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Abstract

In this paper, the equivalent conditions of distributive congruence lattice using
distributive, dually distributive, are established.
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Introduction

The concept of distributive congruence lattice was discussed by G. Grétzer and E.T.
Schmidt in 1958. Grétzer, G., and Schmidt, E.T., in have introduced and characterized
standard elements in lattices. B. Johnson [1967] discovered that many of these results
hold for arbitrary universal agebras with distributive congruence lattices. A few
definitions and results are listed that the equivalent conditions of the distributive
congruence lattice using distributive, dually distributive detail are proved.

Definition: 2.1
A congruence lattice ConL of a lattice is distributive if and only if

Av(pry)=(Avé)ar(Avy), fordl ¢, in ConL and‘ A’ isan element of
congruence distributive.
Definition: 2.2
A congruence lattice ConL of a lattice is standard if and only if
dA(Avy)=(dAd) v (day), fordl ¢,y in ConL and * A’ isan element of
standard congruence.
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Definition: 2.3
A congruence lattice ConL of a lattice is dually distributive if and only if

An(pvy)=(Ang)v (Aay), fordl ¢,y in ConL and * A’ is an element of
dually congruence distributive.

Definition: 2.4

A congruence lattice ConL of a lattice is dually standard if and only if
v (Any)=(¢vA) A (dvy), fordl ¢,y in ConL and * A’ is an element of
standard congruence.

Theorem: 2.1
Let ConL be acongruence latticein alattice L and S denote the set of all standard

congruence elementsof ConlL .
a Ifa,finSthenav g in S
b. If «,fin Sthena A g in S

Pr oof
Let S bethe set of all standard congruence element of ConL

Toprove(a)

Toprovethejoin: v fin S
Let ¢, w in ConL

Take y=av pand a,fin S

thatis, ¢ A(yvy) = ¢/\[(av ﬁ)Vl//]
= ¢pnlav(Bvy)]
= (¢ ra)v[g A(Bvy)], (since "a" isstandard)
= (pra)v [(¢ A B)v(¢ay)], (since "B" isstandard)
= [ na)v (61 B)] v ($0)
= [¢ ~(av B)] v (¢ry), (snce "a" is standard)
= (¢ ry)v(dry)

Thus y isstandard
Therefore y inS, = av gin S

To prove (b)
Toprovethemeet: a A fin S
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Claim: ¢ =y (0, , )
Consider theformula, ©®, A @4 = O, , 4
Since ©, A Bz < O, , 4 then ¢zz//(®y) and so
(pAw)va = ¢vy, forsome a <y (1)
If ¢El//(®ﬂ) and a,= a, A (pvy) = 0[1/\¢/\l//(®ﬂ)

Thusfor some g, <y

For o, = (al/\qﬁ/\t//)v B

Now (g Aw) v Br= (pay)v(ain g av)v By = (¢ry)va, = gvy
B.izy and Bisa <y

Therefore g, < a Ap .Thus ¢g=y (®(Mﬁ)

Therefore ¢ in S and gin S .Thus the relation ©, , 5 is congruence

relation,
Hence a A g in S.

Theorem: 2.2
Let ConL be a congruence lattice in alattice L and S denote the set of all dualy
standard congruence elementsof ConL.If «, f in Sthen a A f in S.

Pr oof
Let S bethe set of all standard congruence element of ConL

Toprove a A fin S
Let ¢, v in ConL
NowTake y=a A pfp ad a,fin S

thatis, ¢ v (yAy) ¢v[(a/\ ﬁ)/\l//]

¢ v [a/\ (B A l//):l

(¢va)alev(Barv)] (since "a" isdualy standard)

= (pva) A [(#VvB) A(svy)]. (Snce” p" isdually standard)
[(gﬁ va) A (¢ vﬂ)] A(pvy)

[V (an B)] A (svy),(since "a" isdualy standard)

(¢vy)a(dvy)
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Thus y isdually standard. Therefore y in' S, implies @ A fin S

Theorem: 2.3
Let ConL be a congruence lattice of a lattice L. Then the following conditions are

equivalent:
1. ConlL isastandard congruence lattice.

2. The binary relation ®,, on ConlL defined by ¢=y (0, ) if and only if
(pAw) v u=¢vy, for some x inConL , where ¢, in ConL such that
w, < pand ¢ <y isacongruence relation.

3. ConL is distributive congruence lattice and for al X,Y in C(L)
ConLvX =ConLvY and ConL AX =ConL AY = X=Y

Pr oof
Let ConL beacongruencelatticein alattice L .

Toprove (i) = (ii)
Suppose ConlL isastandard congruence lattice.

Toprove

The binary relation @, onConL defined by ¢ =y (O, ) if ad only if

ConL
(pAy) v pu=g¢vy, for some x inConL , where ¢,y inConL suchthat u, < u
and ¢ <y isacongruence relation.

It is sufficient to prove
i =y (Ocn) & Ay =¢vy (O )
i, p<y<n =y (O ) ad vy =7(0c ) = ¢=1(Ocm)
iii. ¢E¢/(®CO”L) and p<y = ¢/\77£l///\7](®c°nl_) and
pvn =y vn(Oy, ), forevery 5 in ConL

For (i)

$=v (O ) < (¢Aw) v =¢vy, forsome 5 in ConL
o [(vv)a(dve)]an=(svv) A (day), (" oV <Pay)
e gry =dvy (Ogy )

For (ii)

Let ¢§W5771 ¢E‘//(®ConL) and WEU(®ConL)
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= ¢<y <n, (¢Ay)V u=¢ay, for some y, in Conl and (yAn) v w,=yAn,
for some y, in ConL

= yvu,=¢,forsome g in ConL and v u,=y , for some p, in ConL

= v (mvu,) =nv (v u)=(nvu)vu=yvu=4¢, for some
(,ulv,uz) in ConL

= nv u,= ¢,forsome u,= u, v u, in Conl

= (¢vn)v u,= ¢an ,forsome x4, in ConL

= ¢E77(®ConL)

For (iii)

Let ¢Sl//’ ¢EW(®ConL)

= ¢<y and (¢Ay) v u =gy, forsome 4 in ConL

= yvu= ¢, forsome , in ConL

Therefore g<y = (¢vn) < wvry
Now [(gzﬁvn) v (l//\/ﬂ)] vu=(wvn)vu
= (nvy)v u
=nv(yvu)
=nVve
= (¢vn) v (vvn)
= ¢vn = yvi (O )
Also, o<y = dAn < wAp

Therefore [(q)/\n) v (1///\77)] Ap=(wan)ru =mAaw)Ap =na(yap)
= (¢nn) A (wan)

Therefore gan = y An(Og,, ). Hence O, isacongruence relation.

ConL
Toprove: (i) = (iii)
Suppose ® is a congruence relation

ConL

Toprove
a. ConlL isadistributive congruence lattice

b. Foral X,Y inC(L)
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ConLv X =ConLvY and ConLAX =ConLAY = X=Y

For (a)

X = Y(®ConL)

= (XAY) v ConL, = (XvY), forsome ConL,<ConL and ConL, in ConL

= (XAY) v ConL = (XvY),inpaticular ConL,= ConL

= [ XA (ConLv X)]v ConL = Xv (ConLvX),where Y= ConL v X

= X =Conl v X (O )

And X = Y (O, )
= (XAY) v ConL, = (XvY), forsome ConL,< ConL and ConL, in ConL
= (XAY) v ConL = (XvY),inpaticular ConL,= ConlL
= [(ConL v Y)AY]v ConL =(ConL v Y)vY,where X=ConlL v Y
= Y=ConL v Y(Og,, )

By the definition of ©,,, , X AY = (ConL v X) A (ConL v Y) (O, )
= [(XAY) A (ConL v X) A(ConL v Y)]v ConL
= (XAY)v[(ConLv X) A (ConL v Y)]
= (X AY)vConL,=(ConLv X)A(ConL vY), for some ConL,< ConL
= (XAY)v (ConL,v ConL) = (ConL v X) A (ConL v Y) v ConL
= (X AY)vConL=(ConLv X)A(ConLvY), for some ConlL,< ConL

= ConL v (XAY) = (ConL v X) A (ConL v Y)
= ConL isdistributive congruence lattice.

For (b)
Suppose ConLvX=ConLvY and ConLAX=ConLAY, for dl X,Y in
C(L)

Toprove: X =Y
X=Y(Ocm )= (XAY) v u=(XvY),forsome x4 in ConL

X=Y(Ogn )= (XAY)vConl, = X vY,forsome ConL, < ConL
= (XAY)v ConL = Xv Y, forsome ConL, = ConL
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= [(ConL VY)/\Y:|VCOH L=(ConL vY)vY,forsome X =ConLvY

= ConL v Y=Y (O, )

= (ConL v Y)A X=YAX(Og)

= X = (ConL v X)A X =(ConLvY)AX,since ConLv X = ConL vY
= X=Y A X (Og)

= [ X A (YA X)]vConL,= X v (YA X)with ConL, < ConL

= (X AY)v ConL,= X with ConL, < ConL

Here ConL,< X , ConL, < ConL = ConL, < ConL A X = ConL A Y

Now X=( XAY)vConL, <(XAY)v(ConLAY) < YA(ConLAX)
<Y

Therefore X < Y (1)

Also, X =Y (0g,, )
= (XAY) v ConL, = XVvY,forsome ConL, < ConlL
= (XAY)v ConL = XV Y, inparticular ConL,=ConL
= [ XA (ConL vX)]v ConL =X v (ConL v X), for some Y=ConL v X
= ConLv X = X (O )
= (ConL v X)AY = XAY (Ogy)

NowY = (ConL v Y) AY thatis, Y = X AY (Ogy )
= [YA(X AY)]vConlL,=Yv (X AY) with ConL, < ConL
= (X AY)v ConL,=Y with ConL, < ConlL

Here ConL, < ConLAY , ConL, < ConL = ConL, < ConL AY = ConL A X
Now Y=(XAY)vGnL, < ( XAY)v(ConLAaX) < XAa(ConL v X)
< X

Therefore Y < X (2
From(l)and (2), X =Y
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Toprove: (iii) = (i)
Suppose (iii) istrue

Toprove: ConlL isstandard congruence lattice.
Take A= X A(ConL v YY)

B= (X AConL)v (X AY),where ConL, X, Y are congruencelatticein C (L).
Toprove: A =B.

It is sufficient to prove
ConL A A= ConLA B and ConL v A= ConL v B

ConL A X < (ConL/\ X)V(X/\Y)z B

= ConL A X < ConL A B, (since ConL AX <B) 3
< ConL A A,(snceB< A)

Therefore ConL A B< ConL A A 4
Now ConL A A= ConL A[X A (ConL v Y)]

= (ConL A X) A (ConL v )

= (X AConL) A (ConL vY)

= X A[ConL A (ConL v Y)]

= X A ConL

ConL A A= ConL A X
ConL A A= ConL A B, by (3) 5
From (4) and (5), ConL A A= ConL A B (6)

Also, ConL v A= ConL v [ X A (ConL v Y)]
=(ConLv X) A ConLv(ConLvY) |, (Since ConlL isdistributive.)
= (ConL v X) A (ConL vY) (7)

ConL v B = ConL v [(X AConL) v (X AY)]
[ConL v (X AConL)] v (X AY)
ConL v (X AY)

= (ConL v X) A (ConL vY)
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- ConLv[X /\(ConLvY)],by(4)
= ConLv A

Therefore ConL v A= ConL v B 8)

From (6) and (8), A= B, by (iii)
Thus X A(ConL v Y) = (XA ConL) v (XAY),forany X,Y in C(L)
Hence ConL isastandard congruence lattice.

Theorem: 2.4
Let ConL be a standard congruence lattice in a lattice L and X be any arbitrary

congruence lattice in a lattice L. Then (ConLvX)c ConlL is standard
congruence lattice in the lattice X .

Pr oof
Let ConL be a standard congruence lattice and X be any arbitrary congruence

latticein the lattice L .

Toprove: ConL v X isastandard congruence lattice in the lattice X .

Claim: “If « is an arbitrary congruence element and /£ is a standard congruence
element of thelattice L then o v S isaelement of standard congruence lattice”
Takeany element ¢ inConL = ¢>a = g=a v ¢
Therefore any element ¢ in ConL isof theforma v ¢.

Claim: (av ¢)/\[(a vp) v (av w)] = [(av 9) /\(avﬁ')} v[(av¢) A(O{Vl//):|, for
al (av¢), (avy)in ConL.

Left hand side =
(av @) A [(avﬂ)v(avw)]

(av ¢)/\[,Bv(avw)] ,(since avg=¢)
[(av ¢)/\,B]v[(av ¢)/\(6¥V{//)}, (1)

(Since g isstandard congruence element)

Right hand side =
[(av ¢)/\(avﬂ)] v[(av ¢)/\(0{Vl//):|
= [(av ¢) A (Bv a)] v [(av é) A (avw)]
= [(av¢) A ﬁ’] v [(av $) A a] v [(av $) A (av;//)] :
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(since g isstandard congruence element)
= [(av ¢)/\ﬂ] vV oa v[(av ¢)/\(&Vl//)]

= [(a\/ ¢)/\ﬂ] v {a v [(av ¢)/\(av1//)]}
= [(avé)np]v(avé)a(avy)] (2)

From (1) and (2), (av ¢)n [(avﬁ)v(avt//)] =
|:(O.’V¢) A (a\/ﬂ):| \% |:(0,IV¢) A (av[//)],forall (QV¢), (aVl//) in ConL

Therefore v f isastandard element in a congruence | attice.

= av f isastandard congruence lattice .

= ConL v X isastandard congruence lattice .

= ConlL v X is a standard congruence lattice of X , where X is a arbitrary
congruence lattice.

Corollary: 2.1
Let ConL be a standard congruence lattice in a latticeL and X be any arbitrary

congruence lattice in a lattice L. Then ( ConL A X) c ConL is dudly standard
congruence lattice in the lattice X .

Pr oof
From the above theorem
a v [ isastandard congruence lattice of ConL .

Thereforedual of «\v g isadually standard congruence lattice of ConL .
= conL ~» X Isadualy standard congruence lattice of ConL .
= ConL A X isadually standard congruence lattice of X,

where X isaarbitrary congruence lattice.

Reference

[1] Birkhoff. G, Lattice Theory, rev. ed. Amer. Math. Soc. New Y ork, 1948.

[2] Funayama. N and Nakayama .T, On the distributivity of a lattice of lattice
congruences, Proc. Imp. Acad. Tokyo 18 (1942), 553-554.

[3] Grétzer. G, General Lattice Theory, Academic Press Inc.1978.

[4] Grétzer .G, G. Birkhauser, Boston, Basel and Berlin ,The Congruence of a
finite Lattice, ISBN-13978-0-8176-3224-3

[5] Grétzer. G, Congruence Lattice 101’ — Theoretical Computer Science 217
(1999) 279-289.



