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Abstract 

This work presents a study on the performance of instantaneous 

frequency (IF) estimation of single-tone sinusoidal signals, and 

IF estimation of FM signals under several types of colored noise 

(CN). For single-tone sinusoidal signals, two main estimators 

are considered: the maximum likelihood (ML) estimator using 

the Fast Fourier Transform (FFT) with interpolated peak 

estimation and the correlation method.  Four statistical models 

of colored noise are modelled and analyzed in this work 

(Gaussian, Rayleigh, impulsive and a combination of impulsive 

and Gaussian) with a study of their effect on frequency 

estimation methods in term of estimation accuracy and 

computational complexity presented. Also presented in this 

work is a study of the performance of frequency estimation 

methods under the same power and noise model. This work 

lastly presents a study on the performance of instantaneous 

frequency estimators for mono-component FM signals, 

including linear and non-linear FM signals. Peak of a specific 

Time-Frequency Distribution (TFD), the periodogram, has been 

used for IF estimation of FM signals under colored noise. 

Numerical results showed that the Quinn method is the best 

estimator as compared with other FFT interpolated peak 

estimation methods under colored noise in terms of minimum 

mean squared estimation error, especially at high signal-to-noise 

ratios. Simulation results showed also that Colored Rayleigh 

noise is destructive for signals more so than colored Gaussian 

noise and colored impulsive – plus- Gaussian noise.  

Fourier approach can guess the frequency only in high SNR. Its 

impact on IF estimation by correlation (corr) is worse.  

Simulation results of instantaneous frequency estimators of FM 

signals using TFD showed greater accuracy than with previous 

methods. 

Keywords: freqency estimation (FE); FT; FFT; colored noise 

(CN); Correlation (Corr); DFT; MSE; LFM; QFM; TFD. 

 

 

 

INTRODUCTION 

Frequency estimation appears in a wide area of engineering 

applications, e.g. in communications, radar, sinusoidal signal 

frequency identity and resonance sensor systems [1] [2]. Noise 

is one of the main problems in signal processing and the type of 

noise (its statistical model) is a main factor that affects the 

performance of frequency estimation methods [3]. 

There are different types of noise encountered in different 

applications which can fall under several categories. For 

example in some applications noise can affect the amplitude of 

a signal which would mean it’s additive in nature, noise can also 

affect a signal’s phase or can be multiplicative [3]. Different 

models can also be used to model different noise-types such as 

the Gaussian, Poisson, impulsive, non-Gaussian models among 

others [3]. In this paper, we generate colored Gaussian noise, 

colored non-Gaussian noise, and non-Gaussian noise types, 

these will then be added to single-tone sinusoidal signals and 

FM signals. From here an attempt will be made to extract the 

actual frequencies for these noisy signals using a variety of 

frequency estimation methods.  

There are many methods for frequency estimation, but in this 

work we will be examining three methods; the Fourier 

Transform (FT) method and the Correlation (Corr) method in 

the case of single-tone signals and the Time- Frequency 

distribution (TFD) in the case of FM signals. The Mean Squared 

Error (MSE) will then be used as a measure to quantify the 

accuracy of these three frequency estimation methods. As well 

as general accuracy, this work will also endeavor to show which 

method achieves the best performance in terms of computational 

complexity as well. [1] [4] [2]. 

This paper is organized as follows: The colored noise model will 

be discussed in section II. In section III frequency estimation 

based on the Fourier Transform will be presented. In section IV 

frequency estimation based on correlation will be discussed. In 

section V IF estimation of FM signals based on time-frequency 

distributions (TFD) is presented and lastly in section VI results 

and discussion are presented. 
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COLORED NOISE MODELING 

Most of the noise modeling in communications systems is based 

on white noise, however, in addition to white noise, there is also 

colored noise which can also impact on communication systems. 

White noise contains a constant power spectral density (psd) 

through the entire frequency spectrum extending up to infinity. 

An autocorrelation performed on samples of white noise taken 

at different time instances would produce no discernible 

correlation between samples, i.e. the autocorrelation or the auto 

covariance of white noise is zero for all phase lags except for 

phase lag L=0 where the auto covariance of the white noise 

process will result in an impulse function at lag 𝐿 = 0. In the 

case where the power spectral density (PSD) of the noise is not 

uniform through the entire frequency spectrum the type of noise 

is colored noise (CN). In the case of colored noise (CN), there 

are non-zero values for autocorrelation or auto covariance at 

different time cases for the colored noise. The auto covariance 

is at a maximum for zero lag (𝐿 = 0) and decreases 

progressively for increasing and decreasing values of lag (𝐿). 

As opposed to white noise, colored noise is broadband noise 

with a wide bandwidth and a non-constant PSD. There are many 

types of noise that fall under the definition of colored noise such 

as brown noise, autoregressive noise and pink noise [6]. The 

color of the noise is generally characterized by its power spectral 

density (PSD). The different color of the noise will result in 

different impacts on signals while its power spectral density 

(PSD) per unit bandwidth is proportional to 1/𝑓∝  where ∝= 0 

for white nose,  ∝= 1 for pink noise and for brown noise ∝= 2. 

[7]. 

Finite impulse response (FIR) digital filters have impulse 

responses, ℎ(𝑛) that contain a finite number of non-zero 

samples. In a digital system, the output of a causal FIR filter, 

𝑦(𝑛) given a finite sequence 𝑥(𝑛) was input into the system can 

be represented by the discrete-time convolution between ℎ(𝑛) 

and 𝑥(𝑛):  

𝑦(𝑛) = ℎ(𝑛) ∗ 𝑥(𝑛)                     (1) 

                       = ∑ ℎ(𝑘)𝑥(𝑛 − 𝑘)

𝑁−1

𝑘=0

= ℎ0𝑥(𝑛) + ℎ1𝑥(𝑛 − 1) + ⋯

+ ℎ𝑁−1𝑥[𝑛 − (𝑁 − 1)]            (2) 

where ℎ𝑘 is utilized for ℎ(𝑘) for simplicity. Taking the z-

transform of both sides will result in: 

𝑌(𝑧) = ℎ0𝑋(𝑧) + ℎ1𝑧−1𝑋(𝑧) + ⋯

+ ℎ𝑁−1𝑧−(𝑁−1)𝑋(𝑧)                 (3) 

Hence, the transfer function will be given by: 

𝐻(𝑧) =
𝑌(𝑧)

𝑋(𝑧)
= ℎ0 + ℎ1𝑧−1 + ⋯

+ ℎ𝑁−1𝑧−(𝑁−1)                           (4) 

From the difference equation or from the transfer function 𝐻(𝑧) 

we can execute a causal FIR filter by utilizing delay elements 

and digital multipliers.  

The Moving Average Filter (MA) is commonly used to smooth 

data to show general trends and behavior of a sequence. Using a 

MA filter can improve our ability to make a decision or interpret 

our data. In this work a moving average filter will be used to 

color noise simulation after filtering of Gaussian noise  [8]. 

In MATLAB, we model the colored noise using a 4th order FIR-

type filter structure. The noise-coloring FIR filter will then have 

the following transfer function: 

B(z) =  bo + b1 ∙ z{−1} +  b2 ∙ z{−2} +  b3 ∙ z{−3} +  b4 ∙ z{−4} 

 →   bo = 1;  b1 = 0.1;  b2 = 0.7;  b3 = 0.05;  b4 = 0.3;  

OR: B = [bo b1 b2 b3 b4];                                                      (5) 

In addition, 𝑎 = 1 is the denominator coefficient for all FIR 

filters. The width of the filter would be W=4. 

We simulated the effects of colored noise (CN) based on equation 

(5) by using: 𝐶𝑁 = 𝑓𝑖𝑙𝑡𝑒𝑟(𝐵, 𝑎, 𝑦) in MATLAB, where 𝐵 is the 

FIR filter numerator coefficients from equation (5), 𝐴 is  the FIR 

filter’s denominator coefficient and 𝑦 may be a Gaussian noise, 

Rayleigh noise, Impulsive noise or impulsive + Gaussian noise 

sequence. 

In signal processing systems, the integrity and quality of systems 

can be realized by understanding the statistical characteristics of 

the noise process associated with the system. These noise 

processes are generated by electromagnetic or electronic 

sources. Considering colored noise, there are different statistical 

models: Gaussian, Rayleigh model, and others [3]. 

 

GAUSSIAN-DISTRIBUTED MODEL 

The probability density function (pdf) of a Gaussian process 

with a variance (power) 𝜎2 is given as follows [9]: 

𝑝(𝑥) =
1

𝜎√2𝜋
 𝑒−𝑥2/2𝜎2

            (6) 

Where 𝑥 is a random variable and 𝜎 is the standard deviation of 

the noise. 

We modeled and analyzed colored Gaussian noise (CGN) as 

follows: 

1. Determine the power of the AWGN (p) in dB, number of 

realizations (M) and number of samples (N). 

2.  Design the FIR-filter coefficients required to produce the 

necessary colored noise.  

3. Generate AWGN by using 𝑦 = 𝑤𝑔𝑛 (𝑀, 𝑁, 𝑝) function. 

4. Pass the AWGN (y) function through the  FIR-filter by 

using 𝑓𝑖𝑙𝑡𝑒𝑟 (𝐵, 𝑎, 𝑦) . 
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RAYLEIGH-DISTRIBUTED MODEL 

The pdf of a Rayleigh-distributed random process  is given by 

[9]: 

𝑝(𝑥) = (
𝑥

𝐵
) 𝑒−

𝑥2

2𝐵      𝑥 ≥ 0, 𝐵 = 𝑏2       (7) 

where 𝑏 is a real positive parameter called the Rayleigh 

parameter. This distribution has a mean and variance given by: 

ℇ {𝑋} = 𝑏√
𝜋

2
, 𝑣𝑎𝑟(𝑋) =

(4 − 𝜋)

2
 

Hence, Rayleigh noise has a non-zero mean. The second 

moment (power) of Rayleigh noise is given by: 

𝑝 = ℇ {𝑋2} = 2𝐵 

Where 𝑝 denotes the power of the noise, hence, 𝑏 = √𝑝/2 

Note that unlike the case of Gaussian noise where its power 

equals its variance, the Rayleigh noise power is given by: 

𝑝 ≠ 𝐵
(4−𝜋)

2
 . Since ℇ {𝑋} ≠ 0. 

We modeled and analyzed colored Rayleigh noise (CRN) as 

follows: 

1. Determine the power of the Rayleigh noise (p) in dB, 

number of realizations (M) and number of samples (N). 

2.  Design the FIR-filter coefficients required to produce the 

necessary colored noise. 

3. Compute the Rayleigh parameter (b). 

4. Generate Rayleigh noise by using the 𝑦 =

𝑟𝑎𝑦𝑙𝑎𝑛𝑑 (𝑏, 𝑀, 𝑁) function. 

5. Pass the Rayleigh noise (y) through the FIR-filter by using 

𝑒𝑟 (𝐵, 𝑎, 𝑦) . 

 

IMPULSIVE NOISE (IN) 

Impulsive noise is mostly encountered in power line 

communication (PLC) systems; it can be modelled as [10]: 

𝑖𝑘 = 𝑏𝑘 ∙ 𝑔𝑘                                                            (8) 

where 𝑏𝑘 is the Poisson process that is modeling the arrival time 

of the impulsive noise at instant 𝑘 with parameter  𝜆, which 

denotes the rate of unit per second. 

A random variable 𝑋 is said to be Poisson if its pdf is given by 

[9]: 

𝑝(𝑋 = 𝑥) = 𝑒−𝜆 
𝜆𝑥

𝜆!
 ,           𝑥 = 0,1,2, … …        (9) 

ℇ {𝑋} = 𝜆 ;  𝑣𝑎𝑟(𝑋) = 𝜆. 

Where  𝑃(𝑋 = 𝑥) is the probability of event of  𝑥 arrivals in unit 

time, thereby when 𝑋 represents the time count of arrival of 

impulsive noise, then it’s distributed with the above Poisson 

PDF. 

𝑔𝑘 is a Gaussian process that is used to model the amplitude of 

the impulsive noise with zero mean and variance (power) 𝜎2, so 

the total power of impulsive noise is [10]: 

𝑛𝑝 =
𝜎2

𝜆
                                    (10) 

We modeled and analyzed colored impulsive noise (CIN) as 

follows: 

1. Determine the power of the impulsive noise (p) in dB, 

number of realization (M), number of samples (N), 

Poisson parameter 𝜆, and y array for the impulsive noise 

process. 

2. Design the FIR-filter coefficients required to produce the 

necessary coloured noise. 

3. Simulate arrival time with a Poisson distribution by using 

the 𝑝𝑚𝑠 = 𝑃𝑜𝑖𝑠𝑠𝑟𝑛𝑑(𝜆) function. 

4. Poisson time count (tm),  𝑡𝑚 = 𝑡𝑚 + 𝑝𝑚𝑠 . 

5. Generate Gaussian noise as amplitude of impulsive noise 

by using 𝑤𝑔𝑛(1,1, 𝑝) function and put the result in the 

array 𝑦. 

6.  If tm < N, return to step (3).  

7. Pass the impulsive noise (y) through the FIR-filter by 

using 𝑓𝑖𝑙𝑡𝑒𝑟 (𝐵, 𝑎, 𝑦). 

We modeled and analyzed colored impulsive noise + Gaussian 

noise (C (IN+GN)) as follow: 

1. Adding Gaussian noise to impulsive noise (y). 

2. Passing impulsive + Gaussian noise (y) through the 

FIR-filter by using 𝑓𝑖𝑙𝑡𝑒𝑟 (𝐵, 𝑎, 𝑦). 

 

Frequency Estimation Based on Fourier Transform 

Method 

Let the received signal be a single-tone sinusoid as follows: 

𝑦(𝑡) = 𝐴. cos(𝑤0. 𝑡 + ∅0) + 𝐶𝑁(𝑡)               (11) 

Where, A is the signal amplitude, 𝑤𝑜 is the radian frequency of 

signal, ∅o is the initial phase and 𝐶𝑁(𝑡) is Colored Noise.  

A DFT can then be performed on this signal by using the Fast 

Fourier Transform (FFT) algorithm. The FFT algorithm is 

described below: 
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Fast Fourier Transform (FFT) and No Post-Processing (FFT 

Estimator) Based Approximate Maximum Likelihood 

Estimator 

The maximum likelihood (ML) frequency estimator can be 

given by the frequency where the peak of the Fourier transform 

occurs [11]: 

 𝑓𝑀𝐿 = 𝑎𝑟𝑔(𝑚𝑎𝑥|𝑋(𝑓)|) .  

Where 𝑓𝑀𝐿 is the estimated frequency, 𝑎𝑟𝑔 returns the index of 

the peaks of 𝑋(𝑓) and 𝑋(𝑓) is the Fourier transform of the 

single-tone signal 𝑥(𝑡). The FFT method can be used to estimate 

the frequency of a noisy signal by locating the peaks in the 

Fourier spectrum 𝑋(𝑓) for the noisy signal 𝑦(𝑡). In discrete-

time this is calculated from the sampled version of signal 𝑦(𝑛) 

and the frequency spectrum is acquired using the DFT as 

follows: 

𝑋(𝑘) =
1

√𝑁
∑ 𝑥(𝑛)𝑒(−

2𝜋𝑘𝑛
𝑁

)

𝑁−1

𝑛=0

          0 ≤ 𝑘 ≤ 𝑁      (12) 

 

Fast Fourier Transform (FFT) and Post-Processing 

(Quadratic Interpolation) based Approximate Maximum 

Likelihood Estimator 

The actual frequency of the sinusoid may reside between DFT 

samples in some cases. Since the index of the Fourier transform 

cannot be a non-integer value, interpolation between points 

close to the peak of the DFT can improve the estimation 

accuracy. 

There are many different interpolation methods, below are the 

most commonly used methods for these types of problems. 

 

Quadratic Interpolation: 

In this method, quadratic curves of the form 𝑦 = 𝑎 + 𝑏𝑥 + 𝑐𝑥2 

are used to estimate the values of the spectrum between known 

data points within the neighborhood of the DFT peaks 

𝑚𝑎𝑥{𝑋(𝑘)}. These quadratic functions are determined by using 

three known samples from the data and determining a quadratic 

curve-of-best-fit between these three points as follows [12]: 

(𝐾 − 1, 𝑢1 = |𝑋𝐾−1|) 

(𝐾, 𝑢2 = |𝑋𝐾|) 

And (𝐾 + 1, 𝑢3 = |𝑋𝐾+1|) 

Where 𝐾 = arg [max{X(k)}] is the location of absolute 

maximum magnitude of the DFT, so the origin frequency is  𝐹 =
𝐾𝑓𝑠

𝑁
 , with  𝑓𝑠 being the sampling rate of the data. In this quadratic 

design, the real maximum shall be at the point: 

𝑦 =
−𝑏

(2𝑐)
 

Which gives the frequency interpolation: 

𝑢 = 𝐾 + 𝑑 

𝑑 = (𝑢3 − 𝑢1) [2 ∗ (2 ∗ 𝑢2 − 𝑢1 − 𝑢3⁄ )]           (13) 

 

Then, the estimated frequency is: 

𝐹𝑛 =
𝑢𝑓𝑠

𝑁
              (14) 

 

Barycentric method: 

The same thing as previously way by taking three points as put 

up with [13]: 

𝑑 = (𝑢3 − 𝑢1) (𝑢1 + 𝑢2 + 𝑢3⁄ )]         (15) , 

𝑢 = 𝐾 +  𝑑; 

The frequency can be estimate as before using the equation (14). 

 

Quinn's First Estimator [14]: 

Taking the three DFT points from the previous method we can 

interpolate in the following manner: 

 (𝐾 − 1, 𝑢1 = |𝑋𝐾−1| = 𝑟1 + 𝑖𝑚1)      𝑤𝑖𝑡ℎ 𝑖 = √−1 

(𝐾, 𝑢2 = |𝑋𝐾| = 𝑟2 + 𝑖𝑚2) 

And (𝐾 + 1, 𝑢3 = |𝑋𝐾+1| = 𝑟3 + 𝑖𝑚3) 

where 𝑢1 is the magnitude value of 𝑋𝑘−1, 𝑟1 is the real part of 

point 𝑋𝑘−1 and 𝑖𝑚1 is the imaginary part of 𝑋𝑘−1. 𝑢2 Is the 

magnitude value of 𝑋𝑘, 𝑟2 is the real part of the point 𝑋𝑘and 𝑖𝑚2 

is the imaginary part of 𝑋𝑘. 𝑢3 is the magnitude value of 𝑋𝑘+1, 

𝑟3 is the real part of point 𝑋𝑘+1 and 𝑖𝑚3 is the imaginary part of 

𝑋𝑘+1. 

Then we execute the next procedure: 

𝑅 = 𝑟2
2 + 𝑖𝑚2

2; 

𝑆 = (𝑟3 . 𝑟2 + 𝑖𝑚3. 𝑖𝑚2) 𝑅⁄ ; 

𝑇 = (−𝑆) ⁄ ((1.0 − 𝑆)); 

𝑊=(𝑟1 . 𝑟2 + 𝑖𝑚1. 𝑖𝑚2) 𝑅⁄ ; 

𝐸 = 𝑊 (1.0 − 𝑊)⁄ ; 

If (𝑆 > 0) and (𝑊 > 0) then, 𝑑 = 𝑆 

Else,  𝑑 = 𝑊; 

𝑢 = 𝐾 + 𝑑; 

The frequency would be estimated as before using equation (14). 

 

Quinn's Second Estimator [15]: 

The same three points above stratify the following relations: 
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𝑑 =
𝑆+𝑤

2
+ 𝐻(𝑆2) + 𝐻(𝑊2)  

where 𝐻(𝑥) =

1

4
ln(3𝑥2+6𝑥+1)−

√6

24
ln(𝑥+1−√

2

3
)

𝑥+1+√
2

3

     (16)    

Then the interpolation is 𝑢 = 𝐾 + 𝑔; the final frequency would 

be estimated using the equation (14). 

We modelled and simulated the frequency estimation based on 

the FFT method as following: 

1.  Add colored noise (CN) to the signal 𝑥(𝑡). 

2. Find the DFT of the noisy signal. 

3.  Estimate the frequency for peak of DFT. 

4.  Apply specific interpolation methods by using peak of 

DFT and two points close to the peak of the DFT. 

5.  Compute the relative mean square error (MSE). 

6. If (No. of realization) ≠M, return to step 2. 

7. Calculate the average estimated frequency and 

frequency MSE. 

 

FREQUENCY ESTIMATION BASED ON 

CORRELATION METHOD 

The correlation method for frequency estimation can be 

implemented by taking the signal given in equation (11) and 

using autocorrelation on this signal with specified lags [16] [17] 

[18]. The correlation method is based on the model of the signal 

in equation (11), hence the estimate of the frequency is acquired 

by the information of one or more estimated entries of the 

autocorrelation for the periodic discrete power signal {𝑅(𝑚)} in 

the form: 

𝑅𝑦(𝑚) =
1

𝑁 − 𝑚
∑ 𝑦(𝑛) ∗ 𝑦(𝑛 − 𝑚)            (17)

𝑁−1

𝑛=0

 

Where N is the signal period. Note that 𝑅𝑦(𝑚) = 𝑅𝑦(−𝑚).  And 

hence is an even function [8] [19]. 

From equation (17), we get the estimate of the frequency 𝑓0 for 

the sinusoid signal from the phase of the signal. Based on the 

minimal order linear predictor [20], which is a specific state of 

the Pisarenko harmonic decomposer frequency estimator [16], 

and averting the state of zero lag (𝑚 =  0) to remove the effect 

of noise, the frequency can be estimated as follows: 

𝑚. 𝑊0 = 𝑝ℎ𝑎𝑠𝑒[𝑅𝑦(𝑚)] 𝑚𝑜𝑑 (2𝜋)       (18) 

𝑚. 𝑊0 = 𝑝ℎ𝑎𝑠𝑒[𝑅𝑦(𝑚)] + 2𝜋𝑘.            (19) 

The condition of 𝑘 is 0 ≤ 𝑘 < 𝑚  and 𝑘 most be integer. 

When the first autocorrelation sample at non-zero lag 𝑚 = 1 is 

applied to equation (19) with 𝑘 = 0 the first frequency estimate 

will be produced in the form:  

𝑊0 = 𝑝ℎ𝑎𝑠𝑒[𝑅𝑦(1)]        (20) 

This  linear predictor can be improved by using different 

correlation lags [23] [22] [21]. It was shown that the estimator 

based on a single correlation coefficient could be made more 

efficient. [13]. 

A drawback with this estimator is the obscurity of the frequency 

estimate [24], [18]. It was shown in [25] that the frequency 

obscurity can be solved using two correlations with 

comparatively prime correlation lags; this was also backed up in 

the works  [16], [17]. 

We modelled and simulated the frequency estimation based on 

the correlation method as follows: 

1.  Add colored noise (CN) to the signal 𝑥(𝑡). 

2.  Find associated analytic noisy signal by using the 

Hilbert transform. 

3.  Find the autocorrelation by using the 𝑥𝑐𝑜𝑟𝑟 function. 

4.  Compute the frequency estimation from phase law for 

one correlation coefficient. 

5.  Compute relative mean square error (MSE). 

6.  If (No. of realization) ≠M, return to step 2. 

7.  Calculate the average estimated frequency and 

frequency MSE. 

 

IF Estimation of FM Signal Based on  Time-Frequency 

Distributions (TFDs) 

Non-stationary signals with time-varying frequency content 

(such as frequency modulated (FM) signals and biomedical 

signals) cannot be analyzed as effectively using the Fourier 

transform (FT) as the FT cannot detect the time-varying features 

of the signal. This is due to the time-averaging process (time-

integration) used in the FT. 

Time-frequency distributions (TFD) are double transforms from 

the time-domain into the time-frequency domain representing 

the Fourier transform of the instantaneous autocorrelation of the 

analytic signal. The simplest formula for time -frequency 

distribution (TFD) is a windowed frequency distribution called 

the short-time Fourier transform (STFT) [8]: 

pz(t, f) = ∫ z(λ)h(λ − t)e−j2π𝑓𝜆
𝑑𝜆  

∞

−∞

 

= FT
𝜆→𝑓

{𝑧(𝜆)ℎ(𝜆 − 𝑡)}                       (21) 

      Where 𝑧(𝜆) is the analytic signal, ℎ(𝜆 − 𝑡) is a time 

window, 𝜆 is the dimension of window, 𝑡 is time index and 𝑓 is 

frequency index. By solving the optimized problem in equation 

(22), the instantaneous frequency (IF) can be estimated as 

mentioned in [29], [26] [27] [28]: 
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𝑓𝑙  ̂ (𝑡) = arg[𝑚𝑎𝑥𝑓𝑝𝑧(𝑡, 𝑓)] ,     0 ≤ 𝑓 ≤
𝑓𝑠

2
         (22) 

TFD is a better representation for  non-stationary signals 

because it shows the distribution of signal energy over a two-

dimensional domain; the time -frequency space. 

In this study, the periodogram (which is the | 𝑆𝑇𝐹𝑇|2) is use to 

estimate the IF of linear frequency modulated (LFM) and 

quadratic frequency modulated (QFM) signals.  

We modelled and simulated the IF estimation based on the TFD 

method as follows: 

1.  Add colored noise (CN) to the FM signal. 

2.  Find associated analytic signal of FM by using the Hilbert 

transform. 

3.  Apply the TFD spectrum using optimal window and peak 

detection. 

4.  Compute relative mean squared error (MSE). 

5.  If (No. of realization) ≠M, return to step 2. 

6.  Calculate the average estimated IF and frequency MSE. 

 

SIMULATION RESULTS  

For the experiments performed in this paper a single-tone noisy 

sinusoidal signal, similar to that given in equation 11 was 

simulated in MATLAB. This sinusoid had the following form: 

𝑦(𝑡) = cos(46𝜋𝑡 + 1) + 𝐶𝑁(𝑡) 

 The simulated signal had a total time length 𝐿 = 20𝑠, the 

sampling interval used was 𝑇𝑠 = 0 ∙ 005𝑠 and the number of 

samples is given by 𝑁 = [𝐿/𝑇𝑠]. The power, 𝑝𝑥   of this signal 

can be computed from:  

𝑝𝑥 =
𝐴2

2
                        (23) 

Three filters were then designed with  lengths 𝑊 = 5, 𝑊 =

20, 𝑊 = 50. In this simulation SNR ranged from    -50 to 50 dB. 

Monte Carlo simulations  were performed with 𝑀 = 50 

realizations. 

The signal-to-noise ratio (SNR) in the presence of AWGN is 

defined as follows: 

𝑆𝑁𝑅 =
𝑝𝑥

𝑝𝑛

                    (24) 

Where 𝑝𝑛 is the power of the AWGN Which can be calculated 

from: 

𝑝𝑛 =
𝑝𝑥

𝑆𝑁𝑅
                  (25) 

This noise was then processed as described in section II to 

generate colored Gaussian noise (CGN)  with the result of this 

added to the signal 𝑦(𝑡) to produce the noisy signal.  

The signal-to-noise ratio (SNR) in the presence of Rayleigh 

noise is defined as follows: 

𝑆𝑁𝑅 =
𝑝𝑥

𝑝𝑟
                    (26) 

Where 𝑝𝑟 is the power of the Rayleigh noise. The power of 

Rayleigh noise can then be calculated from: 

𝑝𝑟 =
𝑝𝑥

𝑆𝑁𝑅
                                 (27) 

Again this was converted to colored noise (CN) as per section II 

and added to the signal.  

Lastly the signal-to-noise ratio (SNR) in the presence of colored 

impulsive + Gaussian noise is defined as follow: 

𝑆𝑁𝑅 =
𝑝𝑥

𝑝𝑛𝑝 + 𝑝𝑛𝑔
                     (28) 

We can calculate impulsive - to - Gaussian power ratio as 

follows: 

𝑟 =
𝑝𝑛𝑝

𝑝𝑛𝑔
                                       (29) 

In the same manner as previously this noise was also converted 

to colored noise and added to 𝑦(𝑡).  

We can use the FFT algorithm to compute the frequency 

estimation for the sinusoidal signal with added colored noise 

(CN) By applying the FT on the noisy signal in equation (11) 

and then taking the peak (max) of the |𝐹𝑇|. 

We used max-FFT, quadratic, Barycentric, Quinn first and 

Quinn second frequency reparations as explained in section III. 

Finally, we computed the Mean Squared-Error (MSE) for each 

SNR as follows: 

𝑒𝑓 = | ((𝐹𝑛 − 𝑓𝑜) 𝑓𝑜)|⁄ 2
                            (30) 

Where 𝐹𝑛 is the estimated frequency and 𝑓0 is the actual 

frequency. 

We also used the correlation method as the second method of 

frequency estimation. This was performed by computing just one 

correlation coefficient of the signal and not all correlation 

coefficients to obtain an estimate of the frequency. We obtained 

the analytic noisy 𝑧(𝑡) related to the actual signal 𝑥(𝑡) before 

estimation from using the Hilbert Transformation (HT), this 

transformation will not affect the frequency estimation. 

Taking just the positive part from signal spectrum 𝑋(𝑓) and 

deleting the negative part results in: 

𝑧(𝑡) = 𝑥(𝑡) + 𝑗. 𝐻[𝑥(𝑡)]                    (31) 

𝐻[𝑥(𝑡)] = [
1

𝜋𝑡
] ∗ 𝑡[𝑥(𝑡)]                    (32) 

Where, ∗ 𝑡 is time convolution and 𝐻 is the 𝐻𝑇. [26] 

Hence: 

𝑍(𝑓) = 𝑋(𝑓)[1 − 𝑗2. 𝑠𝑔𝑛(𝑓)] = 𝑋(𝑓)[1 + 𝑠𝑔𝑛(𝑓)] 
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∴ 𝑍(𝑓) = {0                       𝑓<0
2𝑋(𝑓)             𝑓≥0

 

After frequency estimation by using the correlation method, we 

computed the Mean Squared-Error (MSE) for each SNR from 

equation (30). 

Finally we draw a mid-time IF estimation for each SNR in figure 

(33) and calculated the relative mean-square error (MSE) of the 

IF estimation at mid-time of the QFM signal for each SNR, this 

is shown in figure (34) for different lengths (W) of the filter. 

Figure (1) shows colored Gaussian noise (CGN) when a window 

of length W=5 is used to filter a Gaussian noise segment of 

length N=1000 samples, M=1, and  𝑝𝑛 = 0.1. 

Figure (2) shows the autocorrelation for colored Gaussian noise 

(CGN). 

Figure (3) shows colored Rayleigh noise (CRN) when filtered 

with a filter of length W=5  when N=100000, M=1 and p=-3. 

Figure (4) shows the autocorrelation for colored Rayleigh noise 

(CRN). 

Figure (5) shows colored impulsive noise (CIN) when filtered 

with a filter of length W=5  with  𝑝𝑛𝑝 = −3 and 𝜆 = 30. 

Figure (6) Autocorrelation for colored impulsive noise (CIN). 

Figure (7) shows colored impulsive +Gaussian noise (C 

(IN+GN)) when length of filter (B) is W=5 and a=1, by passing 

filter (B) on impulsive +Gaussian noise when 𝑝𝑛 = 25. 

Figure (8) Autocorrelation for colored impulsive + Gaussian 

noise (C (IN+GN)). 

Figures (9), (10) and (11) Show frequency estimation for signal 

in equation (11) under CGN with different length of filter (𝑊) 

versus SNR using FT peak and three interpolators: Barycentric, 

quadratic, and Quinn respectively. 

Figures (12), (13) and (14) Show frequency estimation for signal 

in equation (11) under CRN with different length of filter (𝑊) 

versus SNR using FT peak and three interpolators: Barycentric, 

quadratic, and Quinn respectively. 

Figures (15), (16) and (17) Show frequency estimation for signal 

in equation (11) under C (IN+GN) with different length of filter 

(𝑊) versus SNR using FT peak and three interpolators: 

Barycentric, quadratic, and Quinn respectively when M=5 and 

𝑟 = 0.2. 

Figures (18), (19), (20) show the estimated frequency versus 

SNR using correlation method for CGN, CRN, and C (IN+GN) 

models respectively. 

 

 A noisy LFM signal, was simulated with CGN added to it, this 

signal had the following form: 

𝑦(𝑡) = 𝐴 ∗ sin(∅) 

Where A is the amplitude, which for these experiments was set 

to 𝐴 = 1 𝑣𝑜𝑙𝑡 and ∅ is the angle function for the LFM signal 

which can be used to calculate the instantaneous frequency of 

our signal: 

𝑤𝑖(𝑡) =
𝑑∅

𝑑𝑡
,  and 𝑤𝑖(𝑡) = 2𝜋 𝑓𝑖(𝑡) radians/sec 

This means that the instantaneous frequency in Hertz can be 

given by:  

𝑓𝑖(𝑡) =
1

2𝜋

𝑑∅

𝑑𝑡
  

Which leads us to setting the angle function to:  

∅ = (𝑓0 ∗ 𝑡 + 𝛼 ∗
𝑡2

2
) ∗ (2𝜋)  

Where 𝛼 = 0.5 is the modulation index and 𝑓0 = 23 𝐻𝑧. 

This results in the final LFM function given in equation 33: 

𝑦(𝑡) = 𝐴 sin( (𝑓0 ∗ 𝑡 + 𝛼 ∗
𝑡2

2
) ∗ (2𝜋)) + 𝐶𝑁(𝑡)         (33) 

The simulation of this signal was generated to have a time length 

of  𝐿 = 10𝑠, a sampling interval 𝑇𝑠 = 0.01𝑠, 𝑓𝑠 = 10 𝐻𝑧, and a 

total number of samples of 𝑁 =
𝐿

𝑇𝑠
 .  

 

Monte Carlo simulations were again performed with 𝑀=20 

realizations. We used a Hilbert transformation (HT) to obtain 

the analytic signal 𝑧(𝑡) associated with the original signal 𝑥(𝑡) 

before estimation, to avoid aliasing by using equations (31) and 

(32). We estimated the IF by taking the peak (max) of the TFD. 

Figure (25) shows the contour plot of the TFD for the noisy LFM 

signal with the theoretical computed IF of a noiseless FM signal 

(given by the dotted line).  

Finally we draw a mid-time IF estimation for each SNR in figure 

(26) and calculated the relative mean-square error (MSE) of the 

IF estimation at mid-time of the LFM signal for each SNR. This 

is shown in figure (27) for different values of filter length (W). 

For QFM signals we modulated and simulated QFM signals 

with CGN using MATLAB in the same way as with the LFM 

signal. The simulated signal had time length 𝐿 = 10𝑠, a 

sampling interval 𝑇𝑠 = 0.01𝑠, 𝑓𝑠 = 10 𝐻𝑧, and a total number of 

samples 𝑁 =
𝐿

𝑇𝑠
 . The signal amplitude was 𝐴 = 1 𝑣𝑜𝑙𝑡, and the 

LFM equation 𝑥 = 𝐴 ∗ sin(∅). Where ∅ is the phase 𝑤(𝑡) =
𝑑∅

𝑑𝑡
, 

and 𝑤(𝑡) = 2𝜋 𝑓𝑖(𝑡), that mean 𝑓𝑖(𝑡) =
1

2𝜋

𝑑∅

𝑑𝑡
 , that lead us to 

∅ = (𝑓0 ∗ 𝑡 + 𝛼 ∗
𝑡2

2
+ 𝛽 ∗

𝑡3

3
) ∗ (2𝜋), where 𝛼 slope parameter 

of QFM signal (linear modulation index) was simulated as 𝛼=3 

, and 𝛽 the quadratic modulation index of signal was simulated 

as 𝛽= −0∙2 and 𝑓0 = 23 𝐻𝑧. Quadratic frequency modulation 

(QFM) signal with colored noise is simulate as follows 
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𝑦(𝑡) = 𝐴 sin( (𝑓0 ∗ 𝑡 + 𝛼 ∗
𝑡2

2
+ 𝛽 ∗

𝑡3

3
) ∗ (2𝜋)

+ 𝐶𝑁(𝑡)       (34) 

Monte Carlo simulations were again performed with 𝑀=20 

realizations. We used the Hilbert transformation (HT) to obtain 

the analytic signal 𝑧(𝑡) associated with the original signal 𝑥(𝑡) 

before estimation, to avoid aliasing by using equations (31) and 

(32). We estimated the IF by taking the peak (max) of the TFD. 

Figure (32) shows the contour plot of the TFD for the noisy 

QFM signal with the theoretical computed IF of noiseless FM 

signal shown as the dotted line.  

 

CONCLUSIONS 

Single Tone Sinusoidal Signals  

From the results of the simulations performed in MATLAB to 

implement the two different frequency estimation methods on a 

single-tone sinusoid in the presence of colored noise (CN) we 

found the following: 

 The Fourier Transform (FT) method has better 

performance than the correlation method (Corr) for frequency 

estimation, this is because the FT can work with low SNRs (as 

low as -20 dB), while the lowest SNR for the correlation method 

is (15dB), hence there is about (-20dB to 15dB) difference 

between the two methods in the presence of AWGN and 

impulsive + Gaussian noise. In the case of Rayleigh noise the 

FT method worked with high SNRs (as high as 3dB), while the 

lowest SNR for the correlation method is (15dB), hence there is 

about (3dB to 15dB) difference between the two methods. The 

FT method was also found to be slow in comparison with the 

correlation method and the FT method is more computationally 

expensive compared to the (Corr) method, so the correlation 

method could be used in simpler electrical circuits. The FT 

needed the complete signal and estimates the frequency from the 

peak of the FT however Corr can use one correlation coefficient 

to estimate the frequency. Overall the FT method is best for all 

types of colored noise compared to the Corr method. 

 It was found that Colored Noise (CN) had a more 

damaging effect on signals, where the frequency estimation (FE) 

could not be estimated at lower SNRs. The larger the value of 

frequency 𝑤, the worse the performance for the FT method, still 

this effect was even more noticeable for the corr method which 

performed even worse again. 

 

The FT method was also affected by the use of different 

interpolation methods. We can compare between their 

performance in terms of mean square error (MSE) and 

computational complexity as following: 

 The frequency estimated by the Quinn Estimator was 

very close to the existing frequency so it had the lowest MSE 

error for each of the colored noise types examined. 

 Max- FFT cannot obtain a frequency estimation that 

close with a small number of points, this method also had greater 

computational complexity than the other interpolation method 

examined. 

 

LFM and QFM signals 

Time-frequency analysis has been used to estimate the IF law 

for linear frequency-modulated (LFM), and quadratic FM 

(QFM) signals with a Gaussian model for colored noise. From 

the results we noted that the problem of noise is less serious if 

we use TFD since TFD is 2D not 1D; hence TFD spreads noise 

on a plane not on a line, making it less dense. 
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Figure (1): Colored Gaussian noise (CGN) when 𝑊 = 5. 

 

Figure (2): Autocorrelation of colored Gaussian noise (CGN) 

when 𝑊 = 5. 
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Figure (3): Colored Rayleigh noise (CRN) when 𝑊 = 5. 

 

 

 

Figure (4): Autocorrelation of colored Rayleigh noise (CRN) 

when  𝑊 = 5. 

 

Figure (5): Colored Impulsive noise (CIN) when 𝑊 = 5. 

 

Figure (6): Autocorrelation of colored impulsive noise (CIN) 

when 𝑊 = 5 

 

Figure (7): Colored impulsive + Gaussian noise (C (IN+GN)) 

when 𝑊 = 5. 

 

Figure (8): Autocorrelation of colored impulsive + Gaussian 

noise (C (IN+GN)) when 𝑊 = 5. 
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Figure (9): frequency estimation versus SNR using FT peak 

and Barycentric interpolators for CGN for different 𝑊 . 

 

Figure (10): frequency estimation versus SNR using FT peak 

and quadratic interpolators for CGN for different 𝑊. 

 

Figure (11): frequency estimation versus SNR using FT peak 

and Quinn interpolator for CGN for different 𝑊. 

 

Figure (12): frequency estimation versus SNR using FT peak 

and Barycentric interpolators for CRN for different 𝑊 

 

Figure (13): frequency estimation versus SNR using FT peak 

and quadratic interpolators for CRN for different 𝑊. 

 

Figure (14): frequency estimation versus SNR using FT peak 

and Quinn interpolators for CRN for different 𝑊. 
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Figure (15): frequency estimation versus SNR using FT peak 

and Barycentric interpolators for C (IN+GN) for different 𝑊 

 

Figure (16): frequency estimation versus SNR using FT peak 

and quadratic interpolators for C (IN+GN) for different 𝑊. 

 

Figure (17): frequency estimation versus SNR using FT peak 

and Quinn interpolators for C (IN+GN) for different 𝑊. 

 

Figure (18): frequency estimation versus SNR using 

autocorrelation method for CGN for different 𝑊. 

 

 

Figure (19): frequency estimation versus SNR using 

autocorrelation method for CRN for different 𝑊. 

 

 

Figure (20): frequency estimation versus SNR using 

autocorrelation method for C (IN+GN) for different 𝑊. 
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Figure (21)(A): Time versus LFM signal, (B) Time versus 

AWGN, and (C) Time versus noisy signal (y) 

 

Figure (22)(A): IF versus LFM signal, (B) IF versus AWGN, 

and (C) IF versus noisy signal (y) 

 

 

Figure (23)3D: Spectrogram plot of noiseless LFM signal. 

 

Figure (24): TFD slice at time index n=10. 

 

 

Figure (25): Contour plot of the TFD of noisy LFM signal. 

 

 

Figure (26): Mid-time IF estimation of LFM signal versus 

SNRs with different W. 
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Figure (27): MSE of IF estimation at mid-time of LFM signal 

versus SNRs with different W. 

 

Figure (28)(A): Time versus QFM signal, (B) Time versus 

AWGN, and (C) Time versus noisy signal (y) 

Figure (29)(A): IF versus QFM signal, (B) IF versus AWGN, 

and (C) IF versus noisy signal (y) 

 

Figure (30)3D: Spectrogram plot of noiseless QFM signal. 

 

 

Figure (31): TFD slice at time index n=10. 

 

 

Figure (32): Contour plot of the TFD of noisy QFM signal. 
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Figure (33): Mid-time IF estimation of QFM signal versus 

SNRs with different W. 

 

Figure (34): MSE of IF estimation at mid-time of QFM signal 

versus SNRs with different W. 

 

 


