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Abstract 
 

Special Pythagorean Triangle, with perimeter to be sum two squares and a 
quintic are obtained. A few interesting results are observed. 
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Introduction 
In the Pythagorean Mathematics, the determination of classifying all Pythagorean 
triangles wherein each of which the perimeter can always be represented as the sum of 
three distinct squares by Gopalan and Devibala [1], motivated us to examine whether 
there exists any Pythagorean Triangle, with sum of legs to be a quintic. The existence 
of such triangles with two sides consecutive is also investigated. It is towards this end 
we make an attempt to find patterns of Special Pythagorean Triangles with perimeter 
as sum of two squares and a quintic. 
 
 
Method of Analysis 
The primitive solutions of the Pythagorean Equation  
  X2 + Y2 = Z2    (1) 
 
is given by [2] 
  X = m2 - n2, Y = 2mn, Z = m2 + n2   (2) 
 
for some integers m, n of opposite parity such that m > n > 0 and (m, n) = 1. 
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I Sum of two legs is a quintic: 
  X + Y = β5   (3) 
 
i.e., m2 + 2 m n - n2- β5== 0   (4) 
 
The solution of (4) and subsequently (3) is given by, 
  β == ( m2 + 2 m n - n2) 1/5 

  β == -(-1)1/5 ( m2 + 2 m n - n2) 1/5 

  β == (-1)2/5 ( m2 + 2 m n - n2) 1/5 

  β == - (-1)3/5 ( m2 + 2 m n - n2) 1/5 

  β == (-1)4/5 ( m2 + 2 m n - n2) 1/5   (5) 
 
 From these values only those values are taken for which β is a positive integer.  
 
Perimeter is sum of two squares and a quintic: 
From (2) and (3), 
  X + Y + Z = β5 + m2 + n2   (6)   
 
 (2) and (4) generates X and Y which satisfy (1) and (3) in correspondence with 
(6). 
 
Solving the Diophantine equation  
m2 + 2 m n - n2- β5 == 0 for n < m, 0 < n < 109,0 < m < 109, 0 < β < 109, using 
software Mathematica, we get the 7080 values for X,Y, Z which will consume around 
90 pages to write down! Following are the first ten examples out of 74 with 0 < β < 
102 in Table 1.  
 

Table 1 
 

S.N. m n β X = m2 – n2 Y = 2mn Z = m2 + n2 
1 92 81 7 1903 14904 15025 
2 98 49 7 7203 9604 12005 
3 112 21 7 12103 4704 12985 
4 532 364 14 150528 387296 415520 
5 588 196 14 307328 230496 384160 
6 692 44 14 476928 60896 480800 
7 867 578 17 417605 1002252 1085773 
8 979 274 17 883365 536492 1033517 
9 1071 136 17 1128545 291312 1165537 
10 1794 1771 23 81995 6354348 6354877 

 
 
 Following Table 2 verifies the result for these ten special Pythagorean triplets: 
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Table 2 
 

S.N. X2 Y2 X2 + Y2 Z2 X+Y=β5 X + Y + Z = β5 + m2 + n2 
1 3621409 222129216 225750625 225750625 16807= 75 31832=75+922+812 

2 51883209 92236816 144120025 144120025 16807=75 28812=75+982+492 
3 146482609 22127616 168610225 168610225 16807=75 29792=75+1122+212 
4 22658678784 149998191616 172656870400 172656870400 537824=145 953344=145+5322+3642 
5 94450499584 53128406016 147578905600 147578905600 537824=145 921984=145+5882+1962 
6 227460317184 3708322816 231168640000 231168640000 537824=145 1018624=145+6922+442 
7 174393936025 1004509071504 1178903007529 1178903007529 1419857=175 2505630=175+8672+5782 
8 780333723225 287823666064 1068157389289 1068157389289 1419857=175 2453374=175+9792+2742 
9 1273613817025 84862681344 1358476498369 1358476498369 1419857=175 2585394=175+10712+1362 

10 6723180025 40377738505104 40384461685129 40384461685129 6436343=235 12791220=235+17942+17712 

 
 
One leg and hypotenuse are consecutive: 
In such cases, m = n + 1  
Substituting the value of m in equations (2) and (4), we get the Diophantine equation  
  2n2 + 4n+1- β5 = 0   (7) 
 
 Using the software Mathematica equation (7) was solved for 0 < n < 108 and 0 < β 
< 108 and it was found that it has no solution. It needs further investigations to find 
whether the solution of (7) exists for n ≥ 108. 
 We also observe that 
 X + Y + Z = 0(mod 2) 
 ( Y + Z – X )2 = 2( Y + Z)(Z – X) 
 ( X + 2Y + Z )2 = (Z – X )2 + 4( X + Y)(Y + Z) 
 X + 2Y + Z ± 2{ ( X + Y)(Z - Y)}1/2 = 0(mod16) or = 0(mod4) 
 
 For n < m, 0 < n < 109, 0 < m < 109, 0 < β < 109, we get the 7080 values for X, Y, 
Z. Plotting these values as ListPlot3D, ListSurfacePlot3D and ListPointPlot3D using 
software Mathematica, we get following figures:- 

 

 
 

ListPlot3D: Figure 1 
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ListSurfacePlot3D: Figure 2 
 

 
 

ListPointPlot3D: Figure 3 
 
 
 In conclusion one may find other patterns of Pythagorean Triangles given by 
above stated problem.  
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