (1 _ AZ) (2 34)
2 (d=rgcos¥y)? ! '
(2.35)
holds.
On the other hand, from the interface conditions,
(-rhy =R ) — A+ D(hs +h'3) =", (2.36)
(d —rocos¥o)(—11hy — k")) + 10 (i) (hs + R'3) =15, (2.37)
2r9(—1r1hs —1oh'3) = f'5,. (2.38)
From (2.21)-(2.24), we get
;@
h', = = (2.39)
in which
_ N 2 To _ T2 d—rycos¥, (A+1)(d-19c0os¥))
P = 2 ([ co—C11 g(lf) e (2 rl) + "2 1o(i§) } 1o(i&) + (1 +
12\ (d—19cos¥,
P (1-2) ) (2.40)

Q=fy+ 2| {(if)f’33+f’32}—’;'—jj]—(1+,1)f'—3:, (2.41)

Co—CqA Lrq(d—19Ccos¥y) 21, 2197
1
denoting (&2 + (1 + |A|?)z by r, we can see that |P| > c|r| with a positive
constant ¢ under the condition 2d(1+d)? <1 and (A — —2250 ) > 2(1 +
d)2.

d—rycos¥,

Proof. Note that Re(r7) > 0 holds, and arg(r) € (-7,%) (i =12).
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[52’”0 (2 - _) BREE: w +(1-2%) (z - :_) w]

lfco(l A To
(2.42)
22
Noting that (/12 r"ccﬂ/ln > |r°§ l,
ot (/12 ﬂa)| > 22 — 2<% )1 \We can see that
2 co co
rgfz 2
292 _ |?+(1_A) |1 Azl 2.43
|;| - rgfz rocos¥ |l(ﬁ —rocos'{') ( ) )
C—2+(/12—OTA)‘
and
= 1] ), (2.44)
2
Rt AR (2.45)
AR (4] = ) (2.46)
|A_rocos‘{’|2 1 ’ !
[1-2]2 (1-20)?
|/_{ rocos‘l’ Ao rocos‘ll(llll - 0) (247)

The rlghth and side of the 4th equation is larger than 1 if A, is small enough, but
2
2 <1+4c¢+ Ai Based on the assumption

1

that ¢, is large enough, we get (1 + ¢o +%)5 > 2, and so Max(

0

21y =
rl) 2+
1
1\2
1 — ",
(+C°+Ao) |
Now, er remind that

s (55 o=z (55 oo
z%{( ) |42 - W““”A”{(—g) +|1—AZ|}. (2.48)

Based on the assumption that — < 1, we can estimate

0

rocos¥

Co

2
-2 2-2 <51 - 22 ,12—%4, (2.49)
and
§rglz -2 g (2.50)
T 2

This is the enough condition to show that |P| > |r|.
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Now, denoting e;(8) = e"i®(i =1,2) , we utilize the following lemma:
Concerning e;(6), following inequalities hold:
o, dJ i(0 i . .
o 1D < i (=12, 2 0), (251)
Based on the fact that arg(r;) € (=7,7), the proof is similar to that of [3], so we

omit it here.
Using the lemma above, we get the following estimate:

1 s Y. [ds (L 212)m2-0rae2 (g
R

0<jtasm ReA=p-m—3

+V1+ DY
< fdf (LA AP 1S+ YL+ DT
ReA=pu-m-—

j=0,a=1 2

+ f d'f el 1(1 + |A|2)m+2(|f| + m)_ll?l3|2
eA=p-m-3

vy [as L+ P2 18]+ TH AR 2

j2Ta=0 ReA:u—m—E

LD YD Y 23 el
j21,05j+asm 0sp=zj-1" R Red=p-m-3

; B N1 B o
+|A[2)HEUFORZ 82| O 2,

(2.52)
d 1 212 m+2—(j+a)+§ 2 U+“>-%-§ 2 12
d LG L+ 141 €| 7.l
Jj21,0sj+asm 0sf<2j-1 R R€)L=[,L—1n—E
j-1

. 1 -

—_— T ___8 ~I
= 2 > G (1 + ARy -0 g2 04030 2

R ReA:u—m—E
J 1
—(7 5—= . _ zl
+ Z Zfdff 105 (1+ |/1|2)m+2 (J+a)+ 2|52|(1+(x) 6|f3|2d/1
‘ —1"R Rel=,u—m—§

(2.53)

Concerning the first term of RHS of (2.44), denoting y: = [(j + @) — % - 4] =
G+ta)—-1-46, | Ile(”“)_%"alf’glzdf is equivalent to
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[ f2n|D¢f'3(¢) D;ff’3<¢>|2 dpdg’ = fm f2n|D¢f’3<¢)—D;ff'3<¢')|2

0 0 |¢ ¢ |1+2{(]+(‘C)—_—5} |¢_¢/|2 d¢d¢ . (254)

f2nf2n|n¢f’3<¢>—nif'3<¢>|2 dpde _fznf2n|D¢f'3(¢) DEf (@)1

0 0 g g Rl —3-8) PevYE dpde’. (2.55)

Taklngu p+(G+a) - 5——

Z Zfdf Cﬁ (1+ |1 )m+2 (}+a)+6|";2|(}+0‘)———5|f |2d/1

0<j+asm §=0 Red=p— m_f
j—1m+2-(j+a)+d§

3 ST e [ [ B

0<j+as=m 6=0
(2.56)
Concerning the second term of RHS in (2.44), noting that m — (j + @) + § —% =

[m—(i+a)+6—1]+%,let’stake,u—m+%=u”—{m—(i+a)+5—1},and

2, Z f d§ G (1 2y 20k v 124

0<j+asm+2 8=1 ReA=p- m‘f

2= 85—
20<j+a<m+225 1 JRea=p!"—m+2-(j+a)+6-1} B (1 +12] ){m+ Uta+ 1}+2 [

-8
ng) f', ||L2’¢(Oﬂ) da. (2.57)
Let denote m+2—-(G+a)+86—1 by x', then using the fact that

Jrerzpi (L + 1] 2yk43 111 2d is equivalent to

k o o0 rpl l 2
D{h(r + p) — Dih(r

E f |D£h|2r2(u—k+l>—1dr+f rzﬂdrf DAt ‘22 th(r) dp

—0" 0 0 0

J

we show (2. 41) is equivalent to
1

Zf | D D(]+a) 6f 220 (+ay+8+3)-2x+2i- 1y

0<j+a=m+2 8= 1L 0

-5 I S(+a)-8
- 2 f su(rarssed f IDE D™ fo(r + ) = DE DY OF
p?

O<j+as=m+2 §=1

Now we get

with some positive constant C.
Similar conclusion holds for the half space problem at T,.
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Non Homogeneous Problem
Next, we consider the non-homogeneous problem after Mellin and Fourier transform in
the half space. we define w as the solutioin of the following problem:

).

get

& 5
—vl= 2y _ _ 22|l =
vl( A+ A%) “ind Elw=F (1+2),
from which we get
L L0 R (2.59)
(et n

By (2.50), the following estimate holds:
ME2(L + | AR (&R + E) W) < TTo( 1+ D™ TI(E + 8V F, (A +

(2.60)

Integrating (2.51) over the line ReA =y —m — %
W gm+z < lTF 1] gm-

Next we consider the problem V - w' = L,.
To consider the above problem, we set w' = V®,
Then, the problem to be considered can be denoted as follows:
V-w=Ad=1I, (2.61)
Dly-g = 0. (2.62)

Using Cardelon-Zygmund theorem and L,, estimates for elliptic equations [8], we

Dial=k | DEpwW' L, r?) < CXjaj=k | Dy pwlalL,r?)- (2.63)
Multiplying 72#-(m=D+D to each term of (2.54), we get the estimate: ||

’
w "H[{HZ(Q)S" l2 "HPT+2(Q)'

0
Now, reminding that [, = R — R’, where R’ = f:’ Lyvdg|,
0
we get the following estimate:
I w "HZLnJrZ(Q)S" R "HZZHZ(Q) +lu "HZZHZ(Q) +llw "HZZHZ(Q)' (264)

Now, denoting r =p+V-w', v=u+w+w we can see (2.21)-(2.26) hold

for v and p replaced by g in the half space.

Solution around the Angle
Now we consider the following problem in the transformed domain:
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2

- v — 2 P 25
(d — rocos¥y) {(d ocoso) " + TocosFo)V + d— rocos‘{’o CORANC
w 0%v
rocos¥y) PR
—(/1 +1)q
+|d- rocos‘llo ( E)q\ = 137:, (2.65)
2
ow
d-rocos¥, {( o= ¢ 1A)vr + (Lf)rovff)} + = 7:7;: (2.66)
av; ,
v[ S - WW] 30 (2.67)
v [(d - rOCOS‘Po) == w T 7o aw] [ (2.68)
=, (2.69)
V= f’4 x €13, (270)

We construct coverings of {1, and using the method of regulalizer, and note that

holds for an orbitrary positive number €, where ¢, is the maximum value of ¢
in each coverings. we can construct the solution to (3.44)-(3.47) that satisfies

|1 D] Nyme2< COI Fr N +1 R Hpmaz +1 f3 by s3I fs b2 H P lymsr]:

This implies

19 gy < COFy Mgy IR Doz HIFs 1 s +IFall s 4
Hy, (rl) Hy, (FZ)

Il p ”HZLn"'l(Q)]:

from which the assertion of theorem2 follows directly.

Solvability of Original Problem
Now, we can verify the solvability of the original problem (2.10)-(2.15). We estimate
terms
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1 v v 1 v
r_z[(d—rocoslllo) o (d—rcosllf)] L[‘U] ! T_z(d—rocosl{lo) [L[v] - LO [17]] )
222
ar
Ty r2 ap . o
{d—rocoslllo - d—TCOSW}% ' Remlndlng Supp(v) E {l(rl ¢J kIJ E Qelo < T < E}, It IS
op
rr
easily seen that I-Nezzn (o) nOrm of these terms are estimated from above by € ||
v oy
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