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1. Introduction, Definitions and Notations

A single valued function of one complex variable which is analytic in the open com-
plex plane is called an entire function. Let f be an entire function defined in the fi-
nite complex plane (i.e., the open complex plane) C. For a ∈ C ∪ {∞} we denote by
n (t , a; f ) (n (t , a; f )) the number of a-points (distinct a − points) of f in |z| ≤ t where
an ∞-point is a pole of f. We put

N (r , a; f ) =
r∫
0

n (t , a; f ) − n (0, a; f )

t
dt + n (0, a; f ) log r

and N (r , a; f ) =
r∫
0

n (t , a; f ) − n (0, a; f )

t
dt + n (0, a; f ) log r.

The function N (r , a; f )
(
N (r , a; f )

)
is called the counting function of a-points (distinct

a−points) of f. In many occassions N (r , ∞; f ) and N (r , ∞; f ) are denoted by N (r , f )

and N (r , f ) respectively. The function N (r , f ) is called the enumerative function of
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f. The ratio
N (r , f )

N (r , g)
measures the comparative growth of f with respect to g in terms

of enumerative function where f and g are any two entire functions defined in the open
complex plane C.

Chen and Yang [1] introduced the definitions of exponent of convergence of zeros
and hyper exponent of convergence of zeros of entire functions in the following way:

Definition 1.1. [1] Let f be an entire function defined in the open complex plane C.
The exponent of convergence of zeros of f denoted by ρ1 (f ) is defined by

ρ1 (f ) = lim sup
r→∞

log N
(
r , 1

f

)
log r

where log[k] x = log
(

log[k−1] x
)

for k = 1, 2, 3, . . . and log[0] x = x.

In a similar manner replacing limit superior by limit inferior we may define the lower
exponent of convergence of zeros of f denoted by λ1 (f ) in the following manner:

λ1 (f ) = lim inf
r→∞

log N
(
r , 1

f

)
log r

.

In alternative notation we may write ρ1 (f ) and λ1 (f ) as follows:

ρ1 (f ) = lim sup
r→∞

log N (r , 0; f )

log r

and λ1 (f ) = lim inf
r→∞

log N (r , 0; f )

log r
.

Definition 1.2. [1] The hyper exponent of convergence of zeros of entire function f

denoted by ρ2 (f ) is defined by

ρ2 (f ) = lim sup
r→∞

log[2] N
(
r , 1

f

)
log r

.

Similarly replacing limit superior by limit inferior we may define the hyper lower expo-
nent of convergence of zeros of f denoted by λ2 (f ) in the following way:

λ2 (f ) = lim inf
r→∞

log[2] N
(
r , 1

f

)
log r

.

Alternatively, we may write ρ2 (f ) and λ2 (f ) as follows:

ρ2 (f ) = lim sup
r→∞

log[2] N (r , 0; f )

log r

and λ2 (f ) = lim inf
r→∞

log[2] N (r , 0; f )

log r
.
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From Definition 1.1 and Definition 1.2, the following two definitions are immediate:

Definition 1.3. [1] The exponent of convergence of distinct zeros of an entire function
f denoted by ρ1 (f ) is defined by

ρ1 (f ) = lim sup
r→∞

log N
(
r , 1

f

)
log r

.

In a similar manner replacing limit superior by limit inferior we may define the lower
exponent of convergence of distinct zeros of f denoted λ1 (f ) in the following manner:

λ1 (f ) = lim inf
r→∞

log N
(
r , 1

f

)
log r

.

In alternative notation we may write ρ1 (f ) and λ1 (f ) as follows:

ρ1 (f ) = lim sup
r→∞

log N (r , 0; f )

log r

and λ1 (f ) = lim inf
r→∞

log N (r , 0; f )

log r
.

Definition 1.4. [1] The hyper exponent of convergence of distinct zeros of an entire
function f denoted by ρ2 (f ) is defined by

ρ2 (f ) = lim sup
r→∞

log[2] N
(
r , 1

f

)
log r

.

Similarly replacing limit superior by limit inferior we may define the hyper lower expo-
nent of convergence of distinct zeros of f denoted λ2 (f ) in the following manner:

λ2 (f ) = lim inf
r→∞

log[2] N
(
r , 1

f

)
log r

.

Alternatively, we may write ρ2 (f ) and λ2 (f ) as follows:

ρ2 (f ) = lim sup
r→∞

log[2] N (r , 0; f )

log r

and λ2 (f ) = lim inf
r→∞

log[2] N (r , 0; f )

log r
.

For any finite complex number a, we denote by ρ1 (a; f ) the exponent of convergence
of zeros of f − a and by ρ

(k)
1 (a; f ) the exponent of convergence of zeros of f (k) − a

where f (k) denotes the k th derivative of f , k being any non negative integer.
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Definition 1.5. The order ρf of an entire function f is defined as

ρf = lim sup
r→∞

log[2] M (r , f )

log r
where M (r , f ) = max|z|=r

|f (z)| .

Alternatively,

ρf = lim sup
r→∞

log T (r , f )

log r

where T (r , f ) denotes the Nevanlinna’s Characteristic function of f.

In the paper we establish some newly developed inequalities on the basis of the
exponent of convergence of zeros of entire functions.

The term S (r , f ) denotes any quantity satisfying S (r , f ) = o {T (r , f )} as r → ∞
through all values of r if f is of finite order and except possibly for a set of r of finite
linear measure otherwise. We do not explain the standard definitions and notations in
the theory of entire and meromorphic functions as those are available in [3] and [2].

2. Lemma

In this section we present a lemma which will be needed in the sequel.
The following lemma is due to Milloux (see p. 55, [2]) :

Lemma 2.1. [2] Let k be a positive integer and ψ =
k∑

i=0

aif
(i) where ai are meromor-

phic functions such that T (r , ai) = S (r , f ) for i = 0, 1, 2, . . . , k. Then m

(
r ,

ψ

f

)
=

S (r , f ) .

3. Theorems

In this section we present the main results of the paper.

Theorem 3.1. Let f be an entire function of finite order with N (r; f ) = S (r , f ). Also
let a, b, c be any three distinct finite complex numbers. If in addition c be non zero then

ρ1

(
1

f

)
≤ ρ1 (a; f ) + ρ1 (b; f ) + ρ1 (c; f ) .

Proof. For any positive integer k, let us consider the following identity

b − a

f − a

=
[

f (k)

f − a

{
f − a

f (k)
− f − b

f (k)

}
− f − c

f (k)
· f (k)

f
· f (k)

f − a
·
{

f − a

f (k)
− f − b

f (k)

}]
· f

c
.
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Since m

(
r ,

1

f − a

)
≤ m

(
r ,

b − a

f − a

)
+ O (1) and m

(
r ,

f

c

)
≤ m (r , f ) + O (1) , we

get from the above identity in view of Lemma 2.1 that

m

(
r ,

b − a

f − a

)
≤ m

(
r ,

f − a

f (k)

)
+ m

(
r ,

f − b

f (k)

)
+ m

(
r ,

f − c

f (k)

)

+m

(
r ,

f − a

f (k)

)
+ m

(
r ,

f − b

f (k)

)
+ m

(
r ,

f

c

)
+ S (r , f )

i.e., m

(
r ,

1

f − a

)
≤ m

(
r ,

f − a

f (k)

)
+ m

(
r ,

f − b

f (k)

)
+ m

(
r ,

f − c

f (k)

)

+m

(
r ,

f − a

f (k)

)
+ m

(
r ,

f − b

f (k)

)
+ m (r , f )

+O (1) + S (r , f )

i.e., m

(
r ,

1

f − a

)
≤ 2m

(
r ,

f − a

f (k)

)
+ 2m

(
r ,

f − b

f (k)

)
+ m

(
r ,

f − c

f (k)

)

+m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f − a

)
≤ 2T

(
r ,

f − a

f (k)

)
− 2N

(
r ,

f − a

f (k)

)
+ 2T

(
r ,

f − b

f (k)

)

−2N

(
r ,

f − b

f (k)

)
+ T

(
r ,

f − c

f (k)

)
− N

(
r ,

f − c

f (k)

)

+m (r , f ) + S (r , f ) + O (1) . (1)

Now by the relation T

(
r ,

1

f

)
= T (r , f ) + O (1) and in view of Lemma 2.1 it follows

from (1) that

m

(
r ,

1

f − a

)
≤ 2T

(
r ,

f (k)

f − a

)
− 2N

(
r ,

f − a

f (k)

)
+ 2T

(
r ,

f (k)

f − b

)

−2N

(
r ,

f − b

f (k)

)
+ T

(
r ,

f (k)

f − c

)
− N

(
r ,

f − c

f (k)

)

+m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f − a

)
≤ 2

{
N

(
r ,

f (k)

f − a

)
− N

(
r ,

f − a

f (k)

)}
+

2

{
N

(
r ,

f (k)

f − b

)
− N

(
r ,

f − b

f (k)

)}

+
{
N

(
r ,

f (k)

f − c

)
− N

(
r ,

f − c

f (k)

)}

+m (r , f ) + S (r , f ) + O (1) . (2)
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In view of {p.34, cf.[2]}, N (r; f ) = S (r , f ) and as N

(
r ,

1

f (k)

)
≥ 0, it follows from

(2) that

m

(
r ,

1

f − a

)
≤ 2

{
N

(
r , f (k)

)
+ N

(
r ,

1

f − a

)
− N (r , f − a)

}

+2

{
N

(
r , f (k)

)
+ N

(
r ,

1

f − b

)
− N (r , f − b)

}

+
{
N

(
r , f (k)

)
+ N

(
r ,

1

f − c

)
− N (r , f − c)

}

−5N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f − a

)
≤ 5N

(
r , f (k)

)
+ 2N

(
r ,

1

f − a

)
− 2N (r , f )

+2N

(
r ,

1

f − b

)
− 2N (r , f ) + N

(
r ,

1

f − c

)

−N (r , f ) + m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f − a

)
+ N

(
r ,

1

f − a

)
≤ 5N

(
r , f (k)

)
− 5N (r , f ) + 3N

(
r ,

1

f − a

)

+2N

(
r ,

1

f − b

)
+ N

(
r ,

1

f − c

)

+m (r , f ) + S (r , f ) + O (1)

i.e., T (r , f ) ≤ 5kN (r , f ) + 3N

(
r ,

1

f − a

)
+ 2N

(
r ,

1

f − b

)

+N

(
r ,

1

f − c

)
+ m (r , f ) + S (r , f ) + O (1)

i.e., N (r , f ) ≤ 3N

(
r ,

1

f − a

)
+ 2N

(
r ,

1

f − b

)
+ N

(
r ,

1

f − c

)

+S (r , f ) + O (1) . (3)

For sufficiently large values of r we obtain from (3) that

N (r , f ) ≤ 3rρ1(a;f )+ε + 2rρ1(b;f )+ε + rρ1(c;f )+ε + S (r , f ) + O (1)

i.e., N (r , f ) ≤ 3rρ1(a;f )+ε · 2rρ1(b;f )+ε · rρ1(c;f )+ε + S (r , f ) + O (1)
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Now applying logarithm, then dividing by log r and taking limit superior on both sides
of above and also as ε (> 0) be choosen arbitrary we get from above that

lim sup
r→∞

log N (r , f )

log r
≤ ρ1 (a; f ) + ρ1 (b; f ) + ρ1 (c; f )

i.e., ρ1

(
1

f

)
≤ ρ1 (a; f ) + ρ1 (b; f ) + ρ1 (c; f ) .

This proves the theorem. �

Remark 3.2. Considering f = exp z with suitable a, b and c one can easily see that the
sign ‘≤’ in Theorem 3.1 cannot be replaced by ‘<’ only.

Theorem 3.3. Let f be an entire function of finite order with N (r; f ) = S (r , f ) . Then
for any non zero finite complex number a and for any non negative integer k,

ρ1

(
1

f

)
≤ ρ

(k)
1 (a; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (c; f ) + ρ1 (d; f )

where b, c and d are any three finite complex numbers.

Proof. From the identity

1

f − d

=
[

1

a

{
f (k)

f − a
− f (k) − a

f (n)
· f (n)

f − a

}
·
{

f (k)

f − d
· 1

f (k)

}]
· (f − a)

where 0 ≤ k < n and by Lemma 2.1 we get that

m

(
r ,

1

f − d

)

≤ m

(
r ,

f (k) − a

f (n)

)
+ m

(
r ,

1

f (k)

)
+ m (r , f − a) + S (r , f ) . (4)

Now by the relation T

(
r ,

1

f

)
= T (r , f ) + O (1) it follows from (4) that

m

(
r ,

1

f − d

)

≤ T

(
r ,

f (k) − a

f (n)

)
− N

(
r ,

f (k) − a

f (n)

)
+ T

(
r ,

1

f (k)

)

−N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f )
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i.e., m

(
r ,

1

f − d

)

≤ T

(
r ,

f (n)

f (k) − a

)
− N

(
r ,

f (k) − a

f (n)

)
+ T

(
r ,

1

f (k)

)

−N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f − d

)

≤ N

(
r ,

f (n)

f (k) − a

)
− N

(
r ,

f (k) − a

f (n)

)
+ T

(
r ,

1

f (k)

)

−N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f ) + O (1) . (5)

By Nevanlinna’s second fundamental theorem it follows from (5) in view of {p.34, cf.[2]},
N (r; f ) = S (r , f ) and as

N

(
r ,

1

f (k)

)
− N

(
r ,

1

f (k)

)
≤ 0,

m

(
r ,

1

f − d

)

≤ N
(
r , f (n)

)
+ N

(
r ,

1

f (k) − a

)
− N

(
r , f (k) − a

)

−N

(
r ,

1

f (n)

)
+ N

(
r ,

1

f (k)

)
+ N

(
r ,

1

f (k) − b

)

+N

(
r ,

1

f (k) − c

)
− N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f )

i.e., m

(
r ,

1

f − d

)
+ N

(
r ,

1

f − d

)

≤ N (r , f ) + nN (r , f ) + N

(
r ,

1

f (k) − a

)
− N (r , f )

−kN (r , f ) + N

(
r ,

1

f (k) − b

)
+ N

(
r ,

1

f (k) − c

)

+N

(
r ,

1

f − d

)
+ m (r , f ) + S (r , f )
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i.e., T (r , f )

≤ (n − k) N (r , f ) + N

(
r ,

1

f (k) − a

)
+ N

(
r ,

1

f (k) − b

)

+N

(
r ,

1

f (k) − c

)
+ N

(
r ,

1

f − d

)
+ m (r , f )

+S (r , f ) + O (1)

i.e., N (r , f ) ≤ N

(
r ,

1

f (k) − a

)
+ N

(
r ,

1

f (k) − b

)
+ N

(
r ,

1

f (k) − c

)

+N

(
r ,

1

f − d

)
+ S (r , f ) + O (1) . (6)

For sufficiently large values of r we obtain from (6) that

N (r , f ) ≤ rρ
(k)
1 (a;f )+ε + rρ

(k)
1 (b;f )+ε + rρ

(k)
1 (c;f )+ε + rρ1(d;f )+ε + S (r , f ) + O (1)

i.e., N (r , f ) ≤ rρ
(k)
1 (a;f )+ε · rρ

(k)
1 (b;f )+ε · rρ

(k)
1 (c;f )+ε · rρ1(d;f )+ε + S (r , f ) + O (1) .

Now applying logarithm, then dividing by log r and taking limit superior on both sides
of above and also as ε (> 0) be choosen arbitrary we get from above that

lim sup
r→∞

log N (r , f )

log r
≤ ρ

(k)
1 (a; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (c; f ) + ρ1 (d; f )

i.e., ρ1

(
1

f

)
≤ ρ

(k)
1 (a; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (c; f ) + ρ1 (d; f ) .

Thus the theorem is established. �

Theorem 3.4. Let f be an entire function of finite order with N (r; f ) = S (r , f ) . Then
for any three finite complex numbers b, c, d and for any non negative integer k,

ρ1

(
1

f

)
≤ ρ1 (c; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (d; f ) + ρ1 (f ) .

Proof. Considering the following identity for any finite complex number a,

c

f
=

[{
1 − f − c

f (k)
· f (k)

f

} {
f (k)

f − a
· 1

f (k)

}]
· (f − a) ,

we get in view of Lemma 2.1

m

(
r ,

c

f

)
≤ m

(
r ,

f − c

f (k)

)
+ m

(
r ,

1

f (k)

)
+ m (r , f − a) + S (r , f ) . (7)
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As m

(
r ,

1

f

)
≤ m

(
r ,

c

f

)
+ O (1) and m (r , f − a) ≤ m (r , f ) + O (1) , we get from

(7) that

m

(
r ,

1

f

)
≤ m

(
r ,

f − c

f (k)

)
+ m

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f

)
≤ T

(
r ,

f − c

f (k)

)
− N

(
r ,

f − c

f (k)

)
+ T

(
r ,

1

f (k)

)
− N

(
r ,

1

f (k)

)

+m (r , f ) + S (r , f ) + O (1) .

Since T

(
r ,

1

f

)
= T (r , f ) + O (1) we get in view of {p.34, cf.[2]} from above that

m

(
r ,

1

f

)
≤ T

(
r ,

f (k)

f − c

)
− N

(
r ,

f − c

f (k)

)
+ T

(
r ,

1

f (k)

)
− N

(
r ,

1

f (k)

)

+m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f

)
≤ N

(
r ,

f (k)

f − c

)
− N

(
r ,

f − c

f (k)

)
+ T

(
r ,

1

f (k)

)
− N

(
r ,

1

f (k)

)

+m (r , f ) + S (r , f ) + O (1)

i.e., m

(
r ,

1

f

)
≤ N

(
r , f (k)

)
+ N

(
r ,

1

f − c

)
− N (r , f − c) − N

(
r ,

1

f (k)

)

+T

(
r ,

1

f (k)

)
− N

(
r ,

1

f (k)

)
+ m (r , f ) + S (r , f ) . (8)

Now by Nevanlinna’s second fundamental theorem and asN

(
r ,

1

f (k)

)
− 2N

(
r ,

1

f (k)

)

≤ 0 , N (r , f − c) = N (r , f ) and N (r; f ) = S (r , f ) we get from (8) that

m

(
r ,

1

f

)
≤ N

(
r , f (k)

)
+ N

(
r ,

1

f − c

)
− N (r , f ) − 2N

(
r ,

1

f (k)

)

+N

(
r ,

1

f (k)

)
+ N

(
r ,

1

f (k) − b

)
+ N

(
r ,

1

f (k) − d

)

+m (r , f ) + S (r , f ) + O (1)

i.e., T (r , f ) ≤ N
(
r , f (k)

)
+ N

(
r ,

1

f − c

)
− N (r , f ) + N

(
r ,

1

f (k)

)

+N

(
r ,

1

f (k) − d

)
+ N

(
r ,

1

f

)
+ m (r , f ) + O (1)

i.e., T (r , f ) ≤ kN (r , f ) + N

(
r ,

1

f − c

)
+ N

(
r ,

1

f (k) − b

)
+ N

(
r ,

1

f (k) − d

)

+N

(
r ,

1

f

)
+ m (r , f ) + S (r , f ) + O (1)



Exponent of Convergence of Zeros of Entire Functions 31

i.e., N (r , f ) ≤ N

(
r ,

1

f − c

)
+ N

(
r ,

1

f (k) − b

)
+ N

(
r ,

1

f (k) − d

)

+N

(
r ,

1

f

)
+ S (r , f ) + O (1) . (9)

For sufficiently large values of r we obtain from (9) that

N (r , f ) ≤ rρ1(c;f )+ε + rρ
(k)
1 (b;f )+ε + rρ

(k)
1 (d;f )+ε + rρ1(f )+ε + S (r , f ) + O (1)

i.e., N (r , f ) ≤ rρ1(c;f )+ε · rρ
(k)
1 (b;f )+ε · rρ

(k)
1 (d;f )+ε · rρ1(f )+ε + S (r , f ) + O (1) .

Now applying logarithm, then dividing by log r and taking limit superior on both sides
of above and also as ε (> 0) be choosen arbitrary we get from above that

lim sup
r→∞

log N (r , f )

log r
≤ ρ1 (c; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (d; f ) + ρ1 (f )

i.e., ρ1

(
1

f

)
≤ ρ1 (c; f ) + ρ

(k)
1 (b; f ) + ρ

(k)
1 (d; f ) + ρ1 (f ) .

This proves the theorem. �

Remark 3.5. If we consider f = exp z with suitable a, b, c and d one can easily verify
that the sign ‘≤’ in Theorem 3 cannot be replaced by ‘<’ only.
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