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Abstract 
 

In this paper we study 3-dimensional  Sasakian manifold, weakly Ricci 
symmetric  Sasakian manifold and generalised Ricci recurrent  
Sasakian manifold and prove that conformally flat  Sasakian manifold is 
 Einstein manifold and deduce the square length of Ricci-tensor. Further 
prove that if weakly Ricci-symmetric  Sasakian manifolds satisfy Ricci 
symmetric condition then manifold is Einstein manifold. We also prove 
certain conditions generalized Ricci recurrent   sasakian manifold. 

 
 
1. Introduction 
In the Gray-Hervella classification of almost Hermitian manifolds [6], there appear a 
class 4  of Hermitian manifold which are closely related to Locally Conformal 
Käehler manifold [7]. An almost contact metric structure on a manifold M is called a 
trans-Sasakian structure [8] if the product manifold M R  belongs to the class 4 . 
The class 6 5C C  [9, 10] coincides with the class of the trans-Sasakian structure of 
type ( , )  . In fact, in [10] local nature of the two subclasses 5C  and 6C  structures of 
trans-Sasakian structures are characterized completely. We note that trans-Sasakian 
structure of type (0, 0), ( ,0)  and (0, )  are cosymplectic [4],  Sasakian [3] and 
 Kenmotsu [3] respectively. M. M. Tripathi [5] proved that trans-
Sasakianstructures are generalized quasi-Sasakian. Thus, trans-Sasakian structure also 
provide a large class of generalized quasi-Sasakian structures. A trans-Sasakian 
structure of type ( , )   is  Sasakian if 0  and   is non-zero constant [12]. If  
= 1 and  = 0 then  Sasakian manifold is Sasakian manifold. 
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 In 2005, Ahmet Yildiz [1] studied Lorentzian  Sasakian manifold and proved 
that conformally flat and quasi conformally flat Lorentzian  Sasakian manifolds 
are locally isometric with a sphere. 
 
 
2. Preliminaries 
A differentiable manifold M of dimension (2n + 1) is called a Lorentzian  
Sasakian manifold if it admits a (1, 1) tensor field , a contravariant vector field  , a 
covariant vector field   and Lorentzian metric g, satisfying [16] 
 2 ( )X X X       (2.1)  
 ( ) 1       (2.2) 
 ( , ) ( , ) ( ) ( )g X Y g X Y X Y        (2.3) 
 ( , ) ( )g X X     (2.4) 
 0, ( ) 0X       (2.5) 
for all ,X Y TM . 
 
 A Lorentzian  Sasakian manifold also satisfy 
 XD X      (2.6) 
 ( )( ) ( , )XD Y g X Y      (2.7) 
 ( )( ) [ ( , ) ( ) ]XD Y g X Y Y X        (2.8) 
 
where D denotes the operator of covariant differentiation with respect to the 
Lorentzian metric g. 
 Further, on a Lorentzian  Sasakian manifold M, the following relations holds 
[1] 
 2( , ) [ ( , ) ( ) ]R X Y g X Y Y X       (2.9)  
 2( , ) [ ( ) ( ) ]R X Y Y X X Y       (2.10) 
 2( , ) [ ( ) ]R X X X        (2.11) 
 2( , ) 2 ( )S X n X     (2.12) 
 22Q n     (2.13) 
 2( , ) 2S n       (2.14) 
 2( , ) ( , ) 2 ( ) ( )S X Y S X Y n X Y         (2.15) 
 
where S is Ricci curvature and Q is Ricci operator given by 
 S(X, Y) = g(QX, Y).   (2.16) 
 
 
3. Three dimensional  Sasakian manifold 
A  Sasakian manifold 2 1( , )nM g  is called conformally flat if it is conformally 
equivalent to Euclidean space. Let (M, g) be a 3-dimensional manifolds, it is well 
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known that the Weyl conformal curvature vanishes identically and hence for 3-
dimensional manifolds (M, g) curvature tensor R satisfies 

 
( , ) ( , ) ( , ) ( , ) ( , )

[ ( , ) ( , ) ]
2

R X Y Z g Y Z QX g X Z QY S Y Z X S X Z Y
r g X Z Y g Y Z X

   

 
   (3.1) 

 
 Putting Z   in equation (3.1), we have  

 
( , ) ( , ) ( , ) ( , ) ( , )

[ ( , ) ( , ) ].
2

R X Y g Y QX g X QY S Y X S X Y
r g X Y g Y X

    

 

   

 
 

 
 Using equations (2.10) and (2.12) in above equation, we get  

 

2 2 2[ ( ) ( ) ] ( ) ( ) 2 ( ) 2 ( )

[ ( ) ( ) ]
2

Y X X Y Y QX X QY n Y X n X Y
r X Y Y X

        

 

    

 
 

  

2 2[ ( ) ( ) ] ( ) ( ) 2 [ ( )

( ) ] [ ( ) ( ) ]
2

Y X X Y Y QX X QY n Y X
rX Y X Y Y X

      

  

    

  
 

  2( ) [ ( ) ( ) ] ( )
2
rY QX Y X X Y X QY          

 
.   (3.2) 

 
 Putting Y   in equation (3.2) and using (2.2), (2.4) and (2.13), we have  

 

2

2 2

2 2

2 2

2

( ) [ ( ) ( ) ] ( )
2

[ ( ) ] 2 ( )
2

( , ) [ ( , ) ( ) ( , )] 2 ( ) ( , )
2

( , ) [ ( , ) ( ) ( )] 2 ( ) ( )
2

( , )
2

rQX X X X Q

rQX X X n X

rg QX g X X g n X g

rg QX g X X n X

rS X

        

     

         

         

 

     
 
        
 

        
 
        
 

   
 

2( , ) 3 ( ) ( )
2

( , ) ( , ) ( ) ( ) 

rg X X

S X ag X b X

    

    

    
 

  

  (3.3) 

 

where 2

2
ra   , 23

2
rb   , which is  Einstein manifold.  

 Hence, we can state the following theorem: 
 
Theorem 3.1. A conformally flat 3-dimensional  Sasakian manifold is an  -
Einstein manifold. 
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 For a conformally flat  Sasakian manifold, we have  
2 2

2 2 2

3 3
2 2

and ( , ) 2 3
2 2

r rr

r rS n

 

    

              


              



  (3.4) 

 
where r  is the scalar curvature of conformally flat  Sasakian manifold. Let L be 
the symmetric endomorphism of the tangent space at a point corresponding to the 
Ricci tensor S, then  
 ( , ) ( , ), for all , .g LX Y S X Y X Y   (3.5) 
 
 Let 2l  be the square length of Ricci tensor which is defined as 
 2 ( , )i il S Le e   (3.6) 
 
where { }ie , i = 1, 2, 3 is orthogonal basis of the tangent space at a point of the 
manifold. 
 From (3.3) 

 2 2( , ) ( , ) 3 ( ) ( )
2 2i i i i i i
r rS le e g Le e Le e            

   
 

 2 2( , ) 3 ( , ) ( , ).
2 2i i i i
r rS e e g Le g e            

   
  (3.7) 

 
 Using equations (3.4), (3.5) and (3.6) in equation (3.7), we have  

 
2 2

2 2 2 2 2 2 23 3 3 3
2 2 2 2 2 2
r r r r r rl                                 

         
 

 

or, 
2 2

2 2 2 2 23 2 3 3
2 2 2 2
r r r rl                      

      
 

or,  
2

2 2 2 2 23 3 2 2 3
2 2 2 2
r r r rl                   

     
 

 
2

2 2 2 23 3 .
2 2 2
r r rl               

    
   (3.8) 

 
 Thus, we have 
 
Theorem 3.2. In a 3-dimensional conformally flat  Sasakian manifold, the length 
of Ricci tensor S is given by  
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2

2 2 23 3 .
2 2 2
r r rl               

    
 

 
 
4. Weakly Ricci symmetric  Sasakian manifold with  parallel 
Ricci tensor 
Definition 4.1. The Ricci tensor S of a weakly Ricci symmetric 3-dimensional  
Sasakian manifold is said to be   parallel if it satisfies the condition 
 ( )( , ) 0,  for all  , , .XD S Y Z X Y Z     (4.1) 
 
 Let (M, g) be a weakly Ricci symmetric  Sasakian manifold, then we have  
  ( )( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ),XD S Y Z A X S Y Z B Y S X Z C Z S X Y            (4.2) 
where A, B, C are 1-forms. 
 
 Using equations (2.15) and (4.1) in equation (4.2), we have  
  20 ( )[ ( , ) 2 ( ) ( )] ( ) ( , ) ( ) ( , ),A X S Y Z Y Z B Y S X Z C Z S X Y            (4.3) 
 
 Putting X   in equation (4.3) and using (2.5) 

 
2

2

( )[ ( , ) 2 ( ) ( )] ( ) ( , ) ( ) ( , ) 0,
( )[ ( , ) 2 ( ) ( )] 0.

A S Y Z Y Z B Y S Z C Z S Y
A S Y Z Y Z
         

   

   

 
 

 
 This implies that ( ) 0A    and 2( , ) 2 ( ) ( )S Y Z Y Z    , which is Einstein 
manifold.  
 Thus, we have 
 
Theorem 4.1. If weakly Ricci symmetric 3-dimensional  Sasakian manifold (M, g) 
satisfy   parallel Ricci tensor then the manifold is an Einstein manifold with scalar 
curvature 22r  . 
 
Definition 4.2. A  Sasakian manifold is said to be Ricci symmetric if its Ricci 
tensor S satisfies the condition 
 ( )( , ) 0,  for all  , , .XD S Y Z X Y Z   (4.4) 
 
 From equation (3.3), we have  

 2( )( , ) 3 [( )( ) ( ) ( )( ) ( )].
2X X X
rD S Y Z D Y Z D Z Y        

 
  (4.5) 

 
 Using equations (2.7) and (4.4) in equation (4.5), we have  

 23 [ ( , ) ( ) ( , ) ( )] 0.
2
r g X Y Z g X Z Y           

 
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 23 [ ( , ) ( ) ( , ) ( )] 0.
2
r g X Y Z g X Z Y          

 
   (4.6) 

 
 Since 0  , therefore 

 23 [ ( , ) ( ) ( , ) ( )] 0.
2
r g X Y Z g X Z Y        

 
  (4.7) 

 
 Putting Z   in equation (4.7), we have 

 23 ( , ) 0.
2
r g X Y    

 
 

 
 This implies that  
 26    and    ( , ) ( )( ) 0.Xr g X Y D Y        (4.8) 
 
 Thus, we have 
 
Theorem 4.2. If a 3-dimensional  Sasakian manifold satisfies the Ricci symmetric 
condition then the following relation hold: 
(a)  26r   
(b)  ( , ) ( )( ) 0.Xg X Y D Y    
 
 Further, from equation (3.3), we have  

 2( )( , ) 3 [( )( ) ( ) ( )( ) ( )]
2X X X
rD S Y Z D Y Z D Z Y        

 
 

 
and 

 2( )( , ) 3 [( )( ) ( ) ( )( ) ( )].
2Y Y Y
rD S X Z D X Z D Z X        

 
 

 
 From above results and using the equation (4.8), we have  
 ( )( , ) ( )( , )X YD S Y Z D S X Z   (4.9) 
 
which is a Ricci tensor of Codazzi type. 
 Thus, we have 
 
Theorem 4.3. If in a 3-dimensional  Sasakian manifold the relation (4.8) holds. 
Then the manifold has Ricci tensor of Codazzi type. 
 
 
5. Three dimensional generalized recurrent  Sasakian manifold 
A Riemannian manifold 2 1( , )nM g  is called generalized recurrent (Özgur, 2007) if its 
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curvature tensor R satisfies 
 ( )( , ) ( ) ( , ) ( )[ ( , ) ( , ) ]XD R Y Z W A X R Y Z W B X g Z W Y g Y W Z     (5.1) 
 
where A and B are 1-forms, B is non-zero and are defined as 
 1 2( ) ( , ), ( ) ( , )A X g X B X g X    
 1 2,   are associated vector fields respectively. 
 
 A Riemannian manifold 2 1( , )nM g  is called generalized Ricci recurrent (Özgur, 
2007) if its Ricci tensor S satisfies the condition 
 ( )( , ) ( ) ( , ) 2 ( ) ( , )XD S Y Z A X S Y Z nB X g Y Z    (5.2) 
 
where A and B are defined as above. 
 Further, from (3.3), we have  

 2( )( , ) 3 [( )( ) ( ) ( )( ) ( )].
2X X X
rD S Y Z D Y Z D Z Y        

 
  (5.3) 

 Let (M, g) be generalized Ricci recurrent manifold, using equation (5.2) in (5.3), 
we have  

 2( ) ( , ) 2 ( ) ( , ) 3 [( )( ) ( ) ( )( ) ( )].
2 X X
rA X S Y Z B X g Y Z D Y Z D Z Y         

 
  (5.4) 

 
 Putting Y Z    in equation (5.4) and using (2.2), (2.14) and (4.8) in (5.4) 

 

2

2

2

( ) 2 ( ) 0
( ) ( ) 0
( ) ( ).

A X B X
A X B X
A X B X







  

 



 

 
 Thus, we have 
 
Theorem 5.1. If a 3-dimensional generalized Ricci recurrent  Sasakian manifold 
satisfies the condition (4.8), then 
 2

1 2.    
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