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Introduction 
The concept of distributive congruence lattice was discussed by G. Grätzer and E.T. 
Schmidt in 1958. Grätzer, G., and Schmidt, E.T., in have introduced and characterized 
standard elements in lattices. B. Johnson [1967] discovered that many of these results 
hold for arbitrary universal algebras with distributive congruence lattices. A few 
definitions and results are listed that the equivalent conditions of the distributive 
congruence lattice using distributive, dually distributive detail are proved. 
 
Definition: 2.1 
A congruence lattice Con L  of a lattice is distributive if and only if

, for all  in  and ‘ ’ is an element of 
congruence distributive. 
 
Definition: 2.2 
A congruence lattice Con L  of a lattice is standard if and only if 

, for all  in  and   ‘ ’ is an element of 
standard congruence.  
 
 

( ) ( ) ( )λ φ ψ λ φ λ ψ∨ ∧ = ∨ ∧ ∨ ,φ ψ Con L λ

( ) ( ) ( )φ λ ψ φ λ φ ψ∧ ∨ = ∧ ∨ ∧ ,φ ψ Con L λ
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Definition: 2.3 
A congruence lattice Con L  of a lattice is dually distributive if and only if 

, for all  in  and ‘ ’ is an element of 
dually congruence distributive. 
 
Definition: 2.4  
A congruence lattice Con L  of a lattice is dually standard if and only if 

, for all  in  and ‘ ’ is an element of 
standard congruence.  
 
Theorem: 2.1 
Let Con L be a congruence lattice in a lattice  and  denote the set of all standard 
congruence elements of .  

a. If  in  then in    
b. If  in  then  in    

 
Proof 
Let  be the set of all standard congruence element of Con L  
 
To prove (a) 
To prove the join:  in  
Let in Con L  
Take and   in  
that is ,   

   

  , (since  is standard) 

  , (since  is standard) 

   

  , (since  is standard) 

   
 
 Thus  is standard 
 Therefore  in ,    in  
 
To prove (b) 
To prove the meet: in  
 

( ) ( ) ( )λ φ ψ λ φ λ ψ∧ ∨ = ∧ ∨ ∧ ,φ ψ Con L λ

( ) ( ) ( )φ λ ψ φ λ φ ψ∨ ∧ = ∨ ∧ ∨ ,φ ψ Con L λ

L S
Con L

,α β S α β∨ S
,α β S α β∧ S

S

α β∨ S
,φ ψ
γ α β= ∨ ,α β S

( ) ( )φ γ ψ φ α β ψ∧ ∨ = ∧ ∨ ∨⎡ ⎤⎣ ⎦

( )φ α β ψ= ∧ ∨ ∨⎡ ⎤⎣ ⎦

( ) ( )φ α φ β ψ= ∧ ∨ ∧ ∨⎡ ⎤⎣ ⎦ " "α

( ) ( ) ( )ϕ α φ β φ ψ= ∧ ∨ ∧ ∨ ∧⎡ ⎤⎣ ⎦ " "β

( ) ( ) ( )φ α φ β φ ψ= ∧ ∨ ∧ ∨ ∧⎡ ⎤⎣ ⎦

( ) ( )φ α β φ ψ= ∧ ∨ ∨ ∧⎡ ⎤⎣ ⎦ " "α

( ) ( )φ γ φ ψ= ∧ ∨ ∧

γ
γ S ⇒ α β∨ S

α β∧ S
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Claim:  

 Consider the formula,   

 Since  then  and so  

 , for some   (1) 

 If  and     

 
 Thus for some  

 For   
 
 Now     
  and  
 
 Therefore  .Thus    

 Therefore  in  and in  .Thus the relation  is congruence 
relation, 
 Hence in . 
 
Theorem: 2.2 
Let Con L be a congruence lattice in a lattice  and  denote the set of all dually 
standard congruence elements of . If  in  then  in  .  
 
Proof 
Let  be the set of all standard congruence element of Con L  
 To prove:  in  
 Let in Con L  
 Now Take and   in  
 
that is ,   

   

  , (since  is dually standard) 

  , (since  is dually standard) 

   

  , (since  is dually standard) 

   

( )α βφ ψ ∧≡ Θ

α β α β∧Θ ∧ Θ = Θ

α β α β∧Θ ∧ Θ ≤ Θ ( )γφ ψ≡ Θ

( )φ ψ α φ ψ∧ ∨ = ∨ α γ≤

( )βφ ψ≡ Θ ( )1 1α α φ ψ= ∧ ∨ ( )1 βα φ ψ= ∧ ∧ Θ

1β γ≤

( )1 1 1α α φ ψ β= ∧ ∧ ∨

( ) ( ) ( )1 1 1φ ψ β φ ψ α φ ψ β∧ ∨ = ∧ ∨ ∧ ∧ ∨ ( ) 1φ ψ α= ∧ ∨ φ ψ= ∨

1β γ≥ 1 1β α γ≤ ≤

1β α β≤ ∧ ( )α βφ ψ ∧≡ Θ

α S β S α β∧Θ

α β∧ S

L S
Con L ,α β S α β∧ S

S
α β∧ S

,φ ψ
γ α β= ∧ ,α β S

( ) ( )φ γ ψ φ α β ψ∨ ∧ = ∨ ∧ ∧⎡ ⎤⎣ ⎦

( )φ α β ψ= ∨ ∧ ∧⎡ ⎤⎣ ⎦

( ) ( )φ α φ β ψ= ∨ ∧ ∨ ∧⎡ ⎤⎣ ⎦ " "α

( ) ( ) ( )ϕ α φ β φ ψ= ∨ ∧ ∨ ∧ ∨⎡ ⎤⎣ ⎦ " "β

( ) ( ) ( )φ α φ β φ ψ= ∨ ∧ ∨ ∧ ∨⎡ ⎤⎣ ⎦

( ) ( )φ α β φ ψ= ∨ ∧ ∧ ∨⎡ ⎤⎣ ⎦ " "α

( ) ( )φ γ φ ψ= ∨ ∧ ∨
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 Thus is dually standard. Therefore  in ,    implies in  
 
Theorem: 2.3 
Let Con L be a congruence lattice of a lattice . Then the following conditions are 
equivalent: 

1. Con L  is a standard congruence lattice. 
2. The binary relation  on Con L defined by  if and only if 

, for some  in Con L , where in Con L such that 
 and   is a congruence relation. 

3.  is distributive congruence lattice and for all in  
   and    

 
Proof 
Let Con L be a congruence lattice in a lattice . 
 
To prove (i) (ii) 
Suppose Con L  is a standard congruence lattice. 
 
To prove 
The binary relation  on Con L defined by  if and only if 

, for some  in Con L , where in Con L such that  
and   is a congruence relation. 
 
 It is sufficient to prove 

i.  

ii.    and   

iii.  and     and  

,  for every in  
 
For (i) 

, for some  in  

  ,  ( ) 

   
 
For (ii) 
Let   and   

γ γ S α β∧ S

L

ConLΘ ( )ConLφ ψ≡ Θ

( )φ ψ μ φ ψ∧ ∨ = ∨ μ ,φ ψ

1μ μ≤ φ ψ≤

Con L ,X Y ( )C L

Con L X Con L Y∨ = ∨ Con L X Con L Y∧ = ∧ ⇒ X Y=

L

⇒

Con LΘ ( )Con Lφ ψ≡ Θ

( )φ ψ μ φ ψ∧ ∨ = ∨ μ ,φ ψ 1μ μ≤

φ ψ≤

( )Con Lφ ψ≡ Θ ⇔ ( )Con Lφ ψ φ ψ∧ ≡ ∨ Θ

,φ ψ η≤ ≤ ( )Con Lφ ψ≡ Θ ( )Con Lψ η≡ Θ ⇒ ( )Con Lφ η≡ Θ

( )Con Lφ ψ≡ Θ φ ψ≤ ⇒ ( )Con Lφ η ψ η∧ ≡ ∧ Θ

( )Con Lφ η ψ η∨ ≡ ∨ Θ η Con L

( )Con Lφ ψ≡ Θ ( )φ ψ η φ ψ⇔ ∧ ∨ = ∨ η Con L

( ) ( ) ( ) ( )φ ψ φ ψ η φ ψ φ ψ⇔ ∨ ∧ ∨ ∧ = ∨ ∧ ∧⎡ ⎤⎣ ⎦ ∵φ ψ φ ψ∨ ≤ ∧

( )Con Lφ ψ φ ψ⇔ ∧ ≡ ∨ Θ

,φ ψ η≤ ≤ ( )Con Lφ ψ≡ Θ ( )Con Lψ η≡ Θ



Equivalent Conditions of Standard Congruence Lattice 11 

 

 , for some  in and , 
for some  in  

, for some  in  and , for some  in  

, for some 

 in  
, for some  in  

 , for some  in  

  
 
For (iii) 
Let      

and , for some  in  
, for some  in  

 
Therefore    

Now  

  

  
  
  

 
 Also,  
 
Therefore 

 
     

   
 
 Therefore . Hence   is a congruence relation. 
 
To prove: (ii) (iii) 
 Suppose  is a congruence relation 
 
To prove 

a.  is a distributive congruence lattice 
b. For all  in  

⇒ ,φ ψ η≤ ≤ ( ) 1φ ψ μ φ ψ∧ ∨ = ∧ 1μ Con L ( ) 2ψ η μ ψ η∧ ∨ = ∧

2μ Con L

⇒ 1ψ μ φ∨ = 1μ Con L 2η μ ψ∨ = 2μ Con L

⇒ ( ) ( )1 2 2 1η μ μ η μ μ∨ ∨ = ∨ ∨ ( )2 1η μ μ= ∨ ∨ 1ψ μ= ∨ φ=

( )1 2μ μ∨ Con L

⇒ 3η μ φ∨ = 3 1 2μ μ μ= ∨ Con L

⇒ ( ) 3φ η μ φ η∨ ∨ = ∧ 3μ Con L

⇒ ( )ConLφ η≡ Θ

,φ ψ≤ ( )Con Lφ ψ≡ Θ

⇒ φ ψ≤ ( )φ ψ μ φ ψ∧ ∨ = ∧ μ Con L

⇒ ψ μ φ∨ = μ Con L

φ ψ≤ ⇒ ( )φ η ψ η∨ ≤ ∨

( ) ( ) ( )φ η ψ η μ ψ η μ∨ ∨ ∨ ∨ = ∨ ∨⎡ ⎤⎣ ⎦
( )η ψ μ= ∨ ∨

( )η ψ μ= ∨ ∨
η φ= ∨

( ) ( )φ η ψ η= ∨ ∨ ∨

⇒ ( )Con Lφ η ψ η∨ ≡ ∨ Θ

φ ψ≤ ⇒ φ η ψ η∧ ≤ ∧

( ) ( ) ( )φ η ψ η μ ψ η μ∧ ∨ ∧ ∧ = ∧ ∧⎡ ⎤⎣ ⎦ ( )η ψ μ= ∧ ∧ ( )η ψ μ= ∧ ∧

( ) ( )φ η ψ η= ∧ ∧ ∧

( )Con Lφ η ψ η∧ ≡ ∧ Θ Con LΘ

⇒

Con LΘ

Con L

,X Y ( )C L
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    and    
 
For (a) 

 

 , for some  and in  

, in particular   

, where  

 
 
 And  

, for some  and in  

 , in particular   

, where  

 
 
 By the definition of ,  

 

 

, for some  

  

 , for some  

  
  is distributive congruence lattice. 

 
For (b) 
Suppose   and  , for all  in 

 
 
To prove:  

  , for some  in  

  , for some  

, for some  

Con L X Con L Y∨ = ∨ Con L X Con L Y∧ = ∧ ⇒ X Y=

( )Con LX Y≡ Θ

⇒ ( ) ( )1X Y Con L X Y∧ ∨ = ∨ 1Con L Con L≤ 1Con L Con L

⇒ ( ) ( )X Y Con L X Y∧ ∨ = ∨ 1Con L Con L=

⇒ ( ) ( )X Con L X Con L X Con L X∧ ∨ ∨ = ∨ ∨⎡ ⎤⎣ ⎦ Y Con L X= ∨

⇒ ( )Con LX Con L X≡ ∨ Θ

( )Con LX Y≡ Θ

⇒ ( ) ( )1X Y Con L X Y∧ ∨ = ∨ 1Con L Con L≤ 1Con L Con L

⇒ ( ) ( )X Y Con L X Y∧ ∨ = ∨ 1Con L Con L=

⇒ ( ) ( )Con L Y Y Con L Con L Y Y∨ ∧ ∨ = ∨ ∨⎡ ⎤⎣ ⎦ X Con L Y= ∨

⇒ ( )Con LY Con L Y≡ ∨ Θ

Con LΘ ( ) ( ) ( )Con LX Y Con L X Con L Y∧ ≡ ∨ ∧ ∨ Θ

⇒ ( ) ( ) ( )X Y Con L X Con L Y Con L∧ ∧ ∨ ∧ ∨ ∨⎡ ⎤⎣ ⎦

( ) ( ) ( )X Y Con L X Con L Y= ∧ ∨ ∨ ∧ ∨⎡ ⎤⎣ ⎦
⇒ ( ) ( ) ( )1X Y Con L Con L X Con L Y∧ ∨ = ∨ ∧ ∨ 1Con L Con L≤

⇒ ( ) ( ) ( ) ( )1X Y Con L Con L Con L X Con L Y Con L∧ ∨ ∨ = ∨ ∧ ∨ ∨

⇒ ( ) ( ) ( )X Y Con L Con L X Con L Y∧ ∨ = ∨ ∧ ∨ 1Con L Con L≤

⇒ ( ) ( ) ( )Con L X Y Con L X Con L Y∨ ∧ = ∨ ∧ ∨
⇒ Con L

Con L X Con L Y∨ = ∨ Con L X Con L Y∧ = ∧ ,X Y

( )C L

X Y=

( )Con LX Y≡ Θ ⇒ ( ) ( )X Y X Yμ∧ ∨ = ∨ μ Con L

( )Con LX Y≡ Θ ⇒ ( ) 1X Y Con L X Y∧ ∨ = ∨ 1Con L Con L≤

⇒ ( )X Y Con L X Y∧ ∨ = ∨ 1Con L Con L=
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, for some  

 

 
 , since  

 

 with  

with  
 
 Here  ,   

 Now      
 

 
 Therefore      (1) 
 
 Also,   

, for some  

, in particular   

 , for some  

 

 
 
 Now that is,   

 with  

with  
 
 Here   ,   

 Now       
 

 
Therefore    (2) 
 From (1) and (2),   
 
 

⇒ ( ) ( )Con L Y Y Con L Con L Y Y⎡ ⎤∨ ∧ ∨ = ∨ ∨⎣ ⎦ X Con L Y= ∨

⇒ ( )Con LCon L Y Y∨ ≡ Θ

⇒ ( ) ( )Con LCon L Y X Y X∨ ∧ ≡ ∧ Θ

⇒ ( )X Con L X X= ∨ ∧ ( )Con L Y X= ∨ ∧ Con L X Con L Y∨ = ∨

⇒ ( )Con LX Y X≡ ∧ Θ

⇒ ( ) ( )1X Y X Con L X Y X∧ ∧ ∨ = ∨ ∧⎡ ⎤⎣ ⎦ 1Con L Con L≤

⇒ ( ) 1X Y Con L X∧ ∨ = 1Con L Con L≤

1Con L X≤ 1Con L Con L≤ ⇒ 1Con L Con L X Con L Y≤ ∧ = ∧

( ) ( ) ( )1X X Y Con L X Y Con L Y= ∧ ∨ ≤ ∧ ∨ ∧ ( )Y Con L X≤ ∧ ∧

Y≤

X Y≤

( )Con LX Y≡ Θ

⇒ ( ) 1X Y Con L X Y∧ ∨ = ∨ 1Con L Con L≤

⇒ ( )X Y Con L X Y∧ ∨ = ∨ 1Con L Con L=

⇒ ( ) ( )X Con L X Con L X Con L X∧ ∨ ∨ = ∨ ∨⎡ ⎤⎣ ⎦ Y Con L X= ∨

⇒ ( )Con LCon L X X∨ ≡ Θ

⇒ ( ) ( )Con LCon L X Y X Y∨ ∧ ≡ ∧ Θ

( )Y Con L Y Y= ∨ ∧ ( )Con LY X Y≡ ∧ Θ

⇒ ( ) ( )1Y X Y Con L Y X Y∧ ∧ ∨ = ∨ ∧⎡ ⎤⎣ ⎦ 1Con L Con L≤

⇒ ( ) 1X Y Con L Y∧ ∨ = 1Con L Con L≤

1ConL ConL Y≤ ∧ 1ConL ConL≤ ⇒ 1Con L Con L Y Con L X≤ ∧ = ∧

( ) 1Y X Y ConL= ∧ ∨ ( ) ( )X Y Con L X≤ ∧ ∨ ∧ ( )X Con L X≤ ∧ ∨

X≤

Y X≤
X Y=
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To prove: (iii)  (i) 
 Suppose (iii) is true 
 
To prove:  is standard congruence lattice. 
Take   
 

, where are congruence lattice in C (L). 
 
To prove: . 
 
 It is sufficient to prove 
   and    
  

 , (since )  (3) 
  , (since ) 
 
 Therefore     (4) 
 Now  

   

   

   
   
   
  , by (3)  (5) 
 
 From (4) and (5),    (6) 
 
 Also,  

  , (Since  is distributive.) 

    (7) 
 
  

   

   

   

⇒

Con L

( )A X Con L Y= ∧ ∨

( ) ( )B X Con L X Y= ∧ ∨ ∧ , ,Con L X Y

A B=

Con L A Con L B∧ = ∧ Con L A Con L B∨ = ∨

( ) ( )Con L X Con L X X Y B∧ ≤ ∧ ∨ ∧ =
⇒ Con L X Con L B∧ ≤ ∧ Con L X B∧ ≤

Con L A≤ ∧ B A≤

Con L B Con L A∧ ≤ ∧

( )Con L A Con L X Con L Y∧ = ∧ ∧ ∨⎡ ⎤⎣ ⎦
( ) ( )Con L X Con L Y= ∧ ∧ ∨

( ) ( )X Con L Con L Y= ∧ ∧ ∨

( )X Con L Con L Y= ∧ ∧ ∨⎡ ⎤⎣ ⎦
X Con L= ∧

Con L A Con L X∧ = ∧
Con L A Con L B∧ = ∧

Con L A Con L B∧ = ∧

( )Con L A Con L X Con L Y∨ = ∨ ∧ ∨⎡ ⎤⎣ ⎦

( ) ( )ConL X ConL ConL Y= ∨ ∧ ∨ ∨⎡ ⎤⎣ ⎦ Con L

( ) ( )Con L X Con L Y= ∨ ∧ ∨

( ) ( )Con L B Con L X Con L X Y∨ = ∨ ∧ ∨ ∧⎡ ⎤⎣ ⎦

( ) ( )Con L X Con L X Y= ∨ ∧ ∨ ∧⎡ ⎤⎣ ⎦
( )Con L X Y= ∨ ∧

( ) ( )Con L X Con L Y= ∨ ∧ ∨
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  , by (4) 
   
 
 Therefore     (8) 
 
From (6) and (8), , by (iii) 
Thus , for any in  
Hence  is a standard congruence lattice. 
 
Theorem: 2.4 
Let  be a standard congruence lattice in a lattice  and  be any arbitrary 
congruence lattice in a lattice . Then is standard 
congruence lattice in the lattice . 
 
Proof 
Let  be a standard congruence lattice and  be any arbitrary congruence 
lattice in the lattice . 
 
To prove:  is a standard congruence lattice in the lattice . 
 
Claim: “If  is an arbitrary congruence element and  is a standard congruence 
element of the lattice  then  is a element of standard congruence  lattice” 
 Take any element  in  
 Therefore any element  in  is of the form . 
 
Claim: , for 

all ,  in . 
 
Left hand side  
  , (since ) 

  ,  (1) 
 (Since  is standard congruence element) 

 
Right hand side  

 

  

 , 

( )Con L X Con L Y= ∨ ∧ ∨⎡ ⎤⎣ ⎦
Con L A= ∨

Con L A Con L B∨ = ∨

A B=

( ) ( ) ( )X Con L Y X Con L X Y∧ ∨ = ∧ ∨ ∧ ,X Y ( )C L

Con L

Con L L X

L ( )Con L X Con L∨ ⊂
X

Con L X

L

Con L X∨ X

α β
L α β∨
φ Con L φ α⇒ ≥ φ α φ⇒ = ∨

φ Con L α φ∨

( ) ( ) ( )α φ α β α ψ∨ ∧ ∨ ∨ ∨ =⎡ ⎤⎣ ⎦ ( ) ( ) ( ) ( )α φ α β α φ α ψ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
( )α φ∨ ( )α ψ∨ Con L

⇒

( ) ( ) ( )α φ α β α ψ∨ ∧ ∨ ∨ ∨⎡ ⎤⎣ ⎦ ( ) ( )α φ β α ψ= ∨ ∧ ∨ ∨⎡ ⎤⎣ ⎦ α φ φ∨ =

( ) ( ) ( )α φ β α φ α ψ= ∨ ∧ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
β

⇒

( ) ( ) ( ) ( )α φ α β α φ α ψ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

( ) ( ) ( ) ( )α φ β α α φ α ψ= ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

( ) ( ) ( ) ( )α φ β α φ α α φ α ψ= ∨ ∧ ∨ ∨ ∧ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦
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 (since  is standard congruence element) 
  
  

   (2) 
 
 From (1) and (2),   

 , for all ,  in  
 
Therefore  is a standard element in a congruence lattice. 
    is a standard congruence lattice . 

   is a standard congruence lattice . 

   is a standard congruence lattice of , where is a arbitrary 
congruence lattice. 
 
Corollary: 2.1 
Let be a standard congruence lattice in a lattice  and   be any arbitrary 
congruence lattice in a lattice . Then  is dually standard 
congruence lattice in the lattice . 
 
Proof 
From the above theorem 
  is a standard congruence lattice of . 
 
 Therefore dual of   is a dually standard congruence lattice of . 
   is a dually standard congruence lattice of . 
   is a dually standard congruence lattice of ,      
 
where is a arbitrary congruence lattice. 
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β
( ) ( ) ( )α φ β α α φ α ψ= ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

( ) ( ) ( ){ }α φ β α α φ α ψ= ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

( ) ( ) ( )α φ β α φ α ψ= ∨ ∧ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

( ) ( ) ( )α φ α β α ψ∨ ∧ ∨ ∨ ∨ =⎡ ⎤⎣ ⎦

( ) ( ) ( ) ( )α φ α β α φ α ψ∨ ∧ ∨ ∨ ∨ ∧ ∨⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ( )α φ∨ ( )α ψ∨ Con L

α β∨
⇒ α β∨
⇒ Con L X∨
⇒ Con L X∨ X X

Con L L X

L ( )Con L X Con L∧ ⊂
X

α β∨ Con L

α β∨ Con L
⇒ C o n L X∧ Con L
⇒ Con L X∧ X

X


