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Abstract

In this paper, the effects of radiation pressure of the bigger primary and
triaxial nature of the smaller primary in the restricted three body problem has
been studied. Due to these characters of the primaries, additional terms come
in the potential. As a result, the location of libration points and the roots of the
characteristic equation at these points depend not only upon the mass
parameter u but also on the radiation pressure parameter p and the parameters
G1, o9 coming due to the smaller primary to be a triaxial rigid body. It is

further seen that the triangular libration points are unstable for the mass
parameter 0 < u < i (the critical mass parameter).
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1. Introduction

The restricted three body problem possesses five libration points, three are collinear
and two are equilateral triangular. It is well established that the collinear libration
points L1, Ly, L3 are unstable whereas the triangular libration points L4 and Lg are

infinitesimally stable or linearly stable for the values of mass ratio p < p¢, where p is
the critical mass (0< u <, =0.038520896504551...)

Leontovic (1962) established a non-linear stability of the triangular libration
points and proved that the triangular libration points L4 and Lg are stable for all

values of p < pc; except for a set of measure zero, where p is the Rouths critical mass
of the restricted three body problem. Breakwell and Pringle (1966) discussed the
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motion of the third body around L, in the Earth-Moon system using Von-Zeipel's

method with an additional effect of the Sun's gravitation. Markeev (1969) established
that the equilibrium point L4 is an unstable one when the long and short periods of

motion around L4 have commensurability 2 to 1. Moreover he also proved that Ly is

an unstable equilibrium point at the commensurability of 3. Alfriend (1970) and
Nayfeh (1970) justified the work of Markeev (1969) that L, is an unstable

equilibrium point when long period and short period of motion around L4 have

commensurability 2 to 1. Further, Markeev (1973) and Sokol'skii (1975) studied the
stability of the Lagrange's solution for the critical mass ratio .

Some authors studied perturbed motion of the third body at the equilateral
triangular libration points analytically with the mass ratio 0 < p < p = critical mass.
They gave different opinion about stability of triangular libration points with different
approaches in the planer circular restricted problem of three bodies. In this paper, an
attempt is made to check the stability of triangular libration points with the bigger
primary as a radiating body and the smaller primary as a triaxial rigid body.

2. Equations of Motion

In this study, the two primaries, the bigger one is a radiating body and the smaller one
is a triaxial rigid body are moving around their centre of mass in circular orbits under
their mutual gravitational attraction. Then the equations of motion of the infinitesimal
mass (third body) moving in the gravitational field of the two primaries, are

% —2ny =22 1)
OX
oQ
and, y+2nx=— 2
oy

2 —_— —_— f—
where, Q=" [(1—/,t)r12+ur22}+(1 #){d=p) +ﬁ+/l(2013 %) 3‘? (o,-0)y"  (3)
2 r r, 2r, 2r,

r{ and ro being the distances of the bigger and smaller primaries respectively
from the infinitesimal mass, given by

K=(X=p)’ +y* 5 =(x-u+1* +y° 4)
m, 1
H= <—,mz=m,
m+m, 2

mq and mo are the masses of the primaries respectively.
The radiation pressure 'p' of the bigger primary is given by

F 2

_ o _"R%E (\w F. BottkeJr.et.al — 2006)
F, mc
p~10" <<<1

The mean angular motion 'n' of the primaries is given by
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n’=1- p+%(261—02) ®)
a®—c’ b*—c?
where, O, =————,0,= >
5r 5r

a, b, ¢ are the semi-axes of the triaxial rigid body and r is the distance between the
primaries. Assuming that 0< p,o,,0, <<<1.

3. Location of Libration Points
The Jacobian integral of the egns. (1) and (2) is

X +y?=2Q-c (6)
where c is the Jacobian constant.

The libration points are the singularities of the manifold

F(X Y, XYy)=X+y*-2Q+c=0

Thus the libration points are the solutions of the eqgns.

%0, %0 ™)

R
In view of (3), eqns. (7) become
A-p)A=-p)(X=p) u(x—u+l)

n’x—
3 3
3u : 15u(0,-0,) 2 ®)
—F(Zdl—62)(X—‘u+1)+—172(X—,u+1)-y =0
r, 2r,
- - 3u(do, -3 15 -
and, y n2_(1 :u)§1 p)_%_ 'u( 0'15 0-2)+ 'u(017 62).y2 :0 (9)
I r, 2r, 2r,

The solutions of equations (8) and (9) result in five points called Lagrangian
points; three of which located on the x-axis and the two located at the triangular points
symmetrically with respect to the x-axis.

4. Existence of Triangular Libration Points
For triangular libration points, y #0
Therefore, the triangular libration points are the solutions of the equations

2, (=p)A-p)(X—p) p(x—pu+1) 3u(20,-o0,) (x—p1+1)

n-x
I r, 2r,
+E%&i;fﬁ(x—u+ny2=0
2r,
and, n?— 1-p) 51_,“) _ﬁs_ 3u(4o, 5_362) +15,U(617_ 0,) y2=0
I r, 2r, 2r,

which on solving further, we have
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n

o 1,80 -0,)(xp) 320,-0,) 15(e1-0) 12 (10)

3 5 7
r, r, 2r, 2r,

(1_ p)gl_,u) n 3;”(615_02) (X—y +1) -0 (11)
1 2

Since 0 < p, o,,0,<<<1, hence for the first approximation, we put p=o, =0,=0
, then the solutions of eqns. (10) and (11) are given by r1=ro (=1) and also from eqn.
(5),n=1.

For better approximation, we suppose that p # 0,0, #0,0, # 0, then the solns. of
eqns. (10) and (11) can be written as

=1+a and r,=1+f (12)
where O<a, f<<<1.

Using the values of rq and rp fromeqn. (12) in eqn. (4), we get

and, —n*(1— ) +

X:/,t—%+ﬂ—a and,
y:i§[1+§(a+ﬁ)} (13)

Again, putting the values of X, y, rq, ro and n in egns. (10) and (11) and neglecting
higher order terms, we get [ref. eqgns. (5), (12) & (13)]
a:j—2+3u)af+ﬂ—2u)az _ 11
2(1—pu) 2(1— ) 3 8 8
Putting these values of a and S in eqn. (13), we get the coordinates (x, y) of the
libration points L4 and Lg in terms of radiation pressure parameter ‘p’ and the

parameters o,,c, coming due to the smaller primary to be a triaxial rigid body.

e L4{u—3+£— @rp) =30

2 3 8Q-u) = 8(-u)
+£{1+Q_(19—23#) 51"‘(15_19#) UZH
2 |79 120-p) ' 120-p)

and, L =| gty B Grm) (=3
2 3 81-p) ~ 8(1-p)

—ﬂ{uﬂ— (19-23u) (15-19y) GZH

Oy
2 9 12(1-pw) 12(1- p)

5. Stability of Triangular Libration Points
Putting x=a+¢& andy =b+n in the egns. of motion (1) and (2), where (a, b) are the

coordinates of the triangular libration points and the variations &,n7<<<1. Then the
variational egns. of motion of the infinitesimal mass are
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. . 0 0
f—Zm?—é!O)xx +77g02xy (14)
2 2 2
where, Ou=22(a,b), Qy=22(ab) & Oy=L2(a,b)
OX OXoy oy
The characteristic egn. corresponding to the eqn. (14) is

4 2 9 9 2 0 0 0 2
TRAXX T aAyy XX W — Xy =
A+ (4% = Q= Qyy ) A2 +| Qi Qyy — (Q)? | =0 (15)

_ _ , ~ )
where &, =37 =6/)p  3(26-49u+15u7)  3(24-63u+31r)
4 4 16(L- 1) 16(1— 1)
— _ 2 _ 2
&Xy:£{—6+12‘u+(26 40p) ~ (50-131u+89u )61+(36 65 +37 )Gz}
8 2(1-p) 2(1- )
_ 2 _ 2

and O, =2 ©+61) o 322+ u-154 )01+3( 231 +15u )Cy2

4 4 16(1- 1) 16(1— 1)
Now taking 4> = A, then the characteristic eqn. becomes
AE+PA+Q =0 (16)

where, P=1-p+30, —g(1+ 2u)o,

o #[%(1—/,1)—15(1—/,1)p—9(89/”l_79) o, @7u-21) 02}

16 ' 16
Let A, and A, be the roots of the egn. (16), then the roots

A :+/\1%,/12 = A2y = +/\2% and 4, :—/\2}/2 depend on the values of mass parameter
u, p,o,ando,.

Now the discriminant of egn. (16) is zero.

=P?-4Q=0

or, 1-27u(1— u) —2[1—30/,1(1— ,u)] p+[6+%,u(89,u —79)}01

—3[1+%(111u - 73)};2 =0 (17)

If we take p=0,0,=0,=0,thenu=y, is the root of eqn. (17), where
1, =0.0385208965... (Szebehely, 1967) in the Earth-Moon system.

If p#0,0,#0,0,#0, we suppose that ., =y, + 1" as the root of eqn. (17),
where u'<<<1. Therefore we have

—2[1- 30,1~ 11,)] P +[6+ju0 (894, —79)};1 —3[1#20(111% —73)}02
27(1-2p,)

‘Lt:
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“ g = 0.0385208965...+(0.0089174706...) p— (0.0220685926...)7,
(18)

~(0.0407109729...)c,
Stability Chart

S.No.| p o1 o> e Lo Remarks
1 [ 107 0.00001 | 0.00002 | 0.0385211605... | 0.0385208965... | . > p
2 |10~ ]0.00001 | 0.00002 | 0.0385203579... e < 1
3 [10°]0.00001 | 0.00002 | 0.0385202777... e <t
4 [10™]0.00001 | 0.0002 | 0.0385174966... e < 1
5 [10™] 0.0001 | 0.0002 | 0.0385147078... ne <
6 [10°] 0.0001 | 0.002 | 0.0384372766... ne <
7 10| 0.001 | 0.002 |0.0384182977... e < 1
8 [10°] o.01 0.02 | 0.0374860802... ne <
9 [10°] o1 0.02 | 0.0354998266... ne <
10 [107] 0.1 0.1 [0.0322429409... e < 1

6. CONCLUSION

To check the effect of photogravitation of the bigger primary and triaxiality of the
smaller primary on the linear stability of the triangular libration points, we have
derived the equations of motion and the location of the libration points for the
infinitesimal mass, then established the condition for the existence of libration points.

In the

last section of this paper, it is found that the joint effect of photogravitation and

triaxiality of the primaries does not improve the stability condition of the triangular

librati

on points.

REFERENCES

[1]
g
[4]
[5]
[6]

Alfriend, K. (1970): The stability of the triangular libration points for
commensurability of order two, Celest. Mech. 1, 351-359.

Bottke, W.F. Jr.: Earth Planet Sci. 2006 (34): 157-191.

Breakwell, J. and Pringle, R. (1965): Resonances affecting motion near the
Earth-Moon equilateral libration points. Progress in Astronautics and
Aeronautics, vol. 17, Academic Press, pp. 55-73.

Leontovic, A.M. (1962): On the stability of the Lagrange periodic solutions for
the reduced problem of three-bodies, Soviet Math. Dokl. 3, 425-428.

Markeev, A. (1969): On the stability of the triangular libration points in the
circular bounded three-body problem. PMM 33, No. 1, 112-116.

Markeev, A. (1973): On the stability problem for the Lagrange solutions of the
restricted three-body problem. PMM 37, No. 4, 753-757.



Stability of Triangular Libration Points in the Restricted Three Body Problem 15

[7]
[8]
[9]
[10]

Szebehely, V. (1967a): Theory of orbits, The Restricted Problem of Three
Bodies, Academic Press, New York and London.

Mckanzie, R. and Szebehely, V. (1981): Non-linear stability around the
triangular libration points, Celest. Mech. 23, 223-229.

Nayfeh, A. and Kamel, A. (1970): Two-to-one resonance near the equilateral
libration points, AIAA paper 70-78.

Sokol’skii, A.G. (1975): Stability of the Lagrange solutions of the restricted
three-body problem for the critical ratio of the mass, PMM 39, No. 2, 366-369.



16

M.Z. Ali and M.R. Hassan



