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Abstract

In this paper M*/M/1 queueing system with N — policy and startup time is
considered. The startup time corresponds to the preparatory work of the server
before starting the service. As soon as the server finishes startup, he starts
serving the waiting customers until the system becomes empty. The
distribution for server’s busy period and waiting time of an arriving customer
in the queue are derived. Finally, a procedure is developed for searching the
optimal threshold value that minimizes the cost function.

Keywords: M*/M/1 queue, N — policy, startup time, waiting time distribution,
and busy period distribution.

1. Introduction
In this paper M*/M/1 queueing system with N — policy and startup time is considered.
In some actual situations, the server often requires a startup time before starting his
each service period. The server startup time corresponds to the preparatory work of
the server before starting the service.
The concept of the N policy was first introduced by Yadin and Naor [12] in an M/M/1
queueing system, which turns the server on whenever N (N > 1) or more customers
are present and turns the server off only when no customers are present in the system.
After the server is turned off the server may not operate until N customers present in
the system.

Batch arrival process under N-policy was first studied by Lee and Srinivasan
[7]. They have presented the procedure to find the optimal stationary operating policy
under a linear cost structure. To do this they have derived the mean waiting time
which was expressed by the ratio of the first and second factorial moments of the
system size at a service initiation epoch. Concerning queueing systems combining N-
policy with startup time Baker [1] first proposed the N-policy M/M/1 queueing
system with exponential startup time. The N-policy M/G/1 queueing system with
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startup time was first studied by Minh [9] and was investigated by several researchers
such as Medhi and Templeton [8] , Takagi [10], Lee and Park [6] and so on. Later Hur
and Paik [4] examined the operating characteristics of M/G/1 queueing system under
N-policy with server startup and explained how the system’s optimal policy and cost
behave for various arrival rates.

Here the queueing model M”/M/1 with N-policy and startup time is
considered. If N or more customers are accumulated in the system, the server is
immediately turned on but with a random length U before starting his service. As
soon as, the server finishes startup, he starts serving the waiting customers until the
system becomes empty.

The probability generating function (PGF) of the number of customers present
when the server resumes performing startup is developed. Other important
characteristics such as expected number of customers in the system, expected idle
period, busy period are also derived. Waiting time distribution of a customer in the
queue is discussed and Little’s formula is verified. The server’s busy period is also
derived. Finally, a procedure is developed for searching the optimal threshold value

N™ that minimizes the cost function.

2. Description of the Model

In M*/M/1 N-policy with startup time queueing model, it is assumed that the arrival
stream forms a Poisson process and the actual number of customers in any
arriving module is a random variable X, which may take on any positive integer value
I < oo with probability b;. If A, is the arrival rate of Poisson process of batch size X =

. A . . . i
i then b; = 7‘ where A is the composite arrival rate of all batches and is equal to

Zki . This total process which arises from the overlap of the set of Poisson processes
i=1

with rates {A.,},i = 1,2,3, is a multiple or compound Poisson process (Gross and
Harris [3] ).

There is only one server who may serve only one customer at a time, the service times

are exponentially distributed with mean—. Batches are admitted for service according
)

to first come first served (FCFS) order. Within a batch, customers are served

according to any inner order, e.g. one specified by the management.

When the queue length reaches or exceeds a pre-determined value N
(threshold) the server is turned on and begins to serve the customers but with a
random length U before starting his service. U is assumed to follow exponential
distribution with parametery. As soon as, the server finishes startup, he starts serving

the waiting customers until the system becomes empty. The server is turned off as
soon as the system empties.
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3. Steady State Equations
The following notations are used to write the steady state equations of the model
Let

p; (n)
p,, (n) = the probability that there are n customers in the system when the server is
doing the pre-service work which exists for n=N,N+1, ...

p, (n) = the probability that there are n customers in the system when the server is
busy or working which exists for n=1,2,3,...

the probability that the server is idle, this state exists for n=0,1,2,... ,N-1

The steady state equations satisfied by p; (n), p;, (n) and p;, (n) are given by

Ap;0) = upy@ 1)
ApS(n) = Aibi pS(n—i) 1<n<N-1 2)
(A+7) Py (N)=23 pr(N =D, ©

(A+7) ps, (n) =A”§ pS(n—ib+4 Spi(n-iy n=N+1  (4)

i=n—-N+1

(2 + 1) py ) =1 py, (2) ®)
(+ )Py (=A% py(-Db +upl(1+D)  2<nsN-1  (6)
(A+u) p\i,(n):ﬂ.gpj,(n—i)bﬁy b (N+)+py (M) n =N (7

4. Probability Generating Functions
The PGF of pJ (n), p; (n) and p;, (n) are defined by

HY (2)=2 pw(n) 2"
n=1
N-1
Hi @)= _pi(n) z'
n=0
Hy (2) = ipﬁ/l (n) 2" respectively,
n=N

and X(z), the PGF of the number of customers in a batch is given by X(z) :Zbkz"
k=1
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Equation (2) implies p} () = b,p(0)
p? (2)=(b, + nlbl)p?(o) = Tczp?(o)
Hence by induction one can prove that, p3(n) = p{(0)x,

where 7, ’s are givenby m, =1land ©, = ) b,
i=1

Hence Hi(2) = Y pi(n)2" = pFO)Y. 72" = p}(O)x, (2) ®

where m, (z) is the generating function of = ’s
Multiplying equation (3) by z" and (4) by z" and adding we find

(+PHL@ =23 2" 3 pin-ib,+2 32" S ph(-ip, @

i=n—-N+1 n=N+1 i=1

=X @HS (2) - (ry (2) - Do} (0) |+ AX @) HS, (2)

=A[X(2)y (2) - 7y (2) + 105 (0) 42X (2)HE, (2) (using (8))
this implies H®, (z) = P[([);g)__;();“)f)ﬁlqpf(O) (10)

Now to obtain the PGF of p_ (n), multiply equation (5) by z (6) and (7) by z"and
adding we get

o0 0 0 oo n-1
A+ pw Mz =p) py (N+1)z" +7) py (n)z" +2) > py(n—ib,z"
n=1 n=1 n=N n=2 i=1

(-+wH3 () =2 (HL @) -0 02)+1H3, @) + X @HS @)
which implies [Az(1— X(2)) + n(z =D JHS, (2) = yzH3, (2) - Azp5 (0)

(X(2) ~Dmy (2) +1]
1~ X@))+7]

2= X(2) +rz-DH3 (2) = YZP[ }D.S(O) ~2zp;(0) (using (10))

22[X(@2)-1] L+ ymy (2)]
LaA-X@)+y] [rz@-X(@)+niz-1)

Hence H\S,V(z):{ pr(O) (11)

The PGF H(z) of the number of customers in the system is given by
H(z) =H7(2)+H}(2)+Hy,(2)
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Substituting for H (z), H; (z) and H,, (z) from equations (8), (10) and (11)
we find

H(z) :{TEN (2) +{

xkxe)—nnNc)+ﬂ}
[L(1-X(2)) +7]

N NX@) 1] [1+vmy (2)] 05(0)
L@ X@)+v] [rz@-X@)+nz-D] |

_| A+ymy(2) uwz-1 s
e = L»(l—X(Z)HJ {[kz(l—X(Z))w(Z —DJp' © (42

Thus the PGF of the system probabilities are expressed in terms of p;(0).
To calculate p; (0), use the normalizing condition H(1) = 1 and the L’Hospital’s rule.

Thus, 1 = Aty @) p;(0)  where p:—kE(X)
v(1-p)
implies, p’(0) -_vd=p) (13)

A+ymy (D)

Hence, H(z) = w(z -1 p) YO+, (2))
’ [1z(1-X(2)) + @z -] ]| [y + A@-X@)] [ + ymy ()]

Some of the characteristics of the model are discussed in the next section.

5. Operating Characteristics Of The Model
5.1 Stochastic Decomposition Property
The PGF of the number of customers in the system

[ p@-p@E-y YO+, (2))
HQ)'{Dza—xc»+u@—nﬂhx+wmaﬂMa—xc»+ﬂ 44

is the product of the PGF of the usual M*/M/1 model and the PGF of the number of
customers is the system during the idle time.

The first term of the right hand side is the PGF of the usual M*/M/1 queueing
model without N-policy.

The PGF of the number of customers in the system, when the server is idle or
doing his pre service work is given by

Hy (@) +H (2)
Hyu @) +H7 (@)
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Adding equations (8) and (10),

s s _| ymy(@)+A
Hu (@) +H7(2) = |:7\4(1—X(Z))+'Y:|

The above equation at z = 1 gives
H 0+ HE () = {—’“”;‘N(ﬂ

Hence

HY (2) +H? (2) { y(h+ymy (2)
Hu@Q+H @O [a-X@)+7] o+, @]
which is the second term of equation (14)

5.2 Some Performance Measures

In this section, some of the system measures such as, probability that the server is
idle, doing his pre-service work, busy and the mean system size and queue size are
calculated..

1) P’ = the probability that the server is idle
1-p)my (@)
P =HE(1) = pi(0)m, (1) = L —P) 15
I (D) = py(0)my (2) (h+ 7y, (D) (15)
2) PJ = the probability that the server is working
A 1
Py =H3 () = {—p[ ”“N”]}pf(m =p (16)
v(-p)
3) P = the probability that the server is in the startup state
A A1-p)
Py =Hy (@) ==p;0) = 17
v =Hu @) Y|0.() PRR— 17)

4) L = the expected number of customers in the system when the server is idle

N-1
Y(l_ p)z nm,
n=0

. d :
Ll =H'(@) = [EH.S(Z)} =Py 0) = ———~ (18)
2=t A+ y(z nn]
n=0
5) L3, =the expected number of customers in the system when the server is busy
N-1
P, Nm,
s s | 9 s — n=0 P
Ly =H,®= d—HW(z) = + +
z

N-L _
= aay(m) TP
n=0

PIPE(X) | pE(X*=X)

v+ YNZijn) 2E0A=p)

(19)
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6) L, = the expected number of customers in the system when the server is in the
startup state

XE(X){XHNZ%TE }

s _ s d _ h=0 _ (1-p)A?E(X)

LS = HS( HS = A=p)NEX) (20
m{h)= [ (Z)L 7 POy

7) LS, =the expected number of customers in the system
L, =L + L, + L,
Adding equations (18) to (20) we have
N-1

Yz nnn 2
L3, = MEG) D+ I P, SEE(;: 1_X) (21)
Y MY(ZM] -p  2E(X)L-p)
n=0
8) qu =the mean number of customers in the queue
=Y (0-1)(p (-1 +pj () +p5 (1-D) = L, - p
n=1
N-1
_ MEX) Z;‘ L PE(X*-X) . 22)
-1
Y k+y( nn] 1 b 2E(X)A-p)
9) E(T)) = the expected idle period
N-1
Since Znn is the mean number of arriving groups during an idle period (Lee
n=0

et el [5]) and % is the average staying time in any state during an idle period, the

N
expected length of idle period is E(T)) = %z
n=0

6. The Busy Period Distribution of the Model
Let Q}, denote the number of customers available at the service initiation point for

m

the model. Then, PrlQs :m]:iPr[QN =k] a,, where a_, is the
k=N

probability that (m-k) customers arrive in the startup time and Pr(Q,, = k) denotes the

probability that there are k customers available when the server starts his pre-service
work.
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The PGF Q} (2) = zz ZPr Qy=k] o
(ie) Qy(2) =Qy(2) U'(A-21X(2))

where Q,,(z) = 1+[X(z) -1Jn\(z) is the PGF of Q, =k and E(Q,)=

QN = E(X)I\Iz_lrcn [Lee et el [5]], and U™ (A —AX(2))is the PGF of a., ’s
n=0

(ie) U-2X@)= Yo,z

n=0

i[z? et (M) (“) b(")dU(t)j

=0
_ Te—kt(l—X(Z))dU (t)
0

— Y
v+ M1-X(2))

Let us consider, the busy period of M* /M /1 model with initiation of service with
one customer.

Let G(x) be the cumulative density function of the busy period X of an
M* /M /1 model with service cumulative density function S(t). Then condition on X
as the length of the first service time inaugurating the busy period. Since each arrival
during that service time will contribute to the busy period by having arrivals come
during its service time, we can look at each arrival during first service time of the
busy period as essentially generating its own busy period. Thus we can write

G(x) = j[Pr (busy period generated by all arrivals during time tis < x—t/
0
first service time is t) JdS(t)

o N

Tzz oM (M) b(k)G(n)(X t)dS(t)

0 n=0k=0
Where G (x) is the n fold convolution of G(x) and b is the k fold
convolution of b,

Let G™(0) =LSTofG(x) = [e ™dG(x),
0
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then G”(0) = j e | zi _M(M) bMG™ (x — t)dS(t)dx

0 n=0 k=0
By changing the order of mtegratlon

G*(0) = j ZZ (“) b‘“dS(t)j e *G™ (x - t)dx

t=0 n=0 k=0
Lety = x-t
. ; ‘“(M) 0gs(t) [e-000
G'(0) = j Sy & D poogery [e 6™ (y)dy
t=0 n=0 k=0 y=0

By using the convolution property for Laplace transform

0= [T e OO pasio: @)'e

Te—(e+x)tz(G (9)) Z(M_) b(k)dS(t)

At b‘k .
( ) — eMX(EO) e have,

Since, Z(G e)" z

G*(0) = j g (Mg X(E ONgs (1) = j g 107 XEONgS(t) = S*(0+ A -AX(G"(6))
t=0 t=0

where S*(0) is the LST of the cumulative density function of the expected service
time with parameter .

Note : E(B) = [;—ge*(e)} = [;—gs*(e)} L+ AE(X)EB)] = ﬁ[1+kE(X)E(B)]

1

1
~E(B) = —H~ = . 23
®)= e T &
M
If G'(0) is the LST of the cumulative density function of the busy period for

M*/M/1 queue, started with one customer then G (0), the corresponding LST

initiated with m customers is [G"(0)]"

Now, we calculate the LST of busy period distribution of G* (6) for M*/M/1

queueing model with N-policy and exponential startup time.
Conditioning on the number of customers available at the service initiation point
we have,

G (0) = n:iéF’r[QE=n]((3*(9))n
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= Q;(6°0)
- 0,(G"O)U (L -1x(E"(0)

Thus the expected busy period of the model is given by
—-d ¢ -d ..
E(B®) = [—GS (6)} = [EQu)+ E(U)%E(X)][—G (6)}

do 0=0 do 0=0
= {E(X)§EH+ME(X)} (11 ) (from equation (23))
n=o0 Y pL—p
p |1& 1
e P2

7. Waiting time distribution of an arriving customer in the queue
In this section we derive the queue waiting time of an arbitrary customer at random

point of time. In ordinary M*/M/1 queue, it is well known that the queue waiting
time of the next customer can be obtained by summing the queue waiting time of the
first customer in his group and the additional waiting time due to those preceding him
in his group. In our system under study, however obtaining queue waiting time is not
so simple because the ‘remaining idle period’ affects the queue waiting time. The
‘remaining idle period’ is defined as the time period from the moment in an idle
period the next customer arrives until the system state reaches or exceeds N. With
these in mind, let us define the following LST’s and events :

W () = LST of the queue waiting time of an arbitrary customer.

W (6) = LST of the queue waiting time of the customer who arrives while the server
is busy.

W? (0) = LST of the queue waiting time of the customer who arrives while the server
is idle.

W,f (6) = LST of the additional queue waiting time due to those preceding the next
customer in the same group.

WS () = LST of the queue waiting time of the next customer who arrives while the
server is idle and sees j customers in the queue.

W? (6) = LST of the queue waiting time of the customer who arrive while the server

doing the pre-service work

A; = Event that a group arrives to the idle system and finds j customers waiting in
the queue, j=0,1,2,....... N-1.

H, = Event that the next customer belongs to a group of size r.

E..= Event that the next customer is in the i™ position under the condition that the
group size is .
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It is known from the result of Burke [2] that,
PIE,,) = & and PI(H,) = -2
r E(X)
If the tagged customer finds himself in a group containing r-customers (r >1) and he
is in the i"™ position (1 < i < r) then he has to necessarily wait for the service time of
those (i-1) customers preceding him. Thus we have
w? (o ZZ[S 0)] ‘1( ] ,___1-XE (*e)) where S°(0) is the LST of the
= i E(X) E(X)[L-S"(6)]
exponential service with parameter p .

Now, to calculatquS* (6), let us first consider the case in which the server is busy. In

this case, the arriving next customer who sees j customers in the system must wait for
the service times of those j customer, plus additional waiting time due to those

preceding him in the same group. (ie) WS (0)= Zpiv(j)(s*(e))iw,f(e) =

HY, (5" ()W, (6)
The most complicated part of the queue waiting time comes from the case where the
server is idle. If the next customer finds the server idle and sees j customers waiting in
the queue (j < N-1), he has to wait for,
I.  those j service times plus
ii.  the service times of those preceding him in the same group plus
iii.  remaining idle period.

The waiting time of the arriving customer in this case will also depend on the size of
the group in which the tagged customer arrives. If the size of the group r > N-j then
the customer has to wait only for (i-1) services whereas if the size r < N-j then he has

to wait for the remaining idle period T, _; , (t) and (i-1) service times. If TN*—j—r @) is
the LST of Ty_;_, (t) then we have,

W (0) =[S (e>1{ii S O T )+ 3 Y 1[S(n-l}

r=1 i=1 E(X) r=N-j i=1l E(X)

N-1

Hence, WS (0) = ZPr(A WS (0)

_a-p¥ { ()1 }
znkaon[ O] 3 SIS OF T, 011+ 33 oS

)§ BSOS
- 2 {2 005 (@ O I WE (e)}
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Now, to calculate the LST of the queue waiting time of the arriving customer
for the startup model it is enough to calculate WS (6).

The customers arrive during the startup time period have to wait for the startup
time along with the waiting time during the busy period. Thus,

Wy (60) = w/i*(e){ip;(n)U*(e)(s*(e))“} = WX (OH3 (S (0) U™(0)

Thus the LST of the queue waiting time qu* (6) of an arbitrary customer becomes

Wi (O) = [HLE @)+ (s O @)W ©)
£ Y EmUOE O
"NEtG rb, 1 — G rb, 1 1
AT TR s o, 0 3 SRk o

=[HW(S'(6) + HL (S (®)U (O)] Wy (6)+

> b (U O)S )" {Z”iE(X) T ) -1+ wz*(e)}

=[H(S'(®)) + HYU(S (O)HU'(O)] Wy (6)+

> p; (U O)S )" {2 o SOy, o-ue W (e)}

Hence the average waiting time of an arriving customer is

Wi ewie) |
1[L P18, + 8 |+ [HS, @ + HS, @) + HS (1){ we (e)}
00
L H O H @+ S
— E(X)
where since, [dg S'(0) LO :ﬁ and [;—g U’ (6) LO :%

this implies
N-n-1  N-n-r-1

LS _d . 1— (1_p) 1 N-1
we :—N+[—WS (9)} t=Py Y m, y.rb, Dm
T oLde Tl v (v ymy (@) AE(X) g " é ,; "
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Since
1 N—n—r-1
LSW +LS,\,I +LSI = LSN, H\SN(l)+H (1)+H @=1and E(TN o) = x T,
n=0
_ . " 2 N N-—n-1 N-n-r-1
substituting for [—dw,f (e)} - XD EX Z b, Y m, =
do 0-0 2uE(X) ZHE(X) =0 =l n=0
N-1
nr, (this can be proved by induction) and L}, from equation (21) we have
n=0
WS — @ p pE(X°-X)  AE(X) E(XX°-X) (1-p)
! pA+yry @) p@-p) 2WEX)A-p)  ym 2uE(X) Y
v1-p) Z T,
AEC) (A +ymy (D) 2=
YZ; o 1 E(X2-X) 11 LS
= +—+ + -——= (from

AEX) A +ymy(@) v 2iE(X)A-p) nd-p) u  AE(X)
equation 22)

This verifies the Little’s formula for batch arrival model with startup time and N-
policy.

8. Optimal design of the N-policy with startup time

In this section, the optimal value N~ of N that minimizes the long-run
average cost is calculated. For this, the following costs are considered.
C,, : Set-up cost per cycle
Cs, :cost per unit time for the pre-service work
C,, :holding cost per unit time
C, : operating cost per unit time
The average cost per unit time, TC(N) is obtained as
E C E(B®
S  ~s - EFB)

TC(N) = C, LY, +Cs,
E(TS) E(TS) T E(TY)

where E(S) and E(TZ) represent,

expected

E(BY) _ps -

E(TS)

E©) _ps . Mi-p)
M

E(T¢) A+ymy (D)

startup period, the expected busy cycle , p represents the long-run

fraction of time the server is busy and represent the long-
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run fraction of time the server is doing pre service work.

N-1
Y)Y nm
2" L P, PE(X®-X) AE(X)
Leymy@ 1-p 2E(X)A-p) v

CS & Y(l_p) +CS X'Y(l_p) +Cop
Ay A +ymy (@) HA+yry (@)
Considering the terms containing N alone,
N-1
Yy nm,
TC(N)=C, | —=
A+ymy (@)

TC(N) =C,

M1-p)
A1 (1)}(% s

N-1

YCy e, +[A-p)](Cs, +7Cs )
n=0

A+ vy @]

N-1
oft thn +A(1-p)Cs

C
Let C;= C, +—= . Then TC(N) = | — =2
oy Ty @)+ (/)

A procedure is presented to calculate the optimal threshold N” .

N*= mil’{k >1‘C{k[zk: TT; +&]—iini} > kCS(l—p)}
j=0 Y) i=0
Proof

k k
Let J, = an+& and M, = Zjnj . Then, we have
=0 Y =0

TC(k+1)-TC(K) = c{ﬂ— Mk‘l}+kCS(l—p){i—i}
‘]k ‘]k—l ‘]k ‘]k—l
By calculation, J, , -J, = -n, and M, J, ; —M, I, = 1, (kI, —M,)

[Ch (k3 =M ) ~ACs(1~p)]

Hence TC(k+1)-TC(K) = — K

k-1¥k
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Since Cy (kJ, —M,)>0 and

Ty

>0, the sign of h(k)
k—l‘]k

= [Ch (ki =M, )-ACs(1- p)] determines whether TC(k) increases or decreases .

Let m be the first integer such that h(m) >0
Then h(m+1) = Cp[(M+1)J 01 —Mpa |- 21— p)Cs

= Cp[(m+1)J,, ~M,]-ACs(L-p)

= Cy[mIy, —My, ]-ACs(-p)+CyIp,
= h(m)+C,J,,

>0

(ie) h(n) >0 for every n>m. Hence for n>m, TC(n) > TC(m).

(ie)

N" = first k such that h(k) >0
= min {k 21/[C;, (k) —M,) —ACs(1-p)]> 0}
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