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Abstract

In this paper we introduce the concept of (X, i) - fuzzy left h-ideals of a hemiring,
t-norm (A, ) - fuzzy left h-ideals of a hemiring and imaginable t-norm (A, u)-fuzzy
left h-ideals of a hemiring which can be regarded as a generalization of fuzzy left
h-ideals of a hemiring.

AMS subject classification:
Keywords: (A, i) - fuzzy lefth-ideals of a hemiring, t-norm (X, ©)-fuzzy left h-ideal,
imaginable t-norm (A, w)-fuzzy left h-ideal and homomorphism, isomorphism.

1. Introduction

Using the notion of a fuzzy subset introduced by Zadeh[5] in 1965. W. Liu[10] introduced
the concept of fuzzy ideals of rings. Since then many scholars have studied the theories
of fuzzy subring and fuzzy ideal of rings. In particular, S.K. Bhakat and P. Das introduced
the concept of (€, € Vq) - fuzzy subgroups[9, 7], (€, € Vq) - fuzzy subrings and (€, €
Vq) - fuzzy ideals[8]. B. Yao introduced the notions of (A, w)-fuzzy normal subgroup
and (A, w)-fuzzy quotient subgroup of a group[1] and (X, p)-fuzzy subrings, (A, w)-fuzzy
ideals of rings[2] which can be regarded as a generalization of W. Liu’s and S.K. Bhakat
and P. Das’s correspondence concepts. In this paper we introduce (X, p)-fuzzy left h-
ideals and t-norm (A, n)-fuzzy left h-ideals of hemirings.
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2. Preliminaries

Recall that a semiring is an algebraic system (S, 4, .) consisting of a non empty set S
together with two binary operations on S called addition and multiplication (denoted in
the usual manner) such that (S, +) and (S, .) are semigroups and the following distributive
laws a(b 4+ ¢) = ab + ac and (a + b)c = ac + bc are satisfied for all a,b,c € S.

By zero of a semiring (S, +,.) we mean an element O € S such that 0.x =x.0 =0
and0+x =x+0=x forall x € S. A semiring with zero and a commutative semigroup
(S,+) is called a hemiring. A left ideal of a semiring is a subset A of S closed with
respect to the addition and such that SA € A. A left ideal of a hemiring § is called a
left-h-ideal if for any x,z € Sand a,b € A fromx +a +z=>b + z, it follows x € A.
We now recall some fuzzy logic concepts. A fuzzy set is a function F : § — [0, 1].

Definition 2.1. [13] A fuzzy set F of a hemiring S is called a fuzzy left (resp. right)
h-ideal if it satisfies:

(i) Vx,y € §, F(x +y) > min {F(x), F(y)}
(i) Vx,y € §, F(xy) = F(y) (resp., F(xy) > F(x)),
(ii1) Ya,b,x,z € S, x +a + z=>b + z implies that F(x) > min{F(a), F(b)}.

Note that a fuzzy left (resp. right) h-ideal F' of a hemiring S satisfies the inequality
F(O) > F(x)forall x € S.

Definition 2.2. Let S be a hemiring and Let F be a fuzzy subset of S. For any « € [0, 1],
then the set F, = {x € S/F(x) > «} is called a level subset of S with respect to F.

Theorem 2.3. [13] A fuzzy set F of a hemiring S is a fuzzy left (resp. right) h-ideal of
S if and only if each non empty level subset is a left (resp. right) h-ideal of S.

Definition 2.4. A homomorphism of a hemiring S into ahemiring S’ such that f(x+y) =
fx)+ f(y)and f(xy) = f(x)f(y) forall x,y € S is defined.

Definition 2.5. [13] A triangular norm, t-norm is a function ¢ : [0, 1] x [0, 1] — [0, 1]
satistying, for each a, b, ¢, d € [0, 1], the following conditions:

(i) 1(0,0) =0,1(a,1) = a;
(i1) t(a,b) < t(c,d), whenevera <c, b < d,
(iii) t(a,b) = t(b,a); and

@iv) t(t(a,b),c) = t(a,t(b,c)).

Example 2.6. A functionz : [0, 1] x [0, 1] — [0, 1], defined as ¢(a, b) = ab is a t-norm.
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Example 2.7. A function ¢ : [0,1] x [0,1] — [0, 1], defined as #(a,b) = a A b is a
t-norm.

For a t-norm on [0, 1], itis denoted by A; = {« € [0, 1]/¢(«, @) = «}, It is clear that
every t-norm has the following property: #(«, ) < min{«, B}.

Definition 2.8. Lets : [0,1] x [0,1] — [0, 1] be a t-norm. Then the fuzzy set F in S is
satisfying the imaginable property if ImF C A;.

3. (A, u)-fuzzy left h-ideals in hemirings

Based on the notions of (A, ) - fuzzy subrings and (A, n) - fuzzy ideals introduced by B.
Yao [2], we introduce the following concepts which are the generalization of fuzzy left
h-ideals of hemirings. Throughout this paper A and p are arbitrary and 0 < A < pu < 1.

Definition 3.1. A fuzzy set F of S is said to be a (A, u)-fuzzy left (resp. right) h-ideal
of Sifforallx,y € §

1) Fx+y) VA= FX)ANF(y)Ap
() F(xy)) VA= F() A
(i) Va,b,x,z€ S,x+a+z=b+z7z= F(x)VA > F(a) A F(b) A 1.
Remark 3.2. A fuzzy left h-ideal is a (A, n)-fuzzy left h-ideal with A = O and u© = 1
and ( €, € Vgq)- fuzzy left h-ideal is a (A, u)-fuzzy left h-ideal with A = 0 and u© = 0.5
. Thus every fuzzy left h-ideal and ( €, € V q)- fuzzy left h-ideal are a (A, n)-fuzzy left

h-ideal of S. However, the converse is not necessarily true as shown in the following
example.

Example 3.3. Let S be a hemiring consists of positive rational numbers and 0. Let

0.8 ifx=7
F(x)=10.4 ifxisanintegerand x # 7.
0.6 ifx is rational
Clearly F isa(0.1,0.4)-fuzzy left h-ideal. But F is not a fuzzy left h-ideal. Since F(14)
4 1
=F(74+7) < F(T)AF(7).Also F isnota( €, € Vg)-fuzzy left h-ideal, since F(§ + 5)

=F() < F(g)/\ F(%)/\O.S.

Theorem 3.4. Let F and G are (A, u)-fuzzy left(resp. right) h-ideal of S, then F N G is
a (A, n)-fuzzy left(resp. right) h-ideal of S.

Proof. We only consider the case of (A, u)-fuzzy left h-ideals and the proof of (A, )
-fuzzy right h-ideals is similar.
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Letx,ye S

(FNG)x+y)VA=Fx+y)AGx+y)Vai
=(Fx+yY)VI)A(GKEA+y)VA)
> (F)NF) A A G AGy) Ap)
=FO)ANGX)ANFO)ANGHY) AR
=(FNG)X)ANFNG)y)Ap

(FNG)xy) VA= (F(xy)AG(xy) VA

= (F(xy) VA A(G(xy) VL)
> (Fx)ANF)Ap) AGx)AG(y) A )
=FO)ANGX)ANFO)ANGHY) AR
=(FNG)X)ANFNG)y)Au

Hence (FNG)is a (A, w)-fuzzy leftideal of S. Leta,b,x,z € Sbesuchthatx +a+z =
b + z, then

(FNG)Xx)VA=(Fx)AGXx)) VA
=(Fx)VA)AGHE) VA
> (F(a) AN F(b) A ) A(G(a) NG(b) A )
=Fla)ANGa)ANFb)ANGDb) A1
=(FNG)a)A(FNG)Db) A1

Hence (F N G) is a (A, u)-fuzzy left h-ideal of S. |

Theorem 3.5. A non empty subset / of a hemiring S is a left(resp. right) h-ideal of S if
and only if Fj is a (A, w)-fuzzy left(resp. right) h-ideal of S.

Proof. Let I be a left h-ideal of a hemiring S. Then Fj is a fuzzy left h-ideal of S and
by Remark 3.2 Fj is a (A, n)-fuzzy left h-ideal of S.
Conversely, let F; be a (A, u)-fuzzy left h-ideal of S. For any x, y € I we have

Fix+ VA= FIOO)OANFIW)ApR=1TATAR=p
Fix+y)VA>u= Fi(x+y)>pu (since A < u)
=x+yel

Now

FiGy) VA= Fiy)Ap=1Apn=pn
Fr(xy) VA >p= Fi(xy) > p (since A < p)
= xyel.
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Forany x,z € Sand a,b € I such that x +a + z = b + z, we have

FixX) VA= Fla)ANFib)Apu=1AN1Apu=p
Fi(x)VA>=u= Fi(x) > pn (since A < u)
=>xel.

Hence I is a fuzzy left h-ideal of the hemiring S. |

Theorem 3.6. A fuzzy set F of S is a (A, u)-fuzzy left(resp. right) h-ideal of § if and
only if the level subset Fy, is a left (resp. right) h-ideal of S forall A < « < .

Proof. We only consider the case of (A, t)-fuzzy left h-ideal and the proof of (A, u)-fuzzy
right h-ideal is similar. Let F be a (A, u)-fuzzy left h-ideal of S and A < o < u. Let
x,y € Fythen F(x) > o and F(y) > «.
Now we have
Fx+yY)WVA=Fx)ANF(y)AR®

>SaAANAAU=0O

= F(x+y)>a, (sincer <)

=>x+yekF,.

Now, for every x € F, and r € S, we have

Fox)viA=FXx)Au
>oAp=uo

= F(rx) > a, since A < «o

Therefore, F,, is aleftideal of S. Nowletx,z € Sanda,b € F, besuchthatx+a+z =
b + z, then

F(x)vi=Fla)ANFb)Aun
>SOANAAU=A
= F(x) > «a, since A < «

=xelkl,.

Therefore, Fy, is a left h-ideal of S. Conversely, let F be a fuzzy set of S such that
F, is a left h-ideal of S, forall A < o < . Letx,y € S. Suppose F(x + y) VA <
F(x) A F(y) A u. Choose « such that F(x +y) VA < a < F(x) A F(y) A u. Now
F(xX)NF(y)Apu > a. Then F(x) > o, F(y) > o, u > «. Hence x, y € F, and F,, being
lefth-ideal of S, x +y € F,. Thus F(x+y) > o > A and this implies F(x +y)VA > «,
a contradiction. Thus F(x+y)VA > F(x)A F(y)Au. Suppose, F(xy)VA < F(y)Au.
Choose o such that F(xy) VA <a < F(y) A u. Now F(y) A u > . Then F(y) > «a,
u > «. Hence y € F,. Since F, is a left h-ideal of S, xy € Fy. Thus F(xy) > a > A
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and this implies F(xy) V A > «, a contradiction. Thus F(xy) vV A > F(y) A n. Finally
leta,b,x,z € Sbesuchthatx +a+z = b+ z. Suppose F(x) VA < F(a) A F(b) A .
Choose « such that F(x) VA < a < F(a) A F(b) A u. Now F(a) A F(b) A u > «a.
Then F(a) > «, F(b) > o, u > «. Hence a,b € F, and F, being left h-ideal of S,
x+a+z=b+4z € F, and this implies that x € F,. Thus F(x) > o > X and this
implies F(x) V A > «, a contradiction. Thus F(x) vV A > F(a) A F(b) A . Therefore
F is a (A, n) -fuzzy left h-ideal of S. |

4. t-norm (A, u)-fuzzy left h-ideals in hemirings

Definition 4.1. A fuzzy set F of § is said to be a t-norm (A, t)-fuzzy left (resp. right)
h-ideal of S if forall x,y € S

(i) F(x+y)VAZi(t(F(x), F()), 1.
(i) F(xy) VA= t(F(y), ).

(iii) Ya,b,x,z€ S,x+a+z=b+z= F(x)V A >t({t(F(a), F(b)), ).

Remark 4.2. A fuzzy left h-ideal is a t-norm (A, u)-fuzzy left h-ideal with A = 0 and
uw = 1and t(o, B) = min(a, B) and an ( €, € Vq)- fuzzy left h-ideal is a t-norm (A, u)-
fuzzy left h-ideal with A = 0 and © = 0.5 and #(«, B) = min(«, B). Thus every fuzzy
left h-ideal and ( €, € Vq)- fuzzy left h-ideal are a t-norm (A, u)-fuzzy left h-ideal of
S. However, the converse is not necessarily true as shown in the following example.

Example 4.3. Let S be a hemiring consists of positive rational numbers and 0. Let
0.8 ifx=7

F(x) = 10.4 ifxisaninteger and x # 7
0.6 if x is rational.

Let t-norm be defined as #(«, 8) = min(«a, B), for all o, 8 € [0,1]. Clearly F is a
t-norm (0.1, 0.4)-fuzzy left h-ideal. But F is not a fuzzy left h-ideal. Since F(14) =

4 1
F(74+7) < F(T)A F(7). Also F isnota ( €, € Vq)- fuzzy left h-ideal, since F(g + g)
4 1
=F(1) < F(g) A (5) A 0.5.

Theorem 4.4. A non empty subset / of a hemiring S is a left(resp. right) h-ideal of § if
and only if F7j is a t-norm (A, w)-fuzzy left(resp. right) h-ideal of S.

Proof. Let I be a left h-ideal of a hemiring S. Then F7 is a fuzzy left h-ideal of S and
by Remark F7j is a t-norm (A, )-fuzzy left h-ideal of S.
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Conversely, let F; be a t-norm (A, u)-fuzzy left h-ideal of S. For any x,y € I we
have

Fr(x +y) VA = t(t(Fi(x), Fr(y)), n) =
Fix+y)VA>pu= Fi(x+y)>p (since A < )
=x+yel
Fr(xy)V A =t(Fi(y), n) =
Fr(xy) v A > pn= Fi(xy) > p (since & < )
= xyel.

Forany x,z € Sand a,b € I such thatx + a + z = b + z, we have

Fr(x) VA > t(t(Fi(a), Fi(b)), n) = u
Fix)VA>u= Fi(x) > n (since A < p)
=xel.

Hence [ is a fuzzy left h-ideal of the hemiring S. |

Theorem 4.5. A fuzzy set F of S is a t-norm (A, n)-fuzzy left(resp. right) h-ideal of S
if and only if the level subset F, is a left (resp. right) h-ideal of S forall A <o < u.

Proof. We only consider the case of t-norm (X, p)-fuzzy left h-ideal and the proof of
t-norm (A, w)-fuzzy right h-ideal is similar. Let F be a t-norm (X, u)-fuzzy left h-ideal
of Sand A <« < u. Letx,y € Fy then F(x) > « and F(y) > «.

Now we have

F(x+y)VA>tt(F(x), F(y),u) > t(t(o,a), u) = «
S Fx+y)za=x+ye€kl,.
Now, for every x € F, and r € S, we have

Frx)viaA=t(Fx),u)>aAu=uo
= F(rx)vVA>A [since A < ]

Therefore, F, is aleftideal of S. Nowletx,z € Sanda,b € F, besuchthatx +a+z =
b + z, then
F(x) Vv A= t(t(F(a), F(b)), 1)
> t(t(a, ), b) =«
= Fx)>a=>x¢eF,.

Therefore, Fy is a left h-ideal of S. Conversely, let F' be a fuzzy set of S such that F, is
a left h-ideal of S. Forall A < o < u, Suppose F(x +y)VA < t(t(F(x), F(y)),n) = «
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then F(x + y) < o [since A < «]
=x+y¢ Fyforx,y e F,.
Which is a contradiction to that F,, is a fuzzy left h-ideal of S. Hence F(x + y) V A >
t(t(F(x), F(y)), ). Suppose, F(xy)) VA< Fx)Au=«
then F(xy) < « [since A < o]
= xy ¢ Fy forallx,y € Fy,
Which is a contradiction.
So F(xy)VA> F(x)A . Finally leta,b,x,z € Sbesuchthatx +a+z=>5+z.
Suppose F(x) VA < t(t(F(a), F(b)),n) =«
=>Fx)<a=x ¢ Fy,
which is a contradiction. Therefore F(x) Vv A > t(t(F(a), F (b)), ). Therefore F is a
fuzzy left h-ideal of S. u

Definition 4.6. If F is a fuzzy set in a hemiring S and 6 is a mapping from § into itself,
we define a mapping F(0) : S — [0, 1] by F(0)(x) = F(6(x)) forall x € S.

Theorem 4.7. If F is a t-norm (X, 1) fuzzy left h-ideal of a hemiring S and 6 is an
endomorphism of S, then F(0) is a t-norm (A, i) fuzzy left h-ideal of S.

Proof. Forany x,y € S, we have

FOKx+y)VA=F@Ox+y)VAi
= F@@(x)+06(y) VA
> t(t(F(0(x)), F(6())), 1)
= 1(t(F(O)(x), F(O)(y)), )
F@)xy)vir=F@(xy) VA
= F(0(x).0(y)) vV A
> F(0(y)) = F(O)(y)
Hence F(0) is a t-norm (A, n) fuzzy left ideal of S. Let x,z,a,b € § be such that
x+a+z=>b+z ThenO(x +a+z)=60(b+z)and so 8(x)+60(a)+6(z) =60(b)+60(z)
It follows that
FO)(x)Vi=F@(x)) VA
> 1(1(F(6(a)), F(6(b))), )
= t(t(F(0)(a), F(8)(D)), )

Therefore F(0) is a t-norm (A, i) fuzzy left h-ideal of a hemiring S. |

Definition 4.8. Let f be a mapping defined on a hemiring S. If B is a fuzzy setin f(S),
then the fuzzy set A = B o f (ie, the fuzzy set defined by A(x) = B[ f(x)] forall x € §)
is called the preimage of B under f.
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Theorem 4.9. An onto homomorphic preimage of a t-norm (A, u) fuzzy left h-ideal of
a hemiring § is a t-norm (A, n) fuzzy left h-ideal.

Proof. Let f : S — S’ be an onto homomorphism of hemirings, and let B be a t-
norm (A, u) fuzzy left h-ideal of S’, and A be the preimage of B under f. Then we
have

Ax+yY)VA=B[f(x+y)] VA
= B[f(x)+ f(¥)]VA.
> t(t(BLf ()], BLf ()D, )
= 1(1(A(x), A(y)), )
A(xy) VA = B[f(xy)] VA
= BLf(x)f(y)]VA.
> 1(BLf(D], ) = t(A(y), w)

Hence, A isat-norm (A, n) fuzzy leftideal of S. Letx, z,a,b € Sbesuchthatx+a+z =
b + z then

fx+a+2)=fb+2)

and so
S+ fl@)+ f(@) = fb)+ f(2)
It follows that

A(X)V A= B[FE)]V A
> 1(t(B[f(a)], BLf (b)), )
= 1(t(A(a), A(b)), )

Therefore, A is a t-norm (A, n) fuzzy left h-ideal of S. [ |

Definition4.10. At-norm (X, i) fuzzy left h-ideal of a hemiring S is said to be imaginable
if it satisfies the imaginable property.

Example 4.11. Let S be the set of natural numbers including 0, and § is a hemiring with
usual addition and multiplication. Define a fuzzy set F' : § — [0, 1] by

1 ifxisevenorO

0 otherwise

F(x) = {

and let? : [0, 1] x [0, 1] — [0, 1] be a function defined by #(«, ) = max{ox + B — 1,0}
for all @, B € [0, 1]. Then tis a t-norm. By routine calculations, we have that F is an
imaginable t-norm (0, 1) - fuzzy left h-ideal of a hemiring S.
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Theorem 4.12. Every imaginable t-norm (4, ;t)-fuzzy left h-ideal F of a hemiring S is
a (A, n)-fuzzy left h-ideal of S.

Proof. Assume that F is an imaginable t-norm (A, u)-fuzzy left h-ideal of a hemiring S,
then we have forall x,y € S,

(i) F(x +y) VA >t(@(F(x), F(y)),w).
(i) F(xy) VA > t(F(x), w).
(iii) Leta,b,x,z € S,besuchthatx+a+z =b+z = F(x)VA > t(t(F(a), F(b)), 1n).
Since F is imaginable, we have
F(x)ANF(y) =t(F(x) A F(y), F(x) A F(y))
< t(F(x),F(y) < F(x) A F(y)
and so 1(F(x), F(y)) = F(x) A F(y). It follows that
F(x +y)VA=tt(F(x), F(y)),w)
=t(F(xX)ANF),uw) =(F(xX)ANF(y)Ap
F(xy)VA=t(F(y),un)=Fy)Aup

Hence F is a (A, p) fuzzy leftideal of S. Leta,b,x,z € S,besuchthatx+a+z=b+z2
then F(x) vV A > t(t(F(a), F(b)), 1), since F is a t-norm (A, u)-fuzzy left h-ideal of S.
It follows that

F(a) A F(b) =t(F(a) N F(b), F(a) N F(b))
< t(F(a), F(D)) < F(a) A F(D)
and so t(F(a), F(b)) = F(a) N F(b), since F is imaginable. Therefore,
F(x) Vv A= 1(t(F(a), F(b)), w),
= (Fla) AN F(D) A
Thus F'is a (A, u)-fuzzy left h-ideal of S. |

Remark 4.13. The converse of the above theorem is not true. The following example
shows that there exists a t-norm such that a (A, )-fuzzy left h-ideal of S may not be an
imaginable t-norm (A, p)-fuzzy left h-ideal of S.

Example 4.14. Let S be a semiring of set of natural numbers with zero. Define a fuzzy
subset F : S — [0, 1] such that

if x iseven or 0
Fx) =

otherwise.

N| = N =
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Now F is a (.1,.8) fuzzy left h-ideal of S. Let y € [0, 1] and define t — norm on [0, 1]
as follows:

anp ifmax{a,p} =1
ta,B)=10 if max{o, B} < l,a + B <1+0.6

0.6 otherwise.

Check that F'is a t-norm (.1, .8) - fuzzy left h-ideal of S. But

11
t,(F(0), F(0)) = , (5, 5) =0 # F(0).

Hence F is not an imaginable t-norm (A, u)-fuzzy left h-ideal of S.
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