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Abstract 
 

In recent years there has been much research activity concerning the 
oscillation and nonoscillation of solutions of dynamic equations on time 
scales. The theory of time scales was introduced by Stefan Hilger in his PhD 
thesis in 1988 in order to create a theory that can unify discrete and continuous 
analysis. In this work, we consider a basic partial dynamic equation on time 
scales and give new criteria for oscillation of all solutions of Eq. (1.1). We 
illustrate our results by applying them to various kinds of time scales. 
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Introduction and Preliminaries  
The general idea of time scale calculus is to prove a result for a dynamic equation 
where the domain of the unknown function is a so-called time scale, which may be an 
arbitrary closed subset of the reals. This way results not only related to the set of real 
numbers or set of integers but those pertaining to more general time scales are 
obtained. Many of authors studied and obtained conditions on oscillation of the 
dynamic equations in the univariate case. For an excellent resource on calculus on 
time scales, see the Bohner and Peterson book [1]. However there is a little work on 
dynamic equations in the multivariate case. Partial dynamic equations on time scales 
is a new subject which has begun to explore. Observation on oscillation of partial 
dynamic equations is important for the mathematics and also important for the other 
branches of science that time scale is used. 
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 In the paper by Hoffacker, J. [4] has studied positive solutions of Eq. (1.1), but we 
have not observed the oscillation of partial dynamic equation on time scales yet. 
 Let n�T  and tT  be time scales which are unbounded both above and below. 
Conservation laws can lead to equations of the form 
 ( ) ( )( ) ( ) ( ), , , ( ),u n t a u n t bu n t c u n tρ σΔ = + +  , ( ), n tn t ∈ × �T T  (1.1) 
 
where a , b  and c  are real numbers, and “ Δ ” is the delta derivative with respect to t. 
One type of solution of Eq. (1.1), is called a traveling wave solution, for n t= =� �T T R  
is of the form 
 ( ) rtnet,nu −=  
 
where r  is a priori known and is called the velocity of the traveling wave [4]. In the 
paper by Chen, Lin, and Zhang [2], some of these questions were answered for the 
case n t= =� �T T Z  where they found traveling wave solutions of the form 

 ( ) rtnt,nu −= λ  
 
 We will attempt to find an analogous solution for n t× �T T  by trying appropriate 
forms, but first exponential functions on time scales must be defined. 
 
Exponential Functions 
We start with the definitions given by Hilger [3] and Bohner [1] to define the 
exponential function on a time scale. 
 
Definition 1. For 0>h , we define the strip by 

 : Im( )h z z
h h

π π⎧ ⎫⎪ ⎪⎪ ⎪= ∈ − < ≤⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
 

 
and we define Hilger complex numbers by 

 1:h z z
h

⎧ ⎫⎪ ⎪⎪ ⎪= ∈ ≠−⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
 

 
 For 0=h , let 0 0= = , the complex numbers. 
 
Definition 2. For 0>h  the cyclinder transformation, : h hξ →  is defined by 

 ( ) ( )zhLog
h

zh += 11ξ  

 
where Log is the principal logarithm function. For 0=h , we define ( )0 z zξ =  for all 

0z ∈ = . 
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Definition 3. We say that the function :p →T  is regressive on T  provided 
 ( ) ( ) 01 ≠+ tptμ  
for all t κ∈T . 
 
Definition 4. A function :f →T R  is called rd-continuous provided it is continuous 
at right-dense points in T  and its left-sided limits exist (finite) at left-dense points in 
T . 
 
Definition 5. If :p →T  regressive and rd-continuous, then we define the 
exponential function by 

 ( ) ( ) ( )( ) ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
= ∫

t

s
p pexps,te τΔτξ τμ  

for ,s t κ∈T . 
 
 Two useful properties of the exponential function are listed in the following 
theorem. 
 
Theorem 1. [1] Assume :p →T  regressive and rd-continuous. Then the 
followings hold: 
1. ( )0 , 1e t s =  and ( ), 1pe t t = ; 

2. ( )( ) ( ) ( )( ) ( ), 1 ,p pe t s t p t e t sσ μ= + . 
 
Theorem 2. [1] If rdf C∈  and t κ∈T , then 

 ( )
( )

( ) ( )tftf
t

t

μτΔτ
σ

=∫ . 

 
Lemma 1. If rdp C∈ , then the semigroup property 
 ( ) ( ) ( ), , ,p p pe t r e r s e t s=  for all , ,r s t ∈T . 
 
Types of Solutions 
We need the following theorem to prove our results. 
 
Theorem 3. Assume that ( )( ) ( )( )1 0p t tρ μ ρ+ ≠  for all t ∈T . Then  

 ( )( ) ( )( ) ( )( )0 0, ,p pe t t p t e t tρ ρ ρΔ = . 
 
Proof. Case 1. Assume that ( )( ) ( )t tσ ρ ρ> . By using Theorem 2 
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 ( )( )
( ) ( )( )

( )( )

( ) ( )( )
( )

( )( )
0 0

0

t t

t t

p

exp p exp p

e t ,t
t

σ ρ ρ

μ τ μ τξ τ Δτ ξ τ Δτ

ρ
μ ρ

Δ

⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪−⎨ ⎬ ⎨ ⎬
⎪ ⎪⎪ ⎪ ⎩ ⎭⎩ ⎭⎡ ⎤ =⎣ ⎦

∫ ∫
 

 
( ) ( )( )

( )

( )( )

( )( ) ( )( )0

1
t

t

p

exp p

e t ,t
t

σ ρ

μ τ
ρ

ξ τ Δτ

ρ
μ ρ

⎧ ⎫⎪ ⎪−⎨ ⎬
⎪ ⎪⎩ ⎭=
∫

 

 ( )( ) ( )( )( ) ( )( )( )
( )( )

( )( )0

exp 1
,

t

p

p t t
e t t

t

μ ρξ ρ μ ρ
ρ

μ ρ

−
=  

 ( )( ) ( )( ) ( )( )( )( ) ( )( )1
0,pt t

p t e t tμ ρ μ ρξ ξ ρ ρ−=  

 ( )( ) ( )( )0,pp t e t tρ ρ= . 
 
Case 2. Assume that ( )( ) ( )t tσ ρ ρ= . Using Lemma 1 we obtain 

( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )0 0 0p p pe t ,t e s ,t p t e t ,t t sρ ρ ρ ρ ρ ρ− − −⎡ ⎤⎣ ⎦  

( )( ) ( ) ( )( ) ( )( ) ( ) ( )0, 1 ,p pe t t e s t p t t sρ ρ ρ ρ ρ ρ⎡ ⎤= − − −⎣ ⎦  

 

( )( ) ( ) ( )( )
( )

( )

( ) ( )( )

( ) ( )( )
( )

( )

( )( ) ( ) ( )

0, 1 ,
t

p p

s

t

s

e t t p e s t

p p t t s

ρ

μ τ
ρ

ρ

μ τ
ρ

ρ ξ τ τ ρ ρ

ξ τ τ ρ ρ ρ

= − Δ −

⎡ ⎤+ Δ − −⎣ ⎦

∫

∫

 

 

( )( ) ( ) ( )( )
( )

( )

( ) ( )( )

( ) ( )( )
( )

( )

( )( ) ( ) ( )

0, 1 ,
t

p p

s

t

s

e t t p e s t

p p t t s

ρ

μ τ
ρ

ρ

μ τ
ρ

ρ ξ τ τ ρ ρ

ξ τ τ ρ ρ ρ

≤ − Δ −

⎡ ⎤+ Δ − −⎣ ⎦

∫

∫

 

 

( )( ) ( ) ( )( )
( )

( )

( ) ( )( )

( )( ) ( ) ( )( ) ( )( )( )
( )

( )

0

0 0

, 1 ,

, .

t

p p

s

t

p

s

e t t p e s t

e t t p p t

ρ

μ τ
ρ

ρ

μ τ
ρ

ρ ξ τ τ ρ ρ

ρ ξ τ ξ ρ τ

≤ − Δ −

⎡ ⎤+ − Δ⎢ ⎥⎣ ⎦

∫

∫

 

 
 Let 0δ >  be given. Since ( )( ) ( )t tσ ρ ρ= , it follows that for ( )( ) 0tμ ρ = , and 
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( )( ) ( ) ( )0rr t
lim p pμ ρξ ξ
→

= . This implies that there is a neighborhood 1U  of ( )tρ  such 

that 

 ( ) ( )( ) ( )( )( ) ( )( )0
03 p

p p t
e t ,t

μ τ
δξ τ ξ ρ
ρ

− <  for all 1Uτ ∈ . 

 
 Let ( ) 1s Uρ ∈ . Then 

 ( )( ) ( ) ( )( ) ( )( )( )
( )

( )

( ) ( )0 0,
3

t

p

s

e t t p p t t s
ρ

μ τ
ρ

δ
ρ ξ τ ξ ρ τ ρ ρ⎡ ⎤− Δ ≤ −⎢ ⎥⎣ ⎦∫ . 

 

 By L'Hôpital's rule, 
0

1 0
z

z

z e
lim

z

−

→

− −
= , so that there is a neighborhood 2U  of ( )tρ  

so that if ( ) 2s Uρ ∈  with ( ) ( )s tρ ρ≤ , then 

 
( ) ( )( )

( )

( )

( ) ( )( )

( ) ( )( )
( )

( )

1
t

p

s *

t

s

p e s , t

p

ρ

μ τ
ρ

ρ

μ τ
ρ

ξ τ Δτ ρ ρ

δ

ξ τ Δτ

− −

<
∫

∫
 

 

where 
( )( ) ( )( )0

1
1 3

*

p

min ,
p t e t ,t

δδ
ρ ρ

⎧ ⎫⎪ ⎪= ⎨ ⎬
+⎪ ⎪⎩ ⎭

. 

 Let ( ) 1 2s U : U Uρ ∈ = ∩ . Then 

 
( )( ) ( ) ( )( )

( )

( )

( ) ( )( )0, 1 ,
t

p p

s

e t t p e s t
ρ

μ τ
ρ

ρ ξ τ τ ρ ρ− Δ −∫  

 
( )( ) ( ) ( )( )

( )

( )
*

0,
t

p

s

e t t p
ρ

μ τ
ρ

ρ δ ξ τ τ≤ Δ∫  

 
( )( ) ( ) ( )( ) ( )( )( )

( )

( )

( )( ) ( ) ( )}

*
0 0,

t

p

s

e t t p p t

p t t s

ρ

μ τ
ρ

ρ δ ξ τ ξ ρ τ

ρ ρ ρ

⎧⎪⎪⎪ ⎡ ⎤≤ − Δ⎨ ⎢ ⎥⎣ ⎦⎪⎪⎪⎩

+ −

∫
 

 
( )( ) ( ) ( )( ) ( )( )( )

( )

( )

( )( ) ( )( ) ( ) ( )

0 0

*
0

,

,

t

p

s

p

e t t p p t

e t t p t t s

ρ

μ τ
ρ

ρ ξ τ ξ ρ τ

ρ δ ρ ρ ρ

⎡ ⎤≤ − Δ⎢ ⎥⎣ ⎦

+ −

∫
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 ( ) ( ) ( )( ) ( )( ) ( ) ( )*
0,

3 pt s e t t p t t s
δ
ρ ρ ρ δ ρ ρ ρ≤ − + −  

 ( ) ( ) ( ) ( )
3 3

t s t s
δ δ
ρ ρ ρ ρ≤ − + − . 

 
( ) ( )2

3
t s

δ
ρ ρ= − . 

 
 So that we show that the right-hand side of the inequality is less than or equal to 

( ) ( )t sδ ρ ρ− , and the proof complete. 
 
Lemma 2. Assume that ( )( ) ( )( )1 0p t tρ μ ρ+ ≠  for all t ∈T . Then 

 
( )( )

( )( )( )
( )( ) ( )( )

0
0

,
,

1
p

p

e t t
e t t

t p t

σ ρ
ρ

μ ρ ρ
=

+
. 

 
Proof. We have ( )( )( ) ( )( ) ( )( ) ( )( )0 0 0, , ,p p pe t t e t t t e t tσ ρ ρ μ ρ ρΔ= + . From the 

Theorem 3 we get 

 

( )( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )

0 0 0

0

, , ,

1 , .

p p p

p

e t t e t t t p t e t t

t p t e t t

σ ρ ρ μ ρ ρ ρ

μ ρ ρ ρ

= +

⎡ ⎤= +⎢ ⎥⎣ ⎦

 

 
 We might consider a solution of the form 

 ( ) ( ) ( )0 0, , ,u n t e n n e rt tλ λ= − . 
 
 But it is difficult to find delta derivative of ( )0,e rt tλ −  because of the lack of a 
chain rule on time scales in general. Instead we try a solution of the form 

 
( ) ( ) ( )00 t,ten,net,nu r−= λλ  

 
where ( ) 01 ≠+ nλμ  for all nn∈T  and ( ) 01 ≠+ − trμλ  for all tt ∈ �T . Notice that 
( )0 , o n tn t ∈ ×� �T T  is the initial point and ( ),u n t  is uniquely determined by this point. 
Substituting ( ) ( ) ( )00 t,ten,net,nu r−= λλ  into Eq.(1.1) and simplifying we get 

 

( ) ( )( ) ( )( ) ( ) ( ) ( )

( )( ) ( )
0 0 0 0 0 0

0 0

, , , , , ,

, ,

r r r

r

e n n e t t ae n n e t t be n n e t t

ce n n e t t

λ λ λλ λ λ

λ λ

ρ

σ

− − −

−

Δ
= +

+
 

 

( )
( )( )( )

( )( ) ( )( )
( )

( ) ( )( ) ( )

0
0 0

0

,
, ,

1

1 , .

r
e n n

e n n a be n n
n n

c n n e n n

λ
λ λ

λ

σ ρ
λ

μ ρ λ ρ

μ λ

− = +
+

+ +

 (1.2) 
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 If λ  is a root of the characteristic equation (1.2), then ( ) ( ) ( )00 t,ten,net,nu r−= λλ  

is a solution of Eq.(1.1). However unless ( ) ( )( )n nμ μ ρ=  for all nn∈ �T  it will be 
difficult to find constants a , b , and c . We will consider the special case where 
( ) ( )( )n n hμ μ ρ= =  for all nn∈T  is a constant function. Then the characteristic 

equation (1.2) reduces to 

 

( )
( )( )
( ) ( )

( )

( ) ( )( ) ( )

0
0 0

0

,
, ,

1

1 ,

r
e n n

e n n a be n n
n n

c n n e n n

λ
λ λ

λ

σ
λ

μ λ

μ λ

− = +
+

+ +

 

 ( ) ( )2 2 10 2 1r r rch h b c a b c hλ λ λ λ+ += + + + + + − − . 
 
 Letting  

 

( )

2

2 ,b c h

a b c and

ch

α

β

γ

⎧ = +⎪⎪⎪⎪ = + +⎨⎪⎪⎪ =⎪⎩

 (1.3) 

 
we obtain 

 
2 1 1 0r r r hγλ αλ βλ λ+ ++ + − − = . (1.4) 

 
 We will try to find non-positive traveling wave solution of the form 
( ) ( ) ( )00 t,ten,net,nu r−= λλ  for the special cases n h=T  and n =T R . Here t�T  is a 

general time scale which has no restrictions except that is unbounded. 
 
 
Main results 
The Special Case n h=�T . 
We find non-positive roots of the characteristic equation (1.4). If n h=�T , then 

( ) ( )( )n n hμ μ ρ= =  and Eq. (1.1) has a solution of the form 

 ( ) ( ) ( ) ( ) ( )
0

0 0 0, , , 1 ,r r

n n

hu n t e n n e t t h e t tλ λ λ
λ− −

−

= = +  
 
which is defined on all of n t×� �T T . 
 
Theorem 4. Let n h=T  and 0≠r . All solutions of Eq. (1.1) are oscillatory if one 
of following conditions on ,α β  and γ  holds: 

a. 000 ==< βαγ ,, ; 
b. 000 <=< βαγ ,, ; 
c. 000 =<< βαγ ,, ; 
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d. 000 =<= βαγ ,, ; 
e. 000 <== βαγ ,, ; 
f. 000 <<= βαγ ,, . 

 
Proof. We can rewrite the characteristic equation (1.4) as  

 ( ) 2 1: 1 0r r rf hλ γλ αλ βλ λ+ += + + − − = . 
 

a. Note that ( )0 1f =− . Since 0, 0γ α< =  and 0β = , the characteristic 
equation is 

 ( ) 2
1 : 1rf hλ γλ λ+= − −  (2.1) 

 
and ( )lim f

λ
λ

→∞
=−∞ . Then equation (2.1) will have no positive root. 

 
b. Since the characteristic equation is 

 ( ) 2
2 : 1r rf hλ γλ βλ λ+= + − −  (2.2) 

 
and as in (a), it is easy to see that equation (2.2) will have no positive root that makes 
the equation zero. 
 

c. In this case, the characteristic equation is  

 ( ) 2 1
3 : 1r rf hλ γλ αλ λ+ += + − −  (2.3) 

 
and equation (2.3) has no positive root because of ( )0 1f =−  and ( )lim f

λ
λ

→∞
=−∞ . 

 The proof of the other cases of the theorem are similar to the previous ones. 
Therefore we omit them in here. Hence, all solutions of Eq. (1.1) are oscillatory. 
 
Theorem 5. Let n h=T  and 0=r . All solutions of Eq. (1.1) are oscillatory if one 
of following conditions on ,α β  and γ  holds: 

a. 0, , 1hγ α β< < < ; 

b. ( ) ( )2 4 1hα γ β− < − ; 

c. ( ) ( ) ( )2 4 1 , 0h hα γ β α γ− = − − < ; 

d. ( )( )0, 1 0hγ β α= − − < ; 

e. ( ), 1 0.hα β γ= − <  
 
Proof. Since 0=r , we can rewrite the characteristic equation (1.4) as 

 ( ) ( )2: 1 0g hλ γλ α λ β= + − + − = . (2.4) 
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a. Note that ( )0 1f =− . Since 0, hγ α< <  and 1β< , ( )lim g
λ

λ
→∞

=−∞  and 

characteristic equation (2.4) will have no positive root. 
b. The second order equation (2.4) has no real roots, since ( ) ( )2 4 1hα γ β− < − . 

c. Since ( ) ( )2 4 1hα γ β− = − , equation (2.4) has multiple roots. For the 

parabola to have a vertex with negative x-coordinate we require ( ) 0h α γ− < . 
d. In this case the characteristic equation is 

 ( ) ( )1 : 1g hλ α λ β= − + −  

 and 1 0
h

β
λ

α
−

= <
−

, since ( )( )1 0hβ α− − < . 

 

e. If hα= , then 

1
21 β

λ
γ

⎛ ⎞− ⎟⎜= ⎟⎜ ⎟⎜ ⎟⎝ ⎠
 and for the ( )1 0β γ− < , λ is not a real number, it 

is complex number. 
 
 Hence, all solutions of Eq. (1.1) are oscillatory. 
 
The Special Case n =�T R . 
We try to find non-positive roots of the characteristic equation (1.4). If n =�T R , then 

( ) ( )( ) 0n nμ μ ρ= =  and the solution of the Eq. (1.1) of the form 

 
( ) ( ) ( ) ( ) ( )000 0 t,teet,ten,net,nu rr

nn
−−

−== λ
λ

λλ . 

 

Theorem 6. Let 0<++ cba  and even
r

odd
= . Then all solutions of Eq. (1.1) are 

oscillatory. 
 
Proof. Since ( )( ) ( ) 0n nμ ρ μ= = , the characteristic equation (1.4) reduces to 

 ( ) ( ): 1 0rh a b cλ λ= + + − =  (2.5) 
 

 From equation (2.5), we get 
1

1 r

a b c
λ

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜⎝ ⎠+ +
. So that if 0<++ cba  and 

even
r

odd
= , then λ  is not a real number, it is a complex number.  

 Hence, all solutions of Eq. (1.1) are oscillatory. 
 
Example 1. Let n h=T  and consider first order partial dynamic equation of the 
form 
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 ( ) ( )( ) ( ) ( )),(2,3,, tnutnutnutnu σρ −+−=Δ , ( ), n tn t ∈ × �T T . (2.6) 
 
 Suppose ( )0 , o n tn t ∈ ×� �T T  is the initial point and ( ),u n t  is uniquely determined by 
this point. So that Eq. (2.6) has a solution of the form 

 
( ) ( ) ( ) ( ) ( )0

0
00 ,1,,, ttehttennetnu rh

nn

r −

−

− +==
λλλ λ  

 
which is defined on all of n t×� �T T . By using (1.3), we get 0, 0γ α< <  and 0β = . 
Then  

 

( )( ) ( ) ( )

( )( ) ( ) ( )

0

0

0

0

, 1 ,

, 1 ,

r

r

n h n

h

n h n

h

u n t h e t t

u n t h e t t

λ

λ

ρ λ

σ λ

−

−

− −

+ −

⎧⎪⎪ = +⎪⎪⎨⎪⎪ = +⎪⎪⎩

 (2.7) 

 
for n h=�T . Substituting (2.7) to the Eq. (2.6), we have the characteristic equation 

 ( ) ( ) ( ) 0113121 2 =++−+++− λλλλ hhhr . (2.8) 
 
 First for the case 0≠r , in equation (2.8), we choose 2−=r . Then equation (2.8) 
reduces to 

 ( ) 021 223 =+++ λλλ hhh . (2.9) 
 
 From (2.9), we have 

 

( ) 0
2

4121 22

2,1 <
+±+−

=
h

hhλ . 

 
 Next for 0=r , equation (2.8) reduces to 
  0122 22 =++ λλ hh .  (2.10) 
 
 It is clear that (2.10) has no real roots. Hence, all solutions of Eq. (2.6) are 
oscillatory. 
 
Example 2. Let n =T R  and consider first order partial dynamic equation of the form 

 ( ) ( )( ) ( ) ( )),(5,2,, tnutnutnutnu σρ −+=Δ , ( ), n tn t ∈ × �T T   (2.11) 
 
 Suppose ( )0 , o n tn t ∈ ×� �T T  is the initial point and ( ),u n t  is uniquely determined by 
this point. So that Eq. (2.11) has a solution of the form 

 
( ) ( ) ( ) ( ) ( )000 0 t,teet,ten,net,nu rr

nn
−−

−== λ
λ

λλ   (2.12) 

 
which is defined on all of n t×� �T T . From the Eq. (2.11), we can see 02 <−=++ cba
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. Substituting (2.12) to the Eq. (2.11), we have the characteristic equation 

 02 =+−rλ .  (2.13) 
 
 From characteristic equation (2.13), we have 

 

r

1

2
1
⎟
⎠
⎞

⎜
⎝
⎛−=λ  

 

which has complex roots for even
r

odd
= . Hence, all solutions of Eq. (2.11) are 

oscillatory. 
 
 
Conclusion 
In this paper, we considered a basic partial dynamic equation on time scales and we 
gave new criteria for oscillation of all solutions of Eq. (1.1). We illustrated our results 
by applying them to various kinds of time scales. Our results consider first order 
partial dynamic equation with constant coefficients. By this work, partial dynamic 
equation with variable coefficients can be researched in the future. 
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