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Abstract

The pulsatile Flow between two coaxial pipes generated by a fluctuating
pressure gradient in the axial direction is considered in the study. The pressure
gradient necessary for the transmission of fluid velocity, sectional mean
velocity and velocity distribution has been studied. The result has been
depicted in different graphs.
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Introduction

The study of fluctuating flow through tubes has various technical applications. For
many years circulation system of blood have been studied through this mathematical
model. More recently, theories of pulsating flow have found extensive uses in the
super charging system of reciprocating engines, surging phenomena in power plants
and many other fields of day to day life.

The theoretical investigations of fluctuating flow through pipes of different cross
sections were considered by different workers. Pulsating flow of Newtonian fluid due
to the pressure gradient in the direction of flow has been considered by Uchida[1],
Markovitz and Coleman [2] have studied the problem of flow of a second order fluid
between oscillating co-axial circular cylinders. Rath and Jena [3] studied the flow of a
viscous fluid between two circular cylinders in response to the fluctuation in the axial
velocity of the outer cylinder. They obtained a closed form solution and the analysis
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has also been extended to low and high frequency approximations. SinhaRoy[4] has
studied the problem of Markovitz and Coleman [2] with a visco elastic liquid. Similar
types of problem was studied by Biswal, Mishra and Patihari[5] where they studied
the fluctuating flow of a visco elastic liquid between two co-axial cylinders. Liu
Ciqun and Huang Jungi[6] studied the flow of unsteady non Newtonian fluids in tube
and analyzed the flow characters of these fluids. Recently similar types of flows were
examined by Salvi[7] , Desrayaud , Fichera, Marcoux and Pagano[8] and Fusi and
Farina[9].

Here we considered the more general problem of the pulsating flow between two
co-axial circular cylinders generated by a fluctuating pressure gradient in the axial
direction.

Basic Equatons
We have taken the cylindrical co-ordinates (r, €, x) with x-direction coinciding with
the central line of the pipes. We considered the nonsteady flow of an incompressible
fluid tin the axial direction through the rectilinear pipes of co-axial circular cross-
sections. The equation of continuity when twisting flow is omitted gives.

ou o0v Vv

+—+—=0 1
oX or r D

Where ‘r’ is the radius and u and v are the velocity components in x and r
directions respectively. The equation of motion in a symmetrical flow referring to the
above co-ordinate system and neglecting external forces are
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Since the flow is assumed to be entirely in the axial direction, the components of
velocity both in radial and tangential directions disappear from the equations. The
equation of continuity in the present — problem with the given geometry reduces to

ou
ZZ -0 4
o 4)
= u=u(r.t), which indicates that the velocity is constant in a direction
parallel to the central line substituting v =0 in (3)
we get
ap =0 (5)

or
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Since the pressure is constant across the section of pipes and becomes a function
of ‘x” and ‘t’ only, the equation of motion reduces to

2
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Solution of the Problem
In the uniform pulsating flow, pressure gradient in the axial direction being a function

of ‘t’ alone and by virtue of (4), (5), (6) is expressible as a Fourier series as follows,
12p =XO+Zchcosnt+ZXmsinnt (7)
p a X n=1 n=1

Where X,,X,and X constant and represent the amplitude of elemental

vibrations.
Denoting R;, as Real part, we can write (7) as
1 0p it
-— — =x=R, ) x.e" 8
5 ax TR, ®)
Where
X, = X —1Xg, 9)

We assume the solution of (6) in view of the pressure function as

u=u=R >ue" (10)
n=1

Where

u, =U,, —iug, (11

Where u,,U,,and U, are functions of ‘r’ only. Substituting (8) and (10) in (6) and

equating the terms involving similar powers of €', the terms independent of time, we

get,
2
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From (12) and (13) we get

X, I’
U, =———+Alog,r+B (14)
v 4
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3 1
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in

Where, K =,/n/v, and A and B are constants, and J,and E, are first and second
solutions of the zeroth order Bessel-Equation respectively. We have,
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If ‘a’ and ‘b’ are the radii of the outer and inner pipes respectively, (b/a<l), the
boundary conditions are given by

u@=u()=0 (17)

using these boundary conditions, the equation (16), we get the expression for velocity
as
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Where J,and K are the modified Bessel’s function of first kind of zero order

and second kind of zero order respectively.
We denote ‘G’ by the total mean-mass flow, which is transmitted in x-direction
and is equal to

2r a 4 b4 2 b2 2
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Denoting pX,= v = Time-mean-pressure gradient (20)
We get from (19),
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Taking the total mean velocity by ‘U’, which is equal to T b7
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We get from (19),
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and by (20)
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Denoting ‘U’ as the reference velocity, the non-dimensional expression for the
velocity is expressed as

!

u_u u
00U .
where,
Us _ 2\ a1 2 loﬂ
g _{2(1 n*)-2(-o )loga}/s (25)
and
:(Hﬁl-f*j (26)
logo
U_lsgXa [0op) g Qo X JP=1) o Q 27
U S{;xﬂ{( @ " a) ”t}+28xo{<ka>2 "y tH .
with
r
n=Lio=b/ (28)
P = Aker (kr)— Bkei (kr)— A'ber (kr)+ B'bei (kr) )
Q— Bker (kr)+ Akei (kr)—B'ber (kr)+ A'bei (kr)
A= {(ber (ka) — ber (kb))X + ((bei(kb)))} /(X > +Y?) (29)

{(be|(ka) bei (kb)) X — (ber (ka) — ber (kb)Y }/(X > +Y?) ,
" = {(ker (ka) — ker (kb))X — (kri(ka) — kei(kb))Y }/(X* +Y?)
" = {(kei (ka) — kei (kb))X — (ker(ka) — ker(kb))Y} /(X > +Y?)

J
where
X = ber (ka) ker (kb) — bel (ka) kei (kb) — ber (kb) ker (ka) + bei (kb) kel (ka)
Y = ber (ka) kel (kb) + kei (ka) ker (kb) — bei (kb) ker (ka) — ber (kb) kel (ka)

The non-dimensional pressure-gradient is given as
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where,

Re=22Y

V

1)

Discussion of Results
Figure (1) gives intermediate frequency velocity profile for different values of p . The

velocity fluctuations are almost parabolic; while for o =0.2 the layer of maximum
fluctuation is nearer the inner wall. The effect of increasing pis to steadily shift the
layer of maximum fluctuations of the outer one. For o =0.8 the fluctuations are
highest exactly in the mid way between the walls. The distribution of the velocity
fluctuations in any particular layer over nt follows the cosine — curve pattern. An
increase in o tends to narrow down the difference in fluctuations for any two
particular values of nt whose sum is 27, where ‘ p’ is held fixed, or for layers
equidistant from the walls where nt kept fixed. The fluctuation waves grew stronger
and stronger towards the midstream. The fluctuations are higher near the inner wall
than the layer of the same nearness from the outer wall. An increase in o causes the
pulsations near the inner wall to decrease, but that near the outer wall to increase. An
increase in o seems to tends to make the flow steady when nt =7z/2or 37/2. For
these two values of nt; the flow is almost steady throughout the fluid wheno =0.8.

In general it is observed that the fluid flow is slower than the steady case when
/2 < nt <37z but faster for other values of nt in (0,27).

As o tends to 0 the expression for the velocity fluctuations tend to that obtained
by Uchida (1956).

Figure — 2 shows the high frequency velocity profile for different values of p.

With p=1,6=02,7/6<nt < 2Tﬂthe fluctuations everywhere are positive and

their distribution are such that the fluctuations are stronger when nt = 7/3. Within
this range for any fixed nt, the maximum fluctuations occur nearer the inner wall, the
layer of such maximum fluctuations shifting towards the inner wall with an increase

in the value of of nt. For 5x/6<nt < 5Tﬁthe fluctuations are positive. In the range

st

. 4 .
T /6 <nt<—, the fluctuations are stronger when nt :Tand the distribution

follows the pattern of the positive fluctuations described above. It is seen that the
fluctuations are of exactly the opposite phase for values of nt difference by 7. At
p = 0.45, the fluctuations for nt = 7/6 and 7 /3 have a common value. Several other
pairs of values of nt also have common values at this value of p = 0.45.

They arent=(0,7/2),(z/3,1172/6),(57/6,4x/3),(x,3z/2)and (77 /6,87 /6).
Also it is found that the fluctuations attained are larger with high frequencies than
with intermediate or low frequencies.
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