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Abstract 
 

A heuristic for obtaining an initial solution for the transportation problem with 
fractional objective function is presented in this paper. The heuristic presented 
is based on the opportunity-cost concept. Superiority of the new heuristic over 
Vogel’s approximation method is discussed in terms of the number of 
iterations required to reach the optimal solution. A computational study on 
randomly generated sparse linear fractional transportation problems reveals 
that the new algorithm is surprisingly faster than the Vogel’s approximation 
method. In our computational study, we use three different density cases of 
LFTPs: 2.5%, 5% and 10%. Compared to the Vogel’s method, new heuristic 
found to be up to 65 times faster in terms of number of iterations and up to 99 
times faster in terms of CPU time. 
 
Keywords: linear fractional transportation problem, Vogel’s approximation 
method. 

 
 
Introduction 
The liner fractional transportation problem (LFTP) constitutes a large portion of linear 
fractional programming problems. Various methods such as the stepping stone 
method, the modified distribution (MODI) method have been developed to solve the 
LFTP. In order to proceed with these methods, it is necessary to obtain the initial 
basic feasible solution (IBFS). A number of heuristics are used in this respect, among 
which are the Vogel’s approximation method (VAM), the row minimum-cost method, 
the column minimum-cost method and the North West corner method. The VAM 
usually results in a better initial solution compared with the initial solution found by 
the last three methods. Thus, less iteration are required to reach to the optimum 
solution. 



18  Vishwas Deep Joshi and Nilama Gupta 
 

 

 The VAM involves the calculation of the penalty parameter for each row and each 
column by subtracting the lowest cost of the associated row (column) in question 
from the next lowest cost in that row (column). Then an allocation is made to the 
lowest-cost cell of the row or column with the highest penalty parameter. The 
procedure continues until all the allocations are made, ignoring rows or columns 
where the supply from a given source is depleted from a destination point is met. 
Modifications to VAM are proposed regarding the resolution of ties for allocation and 
treatment of unbalanced transportation problems. 
 A new heuristic for finding an IBFS based on [2] for the LFTP is presented in the 
next section. Example is discussed for the comparison of the heuristic developed with 
that of VAM. The last two sections deal with the finding and conclusion of the study. 
 
 
Problem formulation 
Mathematical formulation of LFTP is discussed by Swarup [3] 
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vectors ( )ijc  and ( )ijd lie in m nR ×  and X is a vector of mn decision variables, ia  being 

the availability at thi  supply and jb  the requirement at thj  demand point, ( ) 0D x >  
for all x S∈ , where S is a compact set of feasible points. 
 
 
The Heuristic 
The following notations are used for the heuristic developed to find an initial solution 
of the LFTP. For each supply point ( 1,..., )i i m= and demand point ( 1,..., ) :j j n=  
 ijE = row opportunity cost; 
 ijF = column opportunity cost; 
 ijT = total opportunity cost; 
 ijX = allocation made from i  to j . 
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 Using the above notation, the heuristic proceeds as follows: 

Step 1: Calculate ij

ij

c

d
for each cell and the new matrix is called M matrix (( ) )ij m nM × .  

Step 2: Calculate ijE for each cell by subtracting the smallest cost from each ijM in 
the row. 
Step 3: Calculate ijF for each cell by subtracting the smallest cost from each ijM in the 
column. 
Step 4: Add ijE and ijF to calculate ijT for each cell. 
Step5: Allocate the maximum possible units ( )ijX to the cell with the (next) smallest

ijT . In the case of a tie (i.e.  equal ijT s), use the following tie-breakers in the order 
given. 
 Make the allocation to that cell with the smallest ijM . 
 In the case of tie in (i), make the allocation to that cell with the largest possible ijX  
 In the case of tie in (i), and (ii), make the allocation to the cell with the smallest (i) 
value. 
 
Step 6: Delete the row or column from further calculations where the supplies from a 
given source are depleted or the demands from a destination point are met. 
 
Step 7: Go to step 4. Continue until all the allocations are made. 

 
Table 1: problem formulation 

 
 B1 B2 B3 B4 Supply

A1 5 
 
2 

8 
 
1 

7 
 
3 

6 
 
2 

5 

A2 6 
 
1 

10 
 
4 

5 
 
2 

5 
 
3 

3 

A3 7 
 
2 

15 
 
1 

3 
 
1 

16 
 
2 

15 

A4 15 
 
3 

21 
 
1 

8 
 
1 

18 
 
1 

12 

Demand 5 14 10 6 35 
 
 
 The heuristic presented is based on the ‘opportunity-cost’ concept and hence will 
be referred to as the ‘fractional opportunity-cost method’ (FOCM). The fractional 
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opportunity cost, ijT  is found for each cell by considering both the supply (row) and 
the demand (column) factors, whereas of VAM sometimes results in allocation which 
may be the best for a given supply (demand) point. However, the allocation may turn 
out to be a poor one for the corresponding demand (supply) point. The heuristic 
developed tackles this deficiency of VAM by calculating total(row and column) 
opportunity costs for each cell, thus providing more information for allocation as 
opposed to the rather restricted information provided by VAM in terms of penalty 
costs for each row and column. This heuristic also has a computational advantage 
over VAM.  New penalty costs have to be calculated after each allocation in VAM, 
whereas ijT  has to be calculated only once in the heuristic. Allocations are then based 
on these values without the need for any further opportunity-cost re-estimations. The 
following example problem illustrates the application of the FOM heuristic. Consider 
the following unit transportation-cost matrix from supply point ( 1,2,3,4)i i = to the 
demand point ( 1,2,3,4)j j = . 
 The IBFS obtained by FOCM is presented below. The first entry in the lower right 
box for each cell is the row opportunity cost, ijE obtained by step 1. Step 2 provides 
the column opportunity cost ijF , shown as the second entry. The initial allocations are 
made based on the total opportunity cost ijT  for each cell (step4). Rule (i) is used as a 
tie-breaker for the three cells with zero total opportunity cost. The figure in 
parentheses under each allocation are included to indicate the sequence in which 
allocation are made.   

 
Table 2: allocation matrix 

 
 B1 B2 B3 B4 Supply
A1 2.5 

 
              .2 
               0   
              .2  

8 
 
              5.7 
              5.5 
             11.2 

2.3 
 
 5           0 
(2)         0 
              0 

3 
 
               .7 
              1.3 
               2 

5 

A2 6 
 
             4.3 
             3.5   
             7.8 

2.5 
 
                .8 
                 0 
                .8 

2.5 
 
               .8 
               .2 
              1 

1.7 
 
  3           0 
 (1)         0 
               0 

3 

A3 3.5 
 
 5            .5 
(4)        1.0   
             1.5  

15 
 
  2          12 
 (6)        12.5 
              24.5

3 
 
 5             0  
(3)          .7 
               .7 

8 
 
 3           5 
(5)         6.3 
            11.3 

15 
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A4 5 
 
              0 
              2.5   
              2.5 

21 
 
 12         16 
 (7)        18.5 
              34.5

8 
 
              3 
              5.7 
              8.7 

18 
 
             13 
             16.3 
             29.3 

12 

Demand 5 14 10 6 35 

 
 
 IBFS of minimization problem is 13 24 31 325, 2, 5, 2,X X X X= = = = 33 5X = and 

34 423, 12X X= =  all other 0ijX =  with cost 430 7.3
59

Z = =  by FOCM and with VAM, 

it is 418 9.72
43

Z = = . It is clear the heuristic presented in this paper gives a better 

initial solution for minimization problem. For finding the final solution from IBFS, 
the procedure given in the book [1] is followed. If the above procedure is applied on 
the IBFS obtained by the heuristic only two iterations are required to reach the final 
optimum solution where as it needs five iteration to reach to the final optimum 
solution from IBFS obtained by VAM. 
 
 
Computational study 
In this section we describe the numerical tests and present computational results that 
demonstrate practical efficiency of FOCM over VAM on randomly generated sparse 
LFTPs. We perform an extensive comparison between FOCM and VAM method. The 
randomly generated LFTPs that have been solved are of the general form. The 
problems tested were small and medium in size and involved only randomly 
generated matrices. LFTP problems are solved by direct call to a solver routine. The 
implemented algorithms are running in MATLAB 7.8 and execute PC. All the 
computations were performed on a single processing node. This specific node 
contains a 1.60 GHz Intel Dual core processor T2060 with 1.5 GB RAM and with 
Windows 7 (32 bit) operating system. 
 
 
Table 3: Results for randomly generated sparse LFPs with dimension n x n and 
density 10%. 
 

Density 10% nnz 
 

   VAM FOCM 
Niter Time CPU Niter Time CPU 

10 x 10 9.052 42.636 0.174 21.672 0.0817 
15 x 15 20.326 128.268 0.8964 32.637 0.1978 
20 x 20 36.203 254.316 2.652 48.676 0.4128 
25 x 25 56.581 446.016 6.798 69.187 0.8729 
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30 x 30 81.485 638.484 12.8892 80.238 1.3631 
35 x 35 110.856 839.196 21.3288 109.306 2.5155 
40 x 40 144.723 1077.408 34.9656 130.548 3.8227 
45 x 45 183.148 1373.4 54.6324 146.372 5.4481 
50 x 50 226.149 1656.204 79.2288 171.527 7.8131 
60 x 60 325.666 2275.596 152.0832 209.109 13.5192 

 
 
 In the computational study there are three different density cases of LFTPs: 2.5%, 
5% and 10%. For each density case there are three different dimensions: n n× , 2n n×  
and 2n n× . The square LFTPs contain 10 different classes of problems. Each of these 
contains 15 LFTPs. The other two dimension cases contain 6 classes of problems. 
Each of these contains also 15 LFTPs. The ranges of values of the LFTPs that were 
used for our computational study are [ 300 700], [ 300 700], [10100]c d b∈ − ∈ − ∈  and 

[50 400]A∈ . The feasibility tolerance used is 810−  and the tolerance on a pivot row 
and column is 1010− .  
 Performance of the FOCM developed to get an IBFS of the LFTP is compared 
with that of VAM for 990 problems. The problems are randomly generated within the 
experimental design framework discussed below. Tables 3-7 report the statistics on 
the LFTPs used in our study. Their columns contain the following information: 
number of constraints m, number of variables n, number of nonzero elements of the 
constraint matrix A  (excluding cost and right-hand size) nnz, the average number of 
iterations, niter, and the mean CPU time, time CPU, in seconds. 
 
 
Table 4: Results for randomly generated sparse LPs with dimension n n×  and 
density 5%. 
 

Density 5%  
nnz 

   VAM FOCM 
Niter Time CPU Niter Time CPU 

10 x 10 4.656 28.628 0.0986 15.695 0.043 
15 x 15 10.452 139.842 1.0846 25.327 0.1118 
20 x 20 18.573 567.732 9.0814 46.01 0.3784 
25 x 25 28.996 837.352 19.6724 54.137 0.5762 
30 x 30 41.764 1510.416 52.0914 70.606 1.1739 
35 x 35 56.916 2545.784 118.9252 122.808 3.3755 
40 x 40 74.205 3571.632 211.4528 127.667 3.8184 
45 x 45 93.89 3969.126 278.1166 156.09 5.9899 
50 x 50 115.876 5522.858 488.0462 181.46 8.2474 
60 x 60 166.999 8325.274 1103.62 219.085 15.0758 
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Table 5: Results for randomly generated sparse LPs with dimension n n×  and 
density 2.5%. 
 

Density 2.5%  
nnz 

   VAM FOCM 
Niter Time CPU Niter Time CPU 

10 x 10 2.348 6.82 0.0275 5.762 0.0258 
15 x 15 5.293 24.31 0.1155 15.953 0.0516 
20 x 20 9.398 62.37 0.561 25.198 0.0989 
25 x 25 14.681 238.425 4.059 39.732 0.2236 
30 x 30 21.111 430.76 10.681 43.301 0.3139 
35 x 35 28.787 1418.45 47.4595 74.089 1.3717 
40 x 40 37.55 2273.645 95.579 78.518 1.7071 
45 x 45 47.56 4017.2 203.72 101.738 3.2895 
50 x 50 58.653 6380.11 407.0275 140.481 6.3468 
60 x 60 84.475 10430.2 914.232 160.003 9.159 

 
 
 In order to show more clearly the superiority of FOCM over VAM method we 
now provide some tables showing for each case of density and dimension some ratios 
relative with Tables 3-7. In Tables 8-10 we present the ratios (iterations to reach upto 
final solution via VAM)/( iterations to reach upto final solution via FOCM) and (CPU 
time via VAM method)/(CPU time of the FOCM heuristic) for the corresponding 
densities and dimensions. The above ratios indicate how many times the heuristics is 
better than VAM. 
 FOCM’s experimental implementation proved that the algorithm is very fast but 
there is still room for its further improvement. From Tables 8-10 we can see that as 
the problem dimension increases and the problem density decreases, the superiority of 
heuristic over VAM increases. Particularly, in LFTPs of size 60x60 and densities 
2.5%, 5%, 10%, FOCM is about 65, 38 and 11 times faster than VAM method, 
respectively, in terms of number of iterations. Also, FOCM solves the same problems 
about 99, 73 and 11 times faster, with respect of the above densities, than VAM in 
terms of CPU time. In order to have a more clear view of the superiority of FOCM 
over VAM we plot the ratios of Table 8, see Figs. 1 and 2. The plots are for the square 
sparse linear problems. In Fig. 1 we plot the ratios (niter VAM /niter FOCM) and in 
Fig. 2 the ratios (CPU time VAM/CPU time FOCM. 

 
 

Table 6: Results for randomly generated sparse LPs with dimension 2n n×  
 

Density 2.5%  
nnz 

   VAM FOCM 
Niter Time CPU Niter Time CPU 

Density 10%      
10 x 20 18.11 95.196 0.432 42.269 0.2193 
15 x 30 40.662 248.388 2.0112 59.727 0.4945 
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20 x 40 72.312 467.34 5.9052 100.706 1.3803 
25 x 50 113.277 785.736 14.7264 114.509 2.2102 
30 x 60 162.954 1060.944 27.7092 165.077 4.6698 
35 x 70 221.686 1383.504 46.8972 176.859 6.3726 
Density 5%      
10 x 20 9.306 68.17 0.3094 21.328 0.0817 
15 x 30 20.822 379.678 4.3044 28.165 0.1763 
20 x 40 37.132 1499.026 30.4164 82.302 1.0793 
25 x 50 57.99 1787.89 36.3834 113.864 2.2876 
30 x 60 83.498 3380.892 141.1068 162.884 4.6612 
35 x 70 113.621 4962.096 271.1296 226.696 8.3291 
Density 2.5%      
10 x 20 4.694 35.805 0.1265 17.329 0.0516 
15 x 30 10.57 74.635 0.506 24.338 0.0903 
20 x 40 18.794 187.11 2.343 32.379 0.172 
25 x 50 29.31 544.555 10.8075 45.408 0.3827 
30 x 60 42.241 1693.23 49.8135 62.565 0.9589 
35 x 70 57.611 3929.805 160.2755 103.243 2.9756 

 
Table 7: Results for randomly generated sparse LPs with dimension 2n n×  

 
Density 2.5% nnz    VAM FOCM 

Niter Time CPU Niter Time CPU 
Density 10%      
20 x 10 18.063 93.852 0.8904 24.983 0.1548 
30 x 15 40.73 276.54 4.7292 50.525 0.6149 
40 x 20 72.359 530.076 13.9104 71.939 1.3674 
50 x 25 113.213 828.144 32.2008 95.374 2.7176 
60 x 30 162.854 1165.872 60.1776 106.855 4.1538 
70 x 35 221.747 1599.672 107.3472 149.296 8.1829 
Density 5%      
20 x 10 9.262 54.57 0.544 22.04 0.1333 
30 x 15 20.844 383.622 10.0572 42.16 0.4988 
40 x 20 37.125 1347.658 64.6952 65.68 1.3373 
50 x 25 57.929 2375.886 174.3724 87.28 2.7606 
60 x 30 83.408 3668.124 383.1664 112.68 5.0439 
70 x 35 113.605 5846.266 464.2666 134.04 7.6669 
Density 2.5%      
20 x 10 4.696 7.954 0.0546 7.439 0.0344 
30 x 15 10.586 14.268 0.117 15.179 0.0817 
40 x 20 18.821 336.938 10.3506 44.849 0.5117 
50 x 25 29.349 1599.246 76.7598 69.617 1.5566 
60 x 30 42.266 3600.292 248.6718 95.374 3.5733 
70 x 35 57.555 8712.828 774.384 132.01 7.3057 
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Table 8: Ratios for randomly generated sparse LPs with dimension n n×  
 

  Density 10% Density 5% Density 2.5% 
Niter Time CPU Niter Time CPU Niter Time CPU 
VAM/FOCM VAM/FOCMVAM/FOCMVAM/FOCMVAM/FOCM VAM/FOCM

10 x 101.97 2.13 1.82 2.29 1.18 1.07 
15 x 153.93 4.53 5.52 9.7 1.52 2.24 
20 x 205.22 6.42 12.34 24 2.48 5.67 
25 x 256.45 7.79 15.47 34.14 6 18.15 
30 x 307.96 9.46 21.39 44.37 9.95 34.03 
35 x 357.68 8.48 20.73 35.23 19.15 34.6 
40 x 408.25 9.15 27.98 55.38 28.96 55.99 
45 x 459.38 10.03 25.43 46.43 39.49 61.93 
50 x 509.66 10.14 30.44 59.18 45.42 64.13 
60 x 6010.88 11.25 38 73.2 65.19 99.82 

 
 

Table 9: Ratios for randomly generated sparse LPs with dimension n n×  
 

  Density 10% Density 5% Density 2.5% 
Niter Time CPU Niter Time CPU Niter Time CPU 
VAM/FOCM VAM/FOCMVAM/FOCMVAM/FOCMVAM/FOCM VAM/FOCM

10 x 202.25 1.97 3.2 3.79 2.07 2.45 
15 x 304.16 4.07 13.48 24.42 3.07 5.6 
20 x 404.64 4.28 18.21 28.18 5.78 13.62 
25 x 506.86 6.66 15.7 15.9 11.99 28.24 
30 x 606.43 5.93 20.76 30.27 27.06 51.95 
35 x 707.82 7.36 21.89 32.55 38.06 53.86 

 
 

Table 10: Ratios for randomly generated sparse LPs with dimension 2n n×  
 

  Density 10% Density 5% Density 2.5% 
Niter Time CPU Niter Time CPU Niter Time CPU 
VAM/FOCM VAM/FOCMVAM/FOCMVAM/FOCMVAM/FOCM VAM/FOCM

10 x 203.76 5.75 2.48 4.08 1.07 1.59 
15 x 305.47 7.69 9.1 20.16 0.94 1.43 
20 x 407.37 10.17 20.52 48.38 7.51 20.23 
25 x 508.68 11.85 27.22 63.16 22.97 49.31 
30 x 6010.91 14.49 32.55 75.97 37.75 69.59 
35 x 7010.71 13.12 43.62 60.55 66 106 
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Figure 1: FOCM  method for nxn matrix in terms of iteration taken to reach upto 
final optimal solution 

 

 
 

Figure 2: FOCM  method for nxn matrix in terms of CPU time taken to reach upto 
final optimal solution 
 
Conclusion 
The algorithm performs surprisingly well compared to the Vogel’s Approximation 
Method (at least on randomly generated LPs). By using this procedure less iteration 
are required to reach the final optimum solution.  In other words it will save time. The 
conclusion is based on the findings presented in the previous section. 
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