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Abstract

In the paper we establish some inequalities on the basis of the exponent of conver-
gence of zeros of entire functions.
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1. Introduction, Definitions and Notations

A single valued function of one complex variable which is analytic in the open com-
plex plane is called an entire function. Let f be an entire function defined in the fi-
nite complex plane (i.e., the open complex plane) C. For a € C U {oo} we denote by
n(t,a; ) (n(t,a; f)) the number of a-points (distinct a — points) of f in |z| < ¢ where
an oo-point is a pole of f. We put

r

N (rya; f) = /

0
p

and N (r,a; f) = /

0

n(t’aaf)_n(oaa’f)
t

dt +n(0,a; f)logr

ﬁ(t’aaf) _ﬁ(oaa’f)

; dt +n(0,a; f)logr.

The function N (r,a; f) (N (r,a; f )) is called the counting function of a-points (distinct

a—points) of f. Inmany occassions N (r, 00; f) and N (r, oo; f) are denoted by N (r, f)
and N (r, f) respectively. The function N (r, f) is called the enumerative function of
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. N(r . . .
f. The ratio N )) measures the comparative growth of f with respect to g in terms
r,g
of enumerative function where f and g are any two entire functions defined in the open

complex plane C.
Chen and Yang [1] introduced the definitions of exponent of convergence of zeros
and hyper exponent of convergence of zeros of entire functions in the following way:

Definition 1.1. [1] Let f be an entire function defined in the open complex plane C.
The exponent of convergence of zeros of f denoted by p; (f) is defined by

log N <r, %)
pi (f) = limsup————"%

r—00 log r

where log[k] x = log (log[k_l] x) fork=1,2,3,... and log[o] X =x.

In a similar manner replacing limit superior by limit inferior we may define the lower
exponent of convergence of zeros of f denoted by A (f) in the following manner:

log N (r, %)
A (f) = liminf ————~,
r—00 log r
In alternative notation we may write p; (f) and A1 (f) as follows:
: log N (r,0; f)
pr(f) = limsupt L2 S)

r— 00 10g r

log N (r,0;
and iy (f) = liminf 28N 00

r— 00 ]()g r

Definition 1.2. [1] The hyper exponent of convergence of zeros of entire function f
denoted by p; (f) is defined by

log[z] N (r, %)
p2 () = lim sup .
F—00 logr

Similarly replacing limit superior by limit inferior we may define the hyper lower expo-
nent of convergence of zeros of f denoted by A, (f) in the following way:

logm N <r, %)

logr

A2 (f) = liminf
r—0o00
Alternatively, we may write pp (f) and A, (f) as follows:

. log®! N (r,0; f)
p(f) = limsup—2 !
r—00 logi’

and 2y (f) = liminf
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From Definition 1.1 and Definition 1.2, the following two definitions are immediate:

Definition 1.3. [1] The exponent of convergence of distinct zeros of an entire function
f denoted by p; (f) is defined by

logﬁ (r, %)
71 (f) = limsup————22.
r—00 ogr

In a similar manner replacing limit superior by limit inferior we may define the lower
exponent of convergence of distinct zeros of f denoted A (f) in the following manner:

B log N (r, %)
A (f) = liminf ————~,
r—00 log r
In alternative notation we may write p; (f) and X1 (f) as follows:

p1(f) = limsupw

r— 00 10g r

_ log N (r, 0;
and 7y (f) = liminf 28N 0

r—00 logr

Definition 1.4. [1] The hyper exponent of convergence of distinct zeros of an entire
function f denoted by p, (f) is defined by

logl' N (r, %)
72 (f) = limsup Y
r—00 10g r

Similarly replacing limit superior by limit inferior we may define the hyper lower expo-
nent of convergence of distinct zeros of f denoted A, (f) in the following manner:

B log[z] N <r, %)
A2 (f) = liminf .
r— 00 ]og r

Alternatively, we may write p, (f) and o (f) as follows:

_ . log' N (r,0; )
72 (f) = limsup—c—
r— 00 ogr

_ log'N (r,0:
and 7 (f) = liminf 28N (07)
r— 00 ]og r

For any finite complex number a, we denote by p1 (a; f) the exponent of convergence
of zeros of f — a and by pl(k) (a; f) the exponent of convergence of zeros of f ® _q
where f ®) denotes the k th derivative of f, k being any non negative integer.
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Definition 1.5. The order p of an entire function f is defined as

1 [2] M (r,
pf = limsupog—(rf) where M (r, f) = max | f (2)] .
r—00 logr |zl=r
Alternatively,
. log T (r, f)
pr =lim supl—
r—00 ogr

where T (r, f) denotes the Nevanlinna’s Characteristic function of f.

In the paper we establish some newly developed inequalities on the basis of the
exponent of convergence of zeros of entire functions.

The term S (r, f) denotes any quantity satisfying S (r, f) = o{T (r, f)} asr — o0
through all values of r if f is of finite order and except possibly for a set of r of finite
linear measure otherwise. We do not explain the standard definitions and notations in
the theory of entire and meromorphic functions as those are available in [3] and [2].

2. Lemma

In this section we present a lemma which will be needed in the sequel.
The following lemma is due to Milloux (see p. 55, [2]) :

k
Lemma 2.1. [2] Let k be a positive integer and i = Zai £® where a; are meromor-
i=0

phic functions such that T (r,a;) = S (r, f) fori = 0,1,2,... ,k. Then m (r, %) =
S, f).

3. Theorems
In this section we present the main results of the paper.

Theorem 3.1. Let f be an entire function of finite order with N (r; f) = S (r, f). Also
let a, b, c be any three distinct finite complex numbers. If in addition ¢ be non zero then

1
1 (—) <pi(a f)+p1 b f)+pi(cf).

f
Proof. For any positive integer k, let us consider the following identity
b—a
f—a

fO [f—a f-b)_f-c fO f® [f-a f-b]] f
[f—a{ fO - f® }_ fO 'f—a‘{ fO - f® H?
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1 b —
Since m <m 4+ O (1) and m <m(r,f)+0((),we
f —a f — c
get from the above identity in view of Lemma 2.1 that
" ( 7 )

b—a f—a
m(r’f—a) = ( f<k>> ( f"‘))+
— b
o (r L) () o () 50
me )
F®

f—a f—b
() (- fw>)

+
— —b
o ( ff<'<> ) ( 7 ) +m . f)

+0 () + S, f)
f—a b
on () +2m (r I ) o ()
+m(r, f)+ S, f)+ 0 (1)
ie.,m <r, fl—a) < 2T (;», ff;{)a) _ 9N <r,%) +2T <r, ff;{)b)
f—b f—c f-c
2N (r, W) + 7T (r, W) — N (r, f(k) )

+m @, f)+Sr, f)+01). ey

3
N
X

KH
| p—
IS}
N—"
IA

o
3
N
X
\
| p—
IS}
N—"
IA

1
Now by the relation T (r, ?) =T (r, f)+ O (1) and in view of Lemma 2.1 it follows
from (1) that

3
N
~

~
| )
s
N——"
IA
[\]

H
N
~

&h
I =
Q p—
N—"
|
[\®]
=
/—\
\
S
\/
+
[\)
bﬂ
N
N
=
=
@
N——"

] T
f - % f-c
() ( ) v )

+m(r, f)+ S (r, f)+0(1)

(7))
(=)~ (e fwb)}
NREEREE

+m (r, f)+S(r, f)+0(l) 2)

o
3
N
=
\
| p—
IS}
N—"
IA

~

~
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In view of {p.34, c¢f.[2]}, N (r; f) = S (r, f) and as N (r

1
) > (), it follows from
(2) that

3G

: )—N(r,f—a)}
—da

) Ly _
(r. s >+N<r,f_b) NG, f b)}
+{N(r,f<"))+N<r,f1_C>—N(r,f—c)}

—SN(r,%)+m(r,f)+S(r,f)+O(1)

1 1
. (k) _
1.e.,m<r,f_a) < 5N(r,f )—|—2N<r,f_a) IN () f)
1 1
—|—2N(r,f_b>—2N(r,f)—|—N(r,f_C)
N, f)+m@r, )+ S, fH+0(1)
re,mlr ! +N|(r ! < SN(r f(k))—SN(r f)+3N|r !
] ,f_a ’f_a — 2 b ,f_a

1 1
+2N<r,f_b)+N(r,f_c)

+m @, )+ S, )+ 001)

ie, T(r,f) < SkN(r,f)-l—SN(r,fia)+2N(r,fl_b>

+N(r,fl_c)+m(r,f)+S(r,f)+O(1)

e, N(r,f) < 3N(r,f1_a)+2N(r,f1_b)+N(r,f1_c>
+S@r, )+ 0(1). ©)

For sufficiently large values of » we obtain from (3) that

N@, f) < 3pP1(asf)+e + 2P1 (b f)+e 4+ Fo1Ef)+e +Sr, f)+0()
ie, N(r,f) < 3pP1@f)re opbif)te pi(eif)te +Sr, )+ 0()
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Now applying logarithm, then dividing by log r and taking limit superior on both sides

of above and also as € (> 0) be choosen arbitrary we get from above that

log N (r,
limsupogT(if) < pi@a;f)+p1;f)+p1(cf)
1
ie., pi (?) < pr@f)+pi b f)+pi(cf).

This proves the theorem.

Remark 3.2. Considering f = exp z with suitable a, b and c one can easily see that the

sign ‘<’ in Theorem 3.1 cannot be replaced by ‘<’ only.

Theorem 3.3. Let f be an entire function of finite order with N (r; f) = S (r, f) . Then

for any non zero finite complex number a and for any non negative integer k,

1
p1 <?> <o @ )+ b )+ 5 (e5 ) + o1 ;s f)

where b, ¢ and d are any three finite complex numbers.

Proof. From the identity

f

f(k) foO —q fo fF 1
- L= = = e

where 0 < k < n and by Lemma 2.1 we get that

1
m(“f—d)

Fh g
< m(r,w>+m< f(k>>+m(r f—a)y+ S, f).

1
Now by the relation T’ (r, ?) =T, f)+ O (1) it follows from (4) that

("7=a)
mi\r,
f—d
o —q o —q 1
< ) () o )

N (i ) #m )+ S0

“4)
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()
re,m\r,
f—d
fo o —q 1
< (=) - () + 7 [ 7w)

1
—N(r,m>+m(r,f)+S(r,f)+0(1)

()
re.,mir,
f—d
fm fo _q 1
= (i) - () e )

1
—N(r,m>+m(r,f)+S(r,f)+0(1). 5

By Nevanlinna’s second fundamental theorem it follows from (5) in view of {p.34, cf.[2]},
N (r; f)=S(r, f)and as

— 1 1
¥ () = (7w ) <o

IA
>
N
N
\
S
—_ N
+
>
SN
&H
=
| e
Q
N——
[
>
VN
'\:
>
Xax
[
s
N—""

) 1 N 1
1.e.,m (r, f—d) + <r, f—d)

_ 1
N@, f)y+nN@, f)+ N (r, 7® —a) —N(r, f)

— — 1 — 1
_kN(r,f)-l-N(r,f(k)_b)-I-N(r,m)

+N<nfid)+mUJ3+Smf)

IA
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e, T (r, f)

_ 1 — 1
< (n—k)N(r,f)-HV(r,m)+N<r’f(k)_b)
_ 1 1
W (r g )+ ¥ (g £
+Sr, )+ 0()

1 — 1 - 1
i.e.,N(r,f) < N(r,m>—l—N<r,m)+N(r, f(k)—C>

1
+N(r,f_d)+S(r,f)+0(l). (6)

For sufficiently large values of » we obtain from (6) that

k), . —(k) /p.. —(k) /.. .
N@r, f) < P (a;f)+e + P by f)+e + P (c;f)+e + P f)+e +S@r, f)+0()

ie, N(r,f) < ,.Pl(k)(a;f)+e . rﬁik)(b;f)-ke . rﬁik)(c;f)-ke L pP1(df)te +Sr, f)+0().

Now applying logarithm, then dividing by log r and taking limit superior on both sides
of above and also as € (> 0) be choosen arbitrary we get from above that

) log N (r, f)
lim sup——

r—00 log r

< o @) +o) BN+ € )+ o1 (s f)

1
ie. pi (?) < oW @+ b H+20 @+ f).

Thus the theorem is established. |

Theorem 3.4. Let f be an entire function of finite order with N @r; f)=S(r, f).Then
for any three finite complex numbers b, ¢, d and for any non negative integer k,

1
& (?) < o1& )+ B ) +2° (d: )+ p1 (f)-

Proof. Considering the following identity for any finite complex number a,

c f—c f® a2 1
?:H]_ I Hf—a'f(k)”'(f_“)’

we get in view of Lemma 2.1

c f—c 1
m(r,?> fm(r, 7@ )—l—m(r,m)+m(r,f—a)+S(r,f). @)
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(7) that
1 f—c 1
m<r7 Sm(r, f(k)>+m< f(k)>+””(” HESE H+00)

) 1 f—c f—c 1 1
n () = L) ) )

+m@r, f)+SF, f)+01).

=T (r, f)+ O (1) we get in view of {p.34, cf.[2]} from above that

IA

Since T (r,
f® f 1 1
7(“f—J_N< ﬂ“>+T(f@>_NG7%>

(7)
mlr,—
S
+m @, )+ S, )+ 0(1)

: 1 f® f—c 1 1
1“‘“”"<“?) 3 N(”’f—c)‘N(”’W)”(’W)‘WW)

+m @, )+ S, f)+ O (1)

(i) = (o) v

1
+T(F,W>—N( f(k))+m(r H+SE, ). (®)
. 1 1
Now by Nevanlinna’s second fundamental theoremandas N (r, — | — 2N | r, —
T ® F®

<O,N(r,f—c)=N(,f) andﬁ(r;f) = S (r, f) we get from (8) that
m(rl) < N(rf(k))—l—N<r ! )—N(rf)—ZN(rL)
r) - T fee ’ e
_ 1 1 — |
(v 7 (=) ()

+m(r, f)+ S, f)+O0(1)
1 — 1
N(r,f(k)>—|—N(r,f_c)—N(F,f)—i-N(r,W)
— 1 1
+N(F,m)+N<r,7>+m(raf)+0(l)

_ 1 — 1 — 1
RIS T BT

—|—N(r,%)+m(r,f)+S(r,f)+0(1)

ie, T (r, f)

A

ie, T, f)

A
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1 — 1 — 1
e, N(r,f) < N(r,ﬁ>+N<r,m>+N(”’ f(k)_d>

1
+N (r,?)+S(r,f)+0(l). 9)
For sufficiently large values of r we obtain from (9) that

. —(k) (7. —(k) (7.
NG, f) < pr1(esf)+e + 7P (b;f)+e + 7P (d;f)+e + pP1(f)+e +Sr, f)+0()

ie, N(r, f) < rPr@hte. i

(b:f)+e | rﬁik)(d;f)ﬁ P DT LS Y+ 0Q).

Now applying logarithm, then dividing by log » and taking limit superior on both sides
of above and also as € (> 0) be choosen arbitrary we get from above that

. log N (r, f) — _
limsup—=2 02 <y (e )+ 7 6 )+ 5L @)+ o1 ()
r—00 ogr
i L T A (o
l-e-,pl f — pl(C,f)'i'/Ol (’f)+p1 (,f)+/01(f)
This proves the theorem. [

Remark 3.5. If we consider f = exp z with suitable a, b, ¢ and d one can easily verify
that the sign ‘<’ in Theorem 3 cannot be replaced by ‘<’ only.
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