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Abstract

In the present chapter, the steady rotary flow of a second order Thermo-
Viscous fluids between two concentric spheres, rotating about a common
diameter is considered allowing the dissipation energy. The fluid velocity is
determined from the equation of motion in azimuthal direction and the
pressure distribution from the equation in r direction. The equations of energy
and momentum are coupled and are calculated. Expressions for velocity the
stress distribution, the viscous couples, drags and the Nussult numbers on each
sphere are calculated. The non-vanishing nature of pF, is a remarkable
feature of thermo-viscous fluid. Such a force is not needed in sustaining the
motion when the fluid is classical Newtonian and Fourier heat conducting
fluid Lamb [15].
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INTRODUCTION:
A Thermo-viscous fluid (i.e. a viscous fluid in a thermal state) is characterized by two
sets of constitutive equations, one for the stress and the other for the heat. The stress
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tensor S and the heat flux bi-vector h are polynomial functions of the kinematic
tensors, the deformation rate tensor d and the thermal bi-gradient vector b; where
S=85(d,b;p,0), h=h(d,b;p,0), d =(u;; +u;;)/2

b =|| bij | = ”eijk O, h=] hij | = ”eijk q

where u, is the velocity in the i" - direction, @ the temperature, p the density and
q, heat flux in the k™ - direction. These equations can be seen in agreement with the
principles of determinism, material objectivity and equipresence. Further, these
functions are hemitropic polynomial functions of tensors d, andb,, .

The thermo-viscous fluids are classified by the combined degrees N&P of d and b
respectively in the constitutive relations.

ZERO ORDER THEORY:
In this case N = P =0. Therefore all the constitutive coefficients with the exception
of «, are equal to zero. The constitutive equations reduce to
S=al Q)
h=0 )

where ¢, is independent of dand band is simply a function of pand 6.The
materials characterized by these equations are nothing but so called ideal (non-
Viscous) fluids with «a, (<0) representing the hydrostatic pressure.

FIRST ORDER THEORY
In this case, Max|N + P|=1. Therefore the constitutive equations for this case

become
S=a,l +a,d 3)

h= ﬂlb (4)

where the constitutive coefficientsa,,cr, and S, are scalar polynomials in trd with
coefficients which are functions of p and 6.

The equations (3) may be recognized as the constitutive equations of the first
order simple fluid of Noll’s type or that of the classical Newtonian —viscous fluids.
The equation (4) is the same as the linear law of heat conduction i.e. Fourier law. For
this reason the fluids characterized by these equations (3) and (4) have been referred
to as classical Newtonian-viscous and Fourier heat conducting fluids in the foregoing
chapters.

It may be noticed that from the theory of zeroth and first order theories, the
constitutive relations are decoupled in deformation rate tensor d and thermal bi-
gradient vector b and therefore both these theories do not truly describe the interaction
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between the viscous and thermal characteristics of the medium. It is therefore
necessary to consider higher order theories which exhibit such interactions.

SECOND-ORDER THERMO-VISCOUS FLUIDS
In this case, we have Max| N + P |=2.The second order thermo-viscous fluids are

characterized by the constitutive equations
S=a,l +a,d +a,d* +a,b” +a,(db—bd) (5)
h=p,b+ B,(db+bd) (6)

Where the constitutive coefficients ¢, and ,° are scalar polynomials in the
traces of respective arguments.

a, =—p": p" is the fluid pressure

o, =2u : u is the coefficient of classical (Newtonian) viscosity

as =4u,: . is the coefficient of (Reiner-Rivlin) cross-viscosity

a - Thermo-stress coefficient

2a, : coefficient of Kho-Eringen thermo-stress-viscous

— B, =k : k = (Fourier) thermal conductivity coefficient.

B, - strain thermal conductivity coefficient.

This is the simplest model for a thermo-viscous fluid which could contain the
interaction between mechanical and thermal phenomena in both constitutive
equations.

In this paper, the study helical flow of an incompressible Koh-Eringen second
order thermo-viscous fluid in an annular region bounded by two long concentric
circular cylinders is studied. The cylinders are kept at constant temperatures, rotate
with constant angular velocities Q_,Q, (b > a)about their common axis. Further they

are in relative motion, parallel to the length. The temperature gradient and viscous
dissipation are neglected. The velocity and temperature distributions are obtained by
solving the momentum and energy equations together with the boundary conditions.
The drag forces, viscous couples and stresses are also calculated. Special cases of
purely rectilinear and rotary flows are examined . When the fluid is Newtonian, the
viscous couple vanishes in rectilinear flow and drag force vanishes in rotary flow. In
contrast to this, these are non-zero in thermo-viscous fluid flows in cylindrical
geometry.

FORMULATION AND SOLUTION OF THE PROBLEM:.
Introducing the spherical polar coordinate system (r,0,¢)with 6 = 0 considering with

the axis of rotation on which the common centre is situated. Further r is the radial
distance from the centre.
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The fluid flow is represented by the velocity (0,0,W(r,8,t))and the temperature
distribution isn(r) . This velocity satisfies the continuity equation.

Fig 1. Flow configuration

The rate of deformation tensord :

0 0 W, _w
r
q :% 0 0 %(Wg ~W cotd) (7)
W, _WT %(Wg ~W cot6) 0
The heat flux vector b is given by
. L
0 0 —
r Ur
b=| 0 0 MNx (8)
+1
<M T, 0

The stress tensor and heat flux bi-vector for a 2" order koh — Eringen type
thermo viscous fluid are

The stress tensor S = —pl +2ud +4u.d* +ab® + 2a, (db —bd) (9)
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in @ direction:
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oor\or r r
in ¢ direction:

1 0(, (ow w ufow w
Py {rz 6r( “(ar rD r(ar rﬂ

(13)
+1i(ﬁ(@—wcot9] +2—fcot9(@—wcot9]
roo\ r\oo r 00
Equation of motion in ¢ direction reduces to
Viw = ﬂzcosecze (14)
r
and the energy equation :
2 2
vig = H[ M yeote —ﬂ(@—ﬂ] (15)
kr=\ 060 kior r

where
, 0° 206 1 0° cotd 0
V E—2+——+—2—2+—2—
orc ror r°of re 0o
Consider the steady flow of asecond order —Thermo Viscous fluid between two
spheres of radii aand b (b >a), the spheres are rotating with constant angular
velocities Q_,Q, respectively, rotating about acommon diameter and are kept at

constant temperatures.
The boundary conditions are

w(a,d) =aQ, sin 6
w(a, ) =bQ, sin 6 (16)
U(aag) = 77a, 77(b,9) = nb

Introducing the non-dimensional quantities.
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r=aRr, w(r,0) = aQ W (R,6)

Q - 17
oyt 170 1R ) a7
a Qa My — N4

The boundary conditions (16) reduce to

W (,0) = Sing,

W(o,0)=ocy Sind

T@6O)=0,T(c,0)=1 (18)

Where
v2_62 2 0 1 9> Coto o

= t——t =t 19
OR?> ROR R?00* R? 00 (19)

Using these non- dimensional quantities the equations of motion (14) and energy
equation (15) reduce to

VAW —%Coseczezo (20)

R
and
2 A2 2

vep o K Q%a (aw _ﬂj 1)
k (7, -m)\R R

To solve (20),

Let

W (R,0) = F(R)Sino (22)

Substituting (22) in (20) we get.
1
(F“ + ZE —2—F]Sin9 =0

RZ

1
- Sin6 =0, F" + ZE 2F =0

RZ

Hence F(R) = AR +%

~W(R,0) :[AR +%)Sin9
~W(LO)=Sind, W(c,0)=cvSin6
B

LA+ B=1, A0+—2:0v.
o}
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1-vo? v-1)o3
vt btk

3!

SA

1-o l1-o

we thus have the velocity distribution

1-vo?® v-1)c° |..
W(R,0) = R+ Sin@ 23
(R.0) Kl—cﬁ] (L-o®)rR? (3)
Using the non-dimensional quantities, the temperature distribution (21) reduces to
—(Sin®6
VT =— (24)
Where
/- 9u Q%a’*(v-1)°%c"
k(n, —1,)1~-07)*
To solve the equation (24),
let T(R,0) = G(R) + H(R)Sin%0 (25)
From the equation (18), we have
G@) =0;G(o) =1.
(1) =0;6(0) 26
H@)=0;H(c)=0
Substituting (25) in (24), we get
1
gt 426 +g +Sin29(H“+£H1—6—l_2|+16j:0 (27)
R R R R R
Let
1
G“+2G +g:0 (28)
R R
and
2 6H /¢
HE 2P ° 29
R R? R°® (29)
The solution of the equation (28) is obtained as
B l
H(R)= AR* + — ——— 30
(R) ST (30)

Using (26), the equation (29) reduces to
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e 1(1-o° ¢ (1-c° 1 /

H(R)=|Z|1-= R? +|— — - 31

®) l:G( 0(1—05]} {60(1—05]} R® 6R* (31)
Now the equation (27) reduces to

_ _ -6
RIGH + 2GR+ R? 2, Umo) 112, (32)
c(l-0’) o(l-0’)R° R” |3

The boundary conditions for G are
G(R=1)=0; G(R=0)=1 (33)

The solution of the equation (31) together with the boundary conditions (32) is

G(R):ll—s—P(l—%]—é(l—Q)Rz—glgs +18% (34)

Hence (25) reduces to
T(R,9)=G(R)+(IE{(1—Q)R2+%—%}sin29] (35)
= Temperature distribution
where
c | lo(l-6°) lo? I | (1-0°
P=|—1-——— 5 |t a4 g4 5
l1-o 18 9l1-0o 9 180" 95°\l-0o

Q =1(1‘“6] (36)

oll-0°

The pressure distribution is obtained from the momentum equation in radial
direction (11).

ie.p'(p—py) = —pazQaz(

A’R* B? 2AB).,
- sin“ @
2 4R

2 2 =2 _ 2 2 ia2 _ _ 2
. 151,8°Q, " sin 9+a6{(nb 1.) {I sin 29(_3(1 Q) (5°) 3

2R® a’ 36 4 R* 16R® 10R™

5Q(1-Q) 11Q] I?sin?0cos20( (1-Q)’R* Q(1-Q) (1-Q) Q°
+ - - + - +

6R® 18R 3 6 18R* 12R*  16R®
_Q Lj_l(gcog 9_1)[p(1—Q) IRL-Q’ 1U-Q PQ_P _I¢
54R° 1RY) 3 R 9 27R®  B6R° 7R’ 24R°

+5I_Q_ I ]_4|Sin29[P(1_Q)_I(l_Q)2R2 _2|Q(1—Q)+|(1—Q)
81R° 45R™ 3R 27 27R? 18R*
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2 _ 2p2 _ _
_PQ 2P IQ 1Q 2 10)_2,23"149 QR Q-Q) (-Q
12R> 21R" 48R° 27R° 133R 18 9R 9R

Q® 20 2 ]_2_IQ2_4PI(1—Q)+2I2R2(1—Q)2+4I2Q(1—Q)
72 9R 81 81R°

" 32R® 27R° 45RY
-P? 4P  41°Q 21°
+ - + -
4R* B3R’ 243R° 405R™
iy {3BQa(nb —n,)Isin @sin 29(—(1—Q) Q 1 ]+3BQa(nb —7,)cos6
. I
12a a

R? R” R®
(P -9 e 1 ]} 37)

5R® 9R*? 21R’"  36R®

The force component in the transverse direction

~3APaQ,’sin20( AR? B\ 39 u,B*Q,%sin20

ng = + -
R 2 arR

2 R

a6 (1, —na)zlzsinw[—sa—Q) 7Q 1 .300-Q) +5Q]
+ + + + -
9a°R 8R* 32R® 5RY 4R3 12R®

L Aagln, —n,)'1sin?0sin20[ ~1-Q)  3Q* 97Q 1 QU-Q) (L-Q)*R’
3 a’R 8R* 16R® 216R° 6RY 9R® 8

+§a6|(nb —n,)’sin ZB[P(l—Q) +8I(1—Q)2R2 _471Q@-Q) 19PQ 231Q2

3 a’R 5R 45 135 R? 30 R® 120R®

_ _ 212 in?2 2
£7_ 16|10 1A 4Q)+ 173Q7]+a6(77b na): sin? 20 (l—Q)ZRZ+Q—8+ 110
R’ 225R 15R 405R 36a R® R

+2Q(1—Q)_2Q_2(1—Q)}+a8IBQa(nb—na)sinZQCose[(l—Q)Jr Q 1 }
R® R® R a’R 2R*  2R" 2R®
(38)

R? R” R®

agIBQ, (1, -1, )sinfcos20[ (1-Q) Q 17 6a,BQ,(n,—n,)sind
" ’R - RORC a’R
a

[P I1-Q) IQ I }
—+ - +
5R®  9R? 21R" 36R®

Stress distributions are obtained as follows

_ 9B%Q*sin’ @
S = — P+ U T Rre
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+a6{(nb—na)2|28in229((1_Q)2R4+Q_2+i+2Q(1—Q)
36a’R> L R® R® R
_2Q _ 2(1—Q)]
R" R®
_angQa(nb—na)sinesin 20 B , Q 1
i (a_ QR*+— R4] (39)
s+, —Zm)2 {F’_jJ}lsz(l—Q)2 QL 4PIL-Q  4°Q1-Q)
R 81 9R®  O9R 27R?
Sep =
Q4 +4|P+|zsin49(R2(1—Q)2_Q(l—Q)+4(1—Q)+ Q*
27R° 81R® OR’ 9 3R°  O9R' 4R
_£+i_]+2|sin29(—P(l—Q)_2|(1—Q)2R2 ,20u-9Q)
3R®  9R¥ 3R 27 9R®
_meMP%_%_@;H%_4uE (40)
9R*  2R® 3R’ 6R® 3R° 27R

2Q1-Q)
R

9B%Q2,*sin? 0 (n, —n,)*1?sin? 0
S¢¢ = _p+:uc{T]+a6|: : 36a2R2 ((1_Q)2 R4 +
21-Q) Q* 2Q 1 (n, —n,)? |4I°R?(1-Q)* 4IP(1-Q)
T pz The p7 gpe T 2 +
R R® R’ R a 81 9R
2 2 2M\2
_4rQ@-Q) P” 1'Q° 4P
27R? R* 9R® O9R’
2 2 201 _ )2 _
27R° 81R 9 3R
41-Q) Q* 2Q 4 ]
+ + - +
9R* 4R® 3R° O9RY
2 2
+mgn%9—2m O—Q)__PO—Q)+HQO—Q)_HO—Q)
27 3R 9R?® 9R*

L PQ 2P I2Q2_+IQ3__ 41 ]}

2R® 3R’ 6R® 3R° 27RY

(n, —n,)I1BQ, sin Osin 20 B , Q 1
+a{ R’ ((1 Q)R +R3 R4ﬂ (41)
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5=y ) {'S‘”%’ ( pa-q- 2R Q7 10°9) PO, 10”
a’R 6 9 9R R® 3R
_5'_Q+£+L']

OR® R® OR®

+Izsinzesinze (1-Q)*R® _Q-9), 1-9) Q° L1Q 2
6 3 6R? 3R®*  2R” 6R® 3R’
(nb—na)BQasine{_i_le(l—Q)+ IQ 2l }
RS

+3
% R 9 3R* OR®

+Isin29(R(1_Q)— Q4 + 25]
3 2R" 3R

=S,, (42)
-3uBQ, sin o

Sty =— s - Syr (43)

Sps =S, =0 (44)

(2] [

The drag force on the inner sphere

:Zlaszj r2{S, lo, COSOSINO-S,, |o, sin?0}do

0
_167 E agBla(n, -n,) [_ 101 25Q +10P}

45
5 P 36 63 | (43)

The drag force on the outer sphere

:Zlaszj r2{S, |, sin@cos@-S, |, sin?0}de

P
167 ,aBla(y, —n,)[ 131-Q) 220 49 10P

_ e (n, —n )[_ 1-Q) Qs_ 4+ } (46)
5 p 9 210> 360 I

The viscous couple on the inner sphere

=[271° |5, sin”odo
0

=-8mua’BQ,
=viscous couple on the outer sphere 47

Nussult number on the inner sphere

_on,
or
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_(77b—77a)_ _2_| _ IE_Z_I l _ _IE 2_' .2
= { P 9(1 Q)+3 9+(3(1 Q) 2+3]SII’] 9} (48)

Nussult number on the outer sphere

_on,
Cor ™
_(nb—na){_i_ZIa(l—Q)+ Q 2 +(Icr(l—Q)_ Q 2 ]Sinze} (6.43)

+
o’ 9 3 95° 3 26" 30

a

The dissipation of energy is given by >.d;S;;
_9B%uQ,’sin? 0

(49)

= 9uaZQa2(;/—1)206
k(n, —1,)1~-07)*

p_[_© 1_L_|_O' 1-o° +|0'2_ I N | (1-o°
1-0) 18 9\1-0° 9 18" 90‘l(1-0°

_1(1-6°
Q= 6(1—65]
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