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Abstract

In this paper, fuzzy L-ideal, f-invariant fuzzy L- ideal and fuzzy L-quotient
ideal are defined. Also some theorems using f-invariant and fuzzy L-quotient
are derived.
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Introduction

L.A.Zadeh [1]. Introduced the concept of fuzzy sets in 1965. Also fuzzy group was
introduced by Rosenfield [2]. Yuan and Wu [3] applied the concepts of fuzzy sets in
lattice theory. The idea of fuzzy sublattice was introduced by Ajmal [4]. In paper [5],
the definition of fuzzy L-ideal, level fuzzy L-ideal, union and intersection of fuzzy L-
ideals, theorems, propositions and examples are given. In this present paper, fuzzy L-
ideal, f-invariant fuzzy L-ideal and fuzzy L-quotient ideal are introduced. Some
homomorphism theorems and lemmas are derived. Some more results related to this
topic are also established.

Preliminaries
Fuzzy L-ideal, level fuzzy L-ideal are defined and examples are given.

Definition: 2.1 A fuzzy subset p :L— [0,1] of L is called a fuzzy L-ideal of L if V X,
y €L,

(D) u(x vy)=min { p(x), p(y)}

(i) p(x Ay ) = max { u(x), u(y)}.

Example: 2.2 Let L= { 0,a,b,1}. Let p:L— [0,1] is a fuzzy set in L defined by p(0)
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=0.9, wa)=0.5, wb)=0.5,w(c)=0.5 u(1)=0.5. Then p is a fuzzy L-ideal of L.

Definition: 2.3 Let p be any fuzzy L-ideal of a lattice L and let te [0,1]. Then p; =
{ xe L/ w(x) >t} is called level fuzzy L-ideal of .

Example : 2.4 Let L = { 0,a,b,1}. Let p :L— [0,1] is a fuzzy set in L defined by
w(0)=0.7, wa) = 0.5, wb)=0.5,u(c) =0.5, (1) =0.5. Then p is a fuzzy L-ideal of
L. In this example, lett = 0.5.

Then w=pos={a,b,c, 1}

Fuzzy L-quotient ideals
In this section, some definitions, lemma and theorems on fuzzy L-quotient ideals are
derived.

Definition: 3.1

Let p be any fuzzy L-ideal of a lattice L. Then the fuzzy subset p, of L, where xe L,
defined by (y) = u[yax], for all yeL, is termed as the fuzzy L-coset determined
by x and p.

Remark: 3.2
If u is constant, then L, = u’(0).

Theorem: 3.3
Let p be any fuzzy L-ideal of a lattice L. Then p,*, for all xeL, the fuzzy L-coset of pn
in L is also fuzzy L-ideal of L.

Proof:

Given p be any fuzzy L-ideal of L and p* is a fuzzy L-coset of x in L/p.
To prove: ux* is a fuzzy L-ideal.
That is to prove,

i. Forally, zeL,
ux*(yvz) = p[(yvz)Ax], by definition
= ul(yrx) v (zax)]
> min{u(yAx),n(zAx)}
> min{px*(y), w*(2)}-

ii. Lux*(yAz)= p[(yaz)Ax], by definition
= ullyrx) A (zax)]
= max {n(yrx), p(zax)}

= max { (), ux*(2) }-
Hence p* is a fuzzy L-ideal of L.
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Lemma: 3.4
If uis any fuzzy L-ideal of a lattice L, then the following holds:
u(x) = n(0) © py = o, where xelL.

Proof:
Let u(X) = p(0). ----------------- (1)
vV yel, u(y) < p(0) -------------mnmmmm- )

From (1) and (2), we have p(y) < p(x).

Case (i):

If u(y) < p(x), then

p(yax) =max { u(y), p(x)}
= u(x).

Case (ii):
If u(y) = u(x), then x, y € w, where t = n(0).

Hence

n(yax) = max { u(y), n(x) }
= u(x)
= n(0).

Therefore
r(yAx) = pu(0) = p(y) = u(x).

Thus in either case, pu(yax) = u(x), vV yeL.
(i.e) mx*(y) = n(x) = px*(0).

Therefore
Hx = Ho -

The converse is straight forward.

Lemma: 3.5
If uis a fuzzy L-ideal of a lattice L, then L/p; = L, , where t = u(0).

Proof:
To Prove f: L — L, is a map defined by f(x)=p.*, for all xe L is an onto
homomorphism.
(i.e) to prove
() f(xAy) = pxny™
= Wy™(2)
=ul(xay) Az]
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= ul (xAz) A wynz) ]
= u(xAz) A p(ynz)
= Ay

(i) f(xvy) = pxwy™
= txvy*(2)
=p[(xvy) A z]
= p[ (xAZ) v n(yrz) ]
= n(Xnz) v n(yaz)
= vyt

Therefore f is an onto homomorphism.
Now, f(X) = px* & pu* = po™.

& u(x) = w(0), by lemma 3.4

This shows that kerrnal of f equal ; .
Therefore L/p= L, .

Theorem: 3.6
Let f be a homomorphism from a lattice L onto a lattice L’ and let u be any f-invariant
fuzzy L-ideal of L. Then L, = L'y

Proof:
Since p is f-invariant, Ks < u,where t= pn(0).
Now, [f(u)] (0") =t, because
[f(n) 1(0) = Sup n(x)
xef1(0)
= u(0), since f(0) = 0" and p(x) < u(0),
Vv xel.
Next,
[ f(u) 1e = f(ne) , since
f(x) e [f(w) It @ [f(p) (f(x)) ] =t
[FH(f() ) 1(x) > t
w9 >t as F(f(w) ) = u,
X € LWt
f(x) e f(uy) , because K¢ < s .

Therefore, by theorem 3.5,

LH =L/ Mt and L’f(u) =L’/ [ f(u) ]t

Also, note that L / p; = L'g.

From this, it can be shown that
Ly=L/pe=Lsuy=L"/[f(W) ]i= L.
Ly = L)
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Definition: 3.7
Let u be any fuzzy L-ideal of L. The fuzzy L-quotient ideal u~ of L, ( = L/ ) is
defined by p"(xvi) = n(x), ¥ xe L, where pe= { x/ p(x) = n(0) =t }.

Theorem: 3.8
If uis any fuzzy L-ideal of a lattice L, then the fuzzy subset u* of L, defined by
W (xvp) = p(x), where xel, is a fuzzy L-ideal of L.

Proof:
Given that p is a fuzzy L-ideal of a lattice L.
To show that the fuzzy subset u* of L, defined by p'(xvue) = u(x), where xeL, is
a fuzzy L-ideal of L.
For this, let x, y € L.
Then
i o) vyvig] = p(xvyvi)
=u(xvy)
= min{p(x),1(y)}-

i Lv) AVl = B (XAyvi)
=u(xny)
> max{u(x),u(y)}-

Therefore p* is a fuzzy L-ideal of L,..

Theorem: 3.9
- Let u be any fuzzy L-ideal of a lattice L and let t = u(0). Then the fuzzy
subset p” of L/ defined by 1 (xviy) = u(x) , for all xeL is a fuzzy L-ideal
Of L / Mt
. If Aisaideal of L and 0 is a fuzzy ~ L-ideal of L/A such that 8(xvA) =
0(A) only when xeA, then there exists a fuzzy L-ideal p of L such that p
=A [t=p0)]and 6=p.

Proof:
I Since p is a fuzzy L-ideal of L, p is an ideal of L.
Now,
XVHt = YVt
= XAY € L
= p(xay) =t =p(0)
= p(x) = pu(y)

= (xvue) = o (yvu).

Therefore 1" is well defined.
Next, forall x, y € L,
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R (v A (Y 1= 1 [(XAY) v pe]
= pu(xay)
> maxgiu(x), 1)}
= max{p (Xvpy), p (yvpo) }-

R T(xvpv(yvpgl = pT(xvy)vi
= p(xvy)
> min{p(x), p(y)}
=min{ p (Xv), p (Yvi) }-

Therefore p” is a fuzzy L-ideal of L/p..
i.  DefineL [0,1] by u(x) = 6(xvA) for all xeL.
Then pu(xvy) = 0( xvyvA)

> min { B(xvA), 6(yvA) }

=min { u(x), n(y) }-

n(xay) = 8(xAyvA)
> max { 6(xvA), 6(yvA) }
= max { u(x), u(y) }-

Therefore u is a fuzzy L-ideal.
Also, u; = A, because
Xeu & u(x) = p(0)
& 0(xvA) = 0(A)
& X eA.

Now,

L (xvpe) = p(x)
= 0(xvA)
= O(Xvy).

Hence pn” = 0.

Theorem: 3.10
Let L be any lattice. Let u* be any fuzzy L-ideal of the quotient lattice L/K, where

K is any subset of L. Then corresponding to u* in L/K, there exists a fuzzy L-ideal in
L.

Proof:

Let u* be any fuzzy L-ideal of L/K.
Define the fuzzy subset 6 of L by 0(x) = p"(xvk), V xeL.
To prove: 6 is a fuzzy L-ideal of L:

0(xvy) = T (xvy) vk]
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= [(xvk) v (yk) ]
> minfu (xK), 1 (yvk)}
= min { 6(x), 6(y) }.

Therefore 6(xvy) > min { 6(x), 6(y) }.
0(xAY) = 1T (xAY) VK]

=1 [ (xvk) A (yvk) ]

> max{p (xvk),n (yvk)}

= max { 6(x), 6(y) }.

Therefore 6(xAy) > max { 6(x), 6(y) }
Hence 0 is a fuzzy L-ideal of L.

Theorem: 3.11
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Let f be a homomorphism from a lattice L onto a lattice L' and let p be any fuzzy
L-ideal of L such that u; < Ky; where t = p(0). Then there exists a unique
homomorphism ' from L, onto L’ with the property that f= f' o g where g(x) = px ,

V Xel.

Proof:
Define a function f:L,—L' by f'(ux )= f(x), V xeL.
Now,
bx = Hy:
=2 Hxay = Ho
=> p(xny) = n(0) =t
=>XAY € W < K
=i0=fy
=>1'() =F"(ny )

Therefore f' is well defined.
Since f is onto, f' is also onto.
Therefore f' is homomorphism.
Now,
) =f'(ux )

=f'Tg(¥)]

=[f"°g](x), V xeL.
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Finally, to show that this factorization of f is unique.
Suppose that f = heg for some function h: L, — L'
Then f'( uy ) = f(X)

=[h°g]()

=h[g(9)]

=h(ux ), Vxe L.

=>f'=h,

Hence there is a unique homomorphism " from L, onto L’ with the property that f
=f'og, where  g(x) = px, V xe L.

Corollary: 3.12
The induced f ' is an isomorphism iff p is f — invariant.

Proof:
Let f' be one - one.

Claim: p is f-invariant
Let x, yeL.
f(x) = f(y) )
= /() = ()
= Hx = My
= Hxay = Ho
= p(xay) = n(0)
= p(x) = n(y).
On the other hand, let u be f-invariant.

Claim: f’ is one — one.
u(x) = u(y)
= f[u()] = F'[u(y)]
=F () =F"(py )

= f(x) = f(y)
= w(X) = u(y), since fis invariant
= Hx = Hy

= fis one — one.

Conclusion

In this paper, the definition,lemma and some homomorphism theorems in fuzzy L-
quotient ideals are given. Using these, various results can be developed under the
topic fuzzy L-Quotient ideals.
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