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Abstract 
In this paper MX/M/1 queueing system with N – policy and startup time is 
considered. The startup time corresponds to the preparatory work of the server 
before starting the service. As soon as the server finishes startup, he starts 
serving the waiting customers until the system becomes empty. The 
distribution for server’s busy period and waiting time of an arriving customer 
in the queue are derived. Finally, a procedure is developed for searching the 
optimal threshold value that minimizes the cost function.  
 
Keywords: MX/M/1 queue, N – policy, startup time, waiting time distribution, 
and busy period distribution. 

 
 
1. Introduction  
In this paper MX/M/1 queueing system with N – policy and startup time is considered. 
In some actual situations, the server often requires a startup time before starting his 
each service period. The server startup time corresponds to the preparatory work of 
the server before starting the service. 
The concept of the N policy was first introduced by Yadin and Naor [12] in an M/M/1 
queueing system, which turns the server on whenever N (N   1) or more customers 
are present and turns the server off only when no customers are present in the system. 
After the server is turned off the server may not operate until N customers present in 
the system. 
 Batch arrival process under N-policy was first studied by Lee and Srinivasan 
[7]. They have presented the procedure to find the optimal stationary operating policy 
under a linear cost structure. To do this they have derived the mean waiting time 
which was expressed by the ratio of the first and second factorial moments of the 
system size at a service initiation epoch. Concerning queueing systems combining N-
policy with startup time Baker [1] first proposed the N-policy M/M/1 queueing 
system with exponential startup time. The N-policy M/G/1 queueing system with 
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startup time was first studied by Minh [9] and was investigated by several researchers 
such as Medhi and Templeton [8] , Takagi [10], Lee and Park [6] and so on. Later Hur 
and Paik [4] examined the operating characteristics of M/G/1 queueing system under 
N-policy with server startup and explained how the system’s optimal policy and cost 
behave for various arrival rates. 
 Here the queueing model MX/M/1 with N-policy and startup time is 
considered. If N or more customers are accumulated in the system, the server is 
immediately turned on but with a random length U before starting his service. As 
soon as, the server finishes startup, he starts serving the waiting customers until the 
system becomes empty.  
 The probability generating function (PGF) of the number of customers present 
when the server resumes performing startup is developed. Other important 
characteristics such as expected number of customers in the system, expected idle 
period, busy period are also derived. Waiting time distribution of a customer in the 
queue is discussed and Little’s formula is verified. The server’s busy period is also 
derived. Finally, a procedure is developed for searching the optimal threshold value 

*N  that minimizes the cost function. 
 
 
2. Description of the Model 
In MX/M/1 N-policy with startup time queueing model, it is assumed that the arrival 
stream forms a  Poisson process  and  the  actual  number  of  customers  in  any  
arriving module is a random variable X, which may take on any positive integer value 
i <   with probability bi . If i is the arrival rate of Poisson process of batch size X = 

i then bi = 

 i   where   is the composite arrival rate of all batches and is equal to 







1i

i . This total process which arises from the overlap of the set of Poisson processes 

with rates }{ i ,i = 1,2,3, is a multiple or compound Poisson process (Gross and 
Harris [3] ). 
There is only one server who may serve only one customer at a time, the service times 

are exponentially distributed with mean

1

. Batches are admitted for service according 

to first come first served (FCFS) order. Within a batch, customers are served 
according to any inner order, e.g. one specified by the management. 
 
 When the queue length reaches or exceeds a pre-determined value N 
(threshold) the server is turned on and begins to serve the customers but with a 
random length U before starting his service. U is assumed to follow exponential 
distribution with parameter  . As soon as, the server finishes startup, he starts serving 
the waiting customers until the system becomes empty. The server is turned off as 
soon as the system empties. 
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3. Steady State Equations 
The following notations are used to write the steady state equations of the model 
Let  

)(npS
I   =   the probability that the server is idle, this state exists for n=0,1,2, ,N-1 

)(npS
M  =  the probability that there are n customers in the system when the server is 

doing the pre-service work which exists for n=N,N+1,  
)(npS

W  =  the probability that there are n customers in the system when the server is 
busy or  working which exists for n=1,2,3,  
 
The steady state equations satisfied by )(npS

I , )(npS
M and )(npS

W are given by 
 )0(pS

I  = )1(pS
W  (1)  

 )(npS
I  = 11)(

1



Nninpb S

I

n

i
i  (2) 

 )()( NpS
M  = i

N

i

S
I biNp )(

1



  (3) 

 )()( npS
M   = 1)()(

11
 






Nnbinpbinp

n

Nni
i

S
Ii

Nn

i

S
M   (4) 

 )1()( pS
W  = )2(pS

W  (5) 

 )()( npS
W  = 12)1()(

1

1
 




Nnnpbinp

n

i

S
Wi

S
W   (6) 

 )()( npS
W  = Nnnpnpbinp S

M

n

i

S
Wi

S
W  




)()1()(

1

1
  (7) 

 
 
4. Probability Generating Functions 
The PGF of  )(npS

W , )(npS
I  and )(npS

M   are defined by  

 )z(HS
W =



1n

nS
W z)n(p  

 )z(HS
I =





1N

0n

nS
I z)n(p  

 )z(HS
M =



Nn

nS
M z)n(p          respectively, 

and X(z), the PGF of the number of customers in a batch is given by X(z)  =


1k

k
k zb  



8  R.G. Lalitha 
 

 

Equation (2) implies )0(pb)1(p S
I1

S
I   

 )0(p)0(p)bb()2(p S
I2

S
I112

S
I   

Hence by induction one can prove that,  )n(pS
I  = n

S
I )0(p   

 where n ’s are given by 0  = 1 and n  = in

n

1i
ib 



  

Hence )z(HS
I  = 





1N

0n

nS
I z)n(p  = 






1N

0n

n
n

S
I z)0(p  = )z()0(p N

S
I   (8) 

where )z(N  is the generating function of n ’s  
Multiplying equation (3) by Nz  and (4) by nz  and adding we find 
 

)z(H)( S
M = 














Nn

1i
i

S
M

1Nn

n
i

S
I

n

1NniNn

n b)in(pzb)in(pz  (9) 

 
  =     )z(H)z(X)0(p1z)z(H)z(X S

M
S
IN

S
I   

 
  =   )z(H)z(X)0(p1)z()z()z(X S

M
S
INN   (using (8)) 

 

this implies )z(HS
M = 

  
  )0(p

))z(X1(
1)z(1)z(X S

I
N










                     (10) 

Now to obtain the PGF of )(np S
W , multiply equation (5) by z (6) and (7) by nz and 

adding we get 

 





1n

nS
W z)n(p)( =   


















1n Nn 2n

1n

1i

n
i

S
W

nS
M

nS
W zb)in(pz)n(pz)1n(p  

 

 )z(H)( S
W  =   )z(H)z(X)z(Hz)1(p)z(H

z
S
W

S
M

S
W

S
W 

  

 
which implies   )z(H)1z())z(X1(z S

W  = )0(zp)z(zH S
I

S
M   

 

  )z(H)1z())z(X1(z S
W  =  

  )0(zp)0(p
))z(X1(

1)z()1)z(X(
z S

I
S
I

N 










    (using (10)) 

 

 Hence )z(HS
W =    

    )0(p
)1z())z(X1(z))z(X1(

)z(1)z(Xz S
I

N










  (11) 

 
The PGF H(z) of the number of customers in the system is given by 
 )z(H  = )z(H)z(H)z(H S

W
S
M

S
I   
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Substituting for )(zH S
I , )(zH S

M  and )(zH S
W  from equations (8), (10) and (11)  

we find 

 )z(H =
 
 
















))z(X1(

1)z()1)z(X(
)z( N

N

 
   

    )0(p
)1z())z(X1(z))z(X1(

)z(1)z(X( S
I

N















   

 )z(H  = )0(p
)]1z())z(X1(z[

)1z(
))z(X1(

)z( S
I

N





















  (12) 

Thus the PGF of the system probabilities are expressed in terms of )0(pS
I . 

To calculate )0(S
Ip , use the normalizing condition H(1) = 1 and the L’Hospital’s rule. 

Thus, 1 = )0(p
)1(

)1( S
I

N




     where   





)X(E
  

implies,    )0(pS
I =

)1(
)1(

N
  (13) 

 

Hence, )z(H  =      




















)1())z(X1(

))z((
)1z())z(X1(z

)1)(1z(

N

N  

 
Some of the characteristics of the model are discussed in the next section. 
 
 
5. Operating Characteristics Of The Model 
5.1 Stochastic Decomposition Property 
The PGF of the number of customers in the system 
 

 )z(H  =      




















))z(X1()1(

))z((
)1z())z(X1(z

)1z)(1(

N

N  (14) 

 
is the product of the PGF of the usual MX/M/1 model and the PGF of the number of 
customers is the system during the idle time. 
 The first term of the right hand side is the PGF of the usual MX/M/1 queueing 
model without N-policy. 
 The PGF of the number of customers in the system, when the server is idle or 
doing his pre service work is given by 

  
)1(H)1(H
)z(H)z(H

S
I

S
M

S
I

S
M


  
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Adding equations (8) and (10), 

)z(H)z(H S
I

S
M   = 











))z(X1(

)z(N  

The above equation at z = 1 gives 

 )1(H)1(H S
I

S
M   = 









 )1(N  

Hence   
)1(H)1(H
)z(H)z(H

S
I

S
M

S
I

S
M


  =    









)1())z(X1(

))z((

N

N  

which is the second term of equation (14) 
 
5.2 Some Performance Measures 
In this section,  some of the system measures such as, probability that the server is 
idle, doing his pre-service work, busy and the mean system size and queue size are 
calculated.. 
1) S

IP  = the probability that the server is idle 

 S
IP  = )1(HS

I  = )1()0(p N
S
I   = 

))1((
)1()1(

N

N




 (15) 

2) S
WP  =   the probability that the server is working 

 S
WP  = )1(HS

W  =  
)0(p

)1(
)1( S

I
N











  =   (16) 

3) S
MP  = the probability that the server is in the startup state 

 S
MP  = )1(HS

M  = )0(pS
I


 = 

)1(
)1(

N
  (17) 

4) S
IL = the expected number of customers in the system when the server is idle 

 S
IL  = )1(H 'S

I  = 
1z

S
I )z(H

dz
d






  = )0(p)1( S

I
'
N  = 























1N

0n
n

1N

0n
nn)1(

 (18) 

5) S
WL =the expected number of customers in the system when the server is busy 

  S
WL = )1(H 'S

W =
1z

S
W )z(H

dz
d






 = 




















1)(

n

1N

0n
n

1N

0n
n

 

  
)1)(X(E2
)XX(E

)(

)X(E 2

1N

0n
n

2














 (19) 
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6) S
ML = the expected number of customers in the system when the  server is in the 

startup state 

S
ML = )1(H 'S

M =
1z

S
M )z(H

dz
d






 = )0(p

)X(E
S
I2

1N

0n
n











 



  = 
))1((
)X(E)1(

N

2


  (20) 

 
7) S

NL =the expected number of customers in the system 
 S

NL = S
W

S
M

S
I LLL   

Adding equations (18) to (20) we have 

 S
NL =

)1)(X(E2
)XX(E

1

n
)X(E 2

1N

0n
n

1N

0n
n



































  (21) 

8) S
qL =the mean number of customers in the queue 

 S
qL =  






1n

S
M

S
W

S
I )1n(p)n(p)1n(p)1n(   = S

NL  

  = 




































)1)(X(E2
)XX(E

1

n
)X(E 2

1N

0n
n

1N

0n
n

 (22) 

 
9) )T(E S

N  = the expected idle period  

  Since 





1N

0n
n  is the mean number of arriving groups during an idle period (Lee 

et el [5]) and 

1  is the average staying time in any state during an idle period, the 

expected length of idle period is  )T(E S
N  = 








1N

0n
n

1  

 
 
6. The Busy Period Distribution of the Model 
Let S

NQ  denote the number of customers available at the service initiation point for 

the model. Then,    mQPr S
N  =   kmN

Nk
kQPr 





  where km  is the 

probability that (m-k) customers arrive in the startup time and  kQPr N   denotes the 
probability that there are k customers available when the server starts his pre-service 
work.  
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The PGF )z(QS
N   =   km

m

Nk
N

Nm

m kQPrz 






   

(i.e.) )z(QS
N  = ))z(X(U)z(Q *

N   
 
 where )z(Q N  =   )z(1)z(X1 N  is the PGF of kQN   and )Q(E N =







1N

0n
nN )X(E)1(Q  [Lee et el [5]], and ))z(X(U*  is the PGF of n ’s 

(i.e.)  ))z(X(U*  =  n

0n
n z





   

    =    
















 

0n 0

)k(
n

kn

0k

tn )t(dUb
!k
)t(ez     

    =  )t(dUe
0

))z(X1(t



 

    = 
))z(X1( 


 

Let us consider, the busy period of 1/M/MX  model with initiation of service with 
one customer. 
 Let G(x) be the cumulative density function of the busy period X of an 

1/M/MX  model with service cumulative density function S(t). Then condition on X 
as the length of the first service time inaugurating the busy period. Since each arrival 
during that service time will contribute to the busy period by having arrivals come 
during its service time, we can look at each arrival during first service time of the 
busy period as essentially generating its own busy period. Thus we can write 

 G(x) = 
x

0

[Pr (busy period generated by all arrivals during time t is /tx   

   first service time is t) )t(dS]  

   = 


 




x

0 0n

n

0k

)n()k(
n

kt
)t(dS)tx(Gb

!k
)t(e  

 Where )(nG (x) is the n fold convolution of G(x) and )k(
nb  is the k fold 

convolution of nb  

 Let )(G*    = LST of G(x) = )x(dGe
0

x


 ,   
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then )(G*   = 


 


 

x

0 0n

n

0k

)n()k(
n

kt

0

x dx)t(dS)tx(Gb
!k

)t(ee  

By changing the order of integration, 

 )(G*   =   






 











0t 0n

)n(
n

0k tx

x)k(
n

kt

dx)tx(Ge)t(dSb
!k

)t(e  

Let y = x-t 

  )(G*   =   






 






 

0t 0n

n

0k

)n(

0y

)ty()k(
n

kt

dy)y(Ge)t(dSb
!k

)t(e  

By using the convolution property for Laplace transform 

 )(G*   =  






 

 


0t 0n

n

0k

tn)k(
n

k
t e))(G)(t(dSb

!k
)t(e  

   = 









 


n

0k

)k(
n

k

0n

n

0

t)( )t(dSb
!k
)t())(G(e  

Since,  


 

 





0n

n

ok

))(G(tX
)k(

n
k

n e
!k
b)t())(G(   we have, 

)(G   = )t(dSee ))(G(tX

0t

t)( 




 

  = )t(dSe
0t

))](G(X[




 

 = )))(G(X(S    

where )(S  is the LST of the cumulative density function of the expected service 
time with parameter  . 

Note : )B(E  = 
0

)(G
d

d








 


 =  )B(E)X(E1)(S

d
d

0





 






   = )]B(E)X(E1[1



 

)B(E  = 





)(1

1

XE


  = 
)1(

1


. (23) 

If )(* G  is the  LST of the cumulative density function of the busy period for 
MX/M/1 queue, started with one customer then )(G*

m  , the corresponding LST 

initiated with m customers is  m* )(G   . 

Now, we calculate the LST of busy period distribution of )(
*

SG  for MX/M/1 
queueing model with N-policy and exponential startup time. 
Conditioning on the number of customers available at the service initiation point  
we have, 

       
n

*

Nn

S
N

S GnQPrG
*

 



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         *S
N GQ  

              ***
N GXUGQ  

 
Thus the expected busy period of the model is given by  

   G
d

d)B(E
0

*SS






 



    

0

*
N G

d
d)X(E)U(E)Q(E






 



   

     
)1(

1)X(E)X(E
1N

on
n 









 





  (from equation (23)) 

    













 





11
)1(

1N

0n
n  

 
 
7. Waiting time distribution of an arriving customer in the queue 
In this section we derive the queue waiting time of an arbitrary customer at random 
point of time. In ordinary 1/M/MX  queue, it is well known that the queue waiting 
time of the next customer can be obtained by summing the queue waiting time of the 
first customer in his group and the additional waiting time due to those preceding him 
in his group. In our system under study, however obtaining queue waiting time is not 
so simple because the ‘remaining idle period’ affects the queue waiting time. The 
‘remaining idle period’ is defined as the time period from the moment in an idle 
period the next customer arrives until the system state reaches or exceeds N. With 
these in mind, let us define the following LST’s and events : 

 *S
qW  = LST of the queue waiting time of an arbitrary customer. 

 *S
BW  = LST of the queue waiting time of the customer who arrives while the server 

is busy. 
 *S

IW  = LST of the queue waiting time of the customer who arrives while the server 
is idle. 

 *S
AW  = LST of the additional queue waiting time due to those preceding the next 

customer in the same group. 
 *S

jW  = LST of the queue waiting time of the next customer who arrives while the 
server is idle and sees j customers in the queue. 

 *S
MW  = LST of the queue waiting time of the customer who arrive while the server 

doing the pre-service work 
jA  =  Event that a group arrives to the idle system and finds j customers waiting in 

the queue, j=0,1,2,…….N-1. 
rH = Event that the next customer belongs to a group of size r. 

r,iE = Event that the next customer is in the ith position under the condition that the 
group size is r. 
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It is known from the result of Burke [2] that, 

  )EPr( r,i  = 
r
1   and  )HPr( r  = 

)X(E
rbr  

If the tagged customer finds himself in a group containing r-customers )1r(   and he 
is in the ith position )ri1(   then he has to necessarily wait for the service time of 
those (i-1) customers preceding him. Thus we have  

 *S
AW  = 

)](S1)[X(E
))(S(X1

)X(E
rb

r
1)](S[ *

*
r

1r

r

1i

1i*














 

  where )(S*   is the LST of the 

exponential service with parameter  . 

Now, to calculate  *S
qW , let us first consider the case in which the server is busy. In 

this case, the arriving next customer who sees j customers in the system must wait for 
the service times of those j customer, plus additional waiting time due to those 

preceding him in the same group. (i.e.)   *S
BW =  






1j

S
A

j*S
W

*

W))(S)(j(p  = 

 
*S

A
*S

W W))(S(H  
 The most complicated part of the queue waiting time comes from the case where the 
server is idle. If the next customer finds the server idle and sees j customers waiting in 
the queue (j   N-1), he has to wait for, 

i. those j service times plus 
ii. the service times of those preceding him in the same group plus  

iii. remaining idle period. 
 
The waiting time of the arriving customer in this case will also depend on the size of 
the group in which the tagged customer arrives. If the size of the group r   N-j then 
the customer has to wait only for (i-1) services whereas if the size r < N-j then he has 
to wait for the remaining idle period )(tT rjN   and (i-1) service times. If )(* rjNT   is 

the LST of )(tT rjN   then we have, 

 *S
jW  = 









    


 



 





1jN

1r

r

1i jNr

r

1i

1i*r*
rjN

1i*rj* )](S[
r
1

)X(E
rb

)(T)](S[
r
1

)X(E
rb

)](S[  

Hence,  *S
IW  =  






1N

0j

S
jj

*

W)APr(  

  = 











  




 

















1r

r

1i

1i*r
1jN

1r

*
rjN

r

1i

1i*rj*
1N

0j
j1N

0k
k

)](S[
)X(E

b]1)(T[)](S[
)X(E

b)](S[)1(  

 =  
















 














1jN

1r

S
A

*
rjN*

r*
rj*

1N

0j
j1N

0k
k

*

W]1)(T[
)](S1)[X(E
]))(S(1[b)](S[)1(  
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 Now, to calculate the LST of the queue waiting time of the arriving customer 
for the startup model it is enough to calculate  *S

MW . 
 The customers arrive during the startup time period have to wait for the startup 
time along with the waiting time during the busy period.  Thus, 

    







 



Nn

n**S
M

S
A

S
M ))(S)((U)n(pWW

**

    )(U))(S(HW **S
M

S
A

**

   

Thus the LST of the queue waiting time  *S
qW  of an arbitrary customer becomes 

            












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
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 
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








1nN

1r

r

1i nNr
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1i*rS
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S
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
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Hence the average waiting time of an arriving customer is  

  
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 where since,  






 
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Since 
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S
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S
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S
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I
S
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nn (this can be proved by induction) and S

NL  from equation (21) we have 
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equation 22) 
 
This verifies the Little’s formula for batch arrival model with startup time and N-
policy. 
 
 
8. Optimal design of the N-policy with startup time 
 In this section, the optimal value  *N  of  N that minimizes the long-run 
average cost is calculated.  For this, the following costs are considered. 

1sC : Set-up cost per cycle 

2SC :cost per unit time for the pre-service work 

hC :holding cost per unit time 

oC : operating cost per unit time 
The average cost per unit time, TC(N) is obtained as  

TC(N) = 
)T(E
)B(EC

)T(E

C

)T(E
)S(ECLC S

C

S

oS
C

s
S
C

S
S
Nh

1

2
   where  E(S) and E( S

CT ) represent, 

expected 

startup period, the expected busy cycle , 
)T(E
)B(E

S
C

S
 = S

WP  =   represents the long-run 

fraction of time the server is  busy and 
)T(E

)S(E
S
C

 = S
MP  =

)1(
)1(

N
  represent the long-
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run fraction of time the server is  doing pre service work. 


















































































o
N

S
N

S

2

N

1N

0n
n

h

C
)1(

)1(C
)1(

)1(C

)X(E
)1)(X(E2
)XX(E

1)1(

n
CTC(N)

12

 

Considering the terms containing N alone, 
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A procedure is presented to calculate the optimal threshold *N .  
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Proof 

Let kJ  = 
 
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jj . Then, we have 
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By calculation, k1k JJ   = k  and k1k1kk JMJM    = )MkJ( kkk   

Hence    TC(k+1)-TC(k) =  )1(C)MkJ(C
JJ Skkh
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Since 0)MkJ(C kkh   and 0
JJ k1k

k 




 , the sign of  h(k)  

=  )1(C)MkJ(C Skkh   determines whether TC(k) increases or decreases . 
Let m be the first integer such that h(m) > 0 
Then   h(m+1) =   S1m1mh C)1(MJ)1m(C    
     =   )1(CMJ)1m(C Smmh    
     =   mhSmmh JC)1(CMmJC   
     = mh JC)m(h    
    > 0 
  
(ie) mneveryfor0)n(h  . Hence for n > m, TC(n) > TC(m). 
(ie)  *N = first k such that h(k) > 0 
 = min   0)1(C)MkJ(C1k Skkh   
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