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Abstract 
 

In this paper we have formulated a multi-objective inventory model of 
deteriorating items, where demand is constant and shortage is allowed with 
limitations on capital investment, storage space and total inventory. In most of 
the real world situations, the objective functions of the decision makers are 
imprecise in nature. Hence the objective functions are imposed here in fuzzy 
environment. Then we have solved it using Fuzzy Additive Goal 
Programming and Fuzzy Non-Linear Programming. Finally the model is 
illustrated with numerical example. And the results by different techniques are 
compared. 
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INTRODUCTION: 
The research work on the inventory problem has been hugely expanded. In decision-
making processes, first, Bellman and Zadeh [1] introduced fuzzy set theory. Tanaka 
et. al. [7] applied concepts of fuzzy sets to decision problems to considering the 
objectives as fuzzy goals over the -cuts of a fuzzy constraints. Tiwari et. al. [8] used 
arithmetic addition to aggregate fuzzy goals to construct the relevant decision 
function, named as additive operator. Zimmermann [9] showed the classical 
algorithms can be used to solve multi-objective fuzzy linear programming problems. 
Fuzzy mathematical programming has been applied to several fields. However, as far 
as we know, fuzzy set theory has been used in few inventory models. Sommer [12] 
applied fuzzy dynamic programming to an inventory and production-scheduling 
problem. Roy and Maiti solved the classical EOQ model in a fuzzy environment with 
fuzzy goals, fuzzy inventory costs and storage area by fuzzy non-linear programming 
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method using different types of membership functions for inventory parameters [3]. In 
fuzzy environment, they also developed the multi-objective inventory models of 
deteriorating items with stock dependent demand under some constraints [4]. S. Islam 
and T. K. Roy worked on different multi-objective inventory models with 
deteriorations [5] & [6]. Mandal, Roy and Maity used geometric programming to 
solve inventory model with deterioration [10]. Hui-Ming Wee worked on A 
deterministic lot-size inventory model for deteriorating items with shortages [14]. 
Hui-Ming Wee et.al. also applied fuzzy in their inventory model with deterioration 
[11]. A nice work had been done by V. K. Mishra on inventory model of deteriorating 
item with shortages [13]. 
 Here we consider an inventory model of deteriorating items as in real life it is not 
possible to keep the products as it is in the beginning till the inventory reaches zero. 
The deterioration is time dependent and demand is constant here. As shortage is 
allowed, we need to find the perfect time of replenishment so that profit can be 
maximized and total cost can be minimized. So here we have two objective functions, 
namely, profit maximization and cost minimization, along with three constraints: 
Capital investment, storage space and total inventory. In multi-objective mathematical 
programming problems, a decision maker is required to maximize/minimize two or 
more objectives simultaneously over a given set of decision variables. In general, a 
compromise solution is selected from a set of possible solutions by the decision 
maker. A number of methods, weighting method, assigning priorities to the 
objectives, setting aspiration levels for the objectives, etc., exist for finding 
compromise solutions. And fuzzy programming technique is appropriate to solve this 
problem. So here we solved by FNLP and FAGP methods. And finally the model is 
illustrated numerically and the results obtained from both FNLP and FAGP methods 
are presented in tabular form for different weights. 
 
 
MATHEMATICAL MODEL: 
A multi-objective inventory model of deteriorating items of time dependent 
deterioration with constant demand, with shortages, infinite rate of replenishment, 
limited amount of capital investment and limited storage space is developed under the 
following notations. 
For i-th (i=1,2,...,n) item 
Qi (= Mi + Bi) = order quantity of the ith item, 
Q1i = the level of positive inventory at time t for the ith item, 0 < t < t1i 
 Q2i = the level of negative inventory at time t for the ith item, ti < t < Ti 
Mi = Maximum inventory level of the ith item during [0, Ti] 
Bi = Maximum inventory during shortage period of the ith item 
pi = purchasing price of each product of ith item, 
si = selling price of each product of ith item, 
C1i = holding cost per unit quantity per unit time of the ith item, 
C3i = set-up cost for ith item, 
C2i = shortage cost per unit short of the ith item 
i(t) = variable deterioration for ith item = bit, 0 <bi <1, 
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ti = the time at which the inventory level reaches zero. 
Ti = cycle length or scheduling period, 
Di = constant demand rate, 
Zi(T) = average profit of the ith item, 
wi = storage space per unit quantity of the ith item, 
Ui(Ti) = total number of deteriorating units of the ith item, 
ui = upper limit of the order quantity of the ith item, 
li= lower limit of the order quantity of the ith item, 
PF(t, T) = total average profit, 
TC(t, T) = total cost per unit time, 
M = total amount of capital investment, 
W = available storage space, 
n = number of items. 
 
 
MATHEMATICAL FORMULATION: 
The amount of stock for the ith item is Qi (i=1, 2, ….., n) at time t = 0. In the interval 
(0, Ti), the inventory level gradually decreases mainly to meet time dependent with 
linear trend demand and partly for deterioration. By this process, the inventory level 
reaches zero level at the time period ti. Then the shortage starts and continues up to 
time Ti. The cycle then repeats itself. It is assumed that 

 Replenishments are instantaneous with zero lead time, 
 Shortages in inventory are allowed, 
 There is variable inventory deterioration rate, 
 Demand rate is constant. 

 
 The rate of change of inventory of the ith item during the stock period [0, ti] is 
given by 

 
  )(

)(
1

1 tQtD
dt

tdQ
iii

i  , for 0  t  ti, with Q1i(0) = Mi and Q1i(ti)= 0. (3.1.1) 

 The rate of change of inventory of the ith item during the shortage period [ti, Ti] is 
given by 

 
i

i D
dt

tdQ


)(2 , for ti < t < Ti, with Q2i(ti)= 0 and Q2i(Ti)= Bi  (3.1.2) 

 

 
 

Fig. 1 Inventory lot size 
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 Solution of (3.1.1) is 

 Q1i(t)= 




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i ,0  t  ti (i=1,2,..,n).  (3.1.3) 

 Using the condition Q1i(ti) = 0, we get from (3.1.3) 
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 The holding cost in each cycle for the ith item is  

 HC(ti) = C1i 
it

i dttQ
0
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 The total number of deteriorating units of the ith item is: 

 Ui(ti) = bi 
it

i dttQ
0

1 )(
 
= 

2

2
iii tbD   (3.1.6) 

 [Here, the terms of 2nd and higher order of bi are neglected in (3.1.3), (3.1.4), 
(3.1.5) and (3.1.6), since bi’s are very small in comparison to other parameters] 
 Solution of (3.1.2) is 
 Q2i = Di (ti-t), ti < t < Ti (i=1,2,..,n).  (3.1.7) 
 Using the condition Q2i(Ti) = Bi, we get from (3.1.7) 
 Bi = Di (ti-Ti) (3.1.8) 
 The shortage cost in each cycle for the ith item is 

 SC(ti, Ti) = C2i 
i

i

T

t
i dttQ )(2

 
= ½ C2i Di(ti-Ti)2  (3.1.9) 

 Order quantity for the ith item Qi = Mi + Bi = Di (2ti + 
6

3
iitb -Ti) 

 The net revenue, for the ith item is  
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 (3.1.10) 
 Hence, the Multi-Objective Inventory Model (MOIM) is: 
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MATHEMATICAL ANALYSIS: 
Fuzzy programming technique to solve MONLP problem: 
 A Multi-Objective Non-Linear Programming (MONLP) can be written as: 
 Min f(z) = [ f1(z), f2(z),…fk(z) ]T (4.1.1) 
 
subject to z  Z = { z  Rn: gj (z)  or = or  bj for j = 1, …, m; z  0 }. and li  zi  ui 
(i=1,2,..,n). 
 It is showed by Zimmermann [9] that fuzzy programming technique could be used 
beautifully to solve the multi-objective programming problem.  
 To solve MONLP (4.1.1) problem, following steps are used: 
 
Step 1: The MONLP (4.1.1) is solved as a single objective non-linear programming 
problem using only one objective at a time and ignoring the others. These solutions 
are known as ideal solution. 
Step 2: From the results of step 1, the corresponding values for every objective at each 
solution is derived. With the values of all objectives at each ideal solution, pay-off 
matrix has been formulated as follows: 
            f1 (z)        f2 (z)     ....      fk(z) 
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 Here z1, z2, …, zk are the ideal solutions of the objectives f1(z), f2(z), …, fk(z) 
respectively.  
 So, Ur = max {fr(z1), fr (z2), …, fr(zk)} 
 And, Lr =  r

r zf *  
 [Lr and Ur be lower and upper bounds of the rth objective function fr(z) for r = 
1,…,k]. 
 
Step 3: Using aspiration levels of each objective of the MONLP (4.1.1) can be written 
as follows: 
 Find z so as to satisfy  
 fr (z) 

~
  Lr (r = 1, 2, …, k) (4.1.2) 

 zZ. 
 Here objective functions of (4.1.1) are considered as fuzzy constraints. This type 
of fuzzy constraints can be defined by giving rise to a corresponding membership 
function 
 r(fr(z)) = 0 or  0 if fr(z)  Ur 
              = dr(z) if Lr  fr(z)  Ur (r = 1, 2, .., k) (4.1.3) 
              = 1 or 1 if fr(z)  Lr 
 Here dr(z) is a strictly monotonic decreasing function with respect to fr(z). 
After defining the membership functions (as in (4.1.3)) r(fr(z)) for r =1, 2, .., k, 
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introduce a general aggregation function 
 )(~ z

D
 =  ))(()),.....,(()),(( 2211~ zfzfzf kk

D
 .  

 So a fuzzy multi-objective decision making problem can be defined as  
 Max )(~ z

D


 
(4.1.4) 

subject to zZ . 
 Here one can use the well-known Bellman and Zadeh’s [1] fuzzy decision. There 
are two types of fuzzy decision and they are 
(i) fuzzy decision based on minimum operator (like Zimmermann’s approach [9]), 

then (4.1.4) is known as FNLP. 
(ii) fuzzy decision based on addition operator (like Tewari et. al. [8]), then (4.1.4) is 

known as FAGP. 
 Using the above decisions, the problem (4.1.4) is reduced to 
(i) (according to min-operator) 
 Max   (4.1.5) 
subject to r(fr(z))  for r = 1, 2, …, k  
 zZ 
 0    1. 
(ii) (according to additive-operator) 
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

k

r
rr zf

1
))((

 
(4.1.6) 

subject to 
 zZ 
 0  r(fr(z))  1 
 
Step 4: Solve either (4.1.5) or (4.1.6) to get pareto optimal solution. 
 
Fuzzy Programming Technique to solve MOIM: 
To solve MOIM (3.1.11) problem, step-1 of article 4.1 is used. After that according to 
step-2 Pay-off matrix is formulated as follows: 
                    PF(t,T)            TC(t,T) 
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 Now, U1, L1, U2, L2, (where L1 PF(t,T)  U1 and L2  TC(t,T)  U2) are 
identified. 
 Here, for simplicity, fuzzy linear membership functions )),((~ TtPF

PF
  and 

)),((~ TtTC
TC

  for the objective functions PF(T) and TC(T) respectively are defined as 

follows: 
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and 
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 According to step-3, having elicited the above membership functions crisp non-
linear programming problems are formulated as follows: 
(following to (4.1.5)) 
 Max  
 subject to   (4.2.3) 
 PF(t,T)-(U1-L1)  L1, 
 TC(t,T) + (U2-L2)  U2,  
  0    1 
and same constraints and restrictions as in (3.1.11). 
(following to (4.1.6)) 

   Max  
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subject to 0  )),((~ TtPF
PF

 , )),((~ TtTC
TC

 1, and same constraints and restrictions as 

in (3.1.11).  
Step-5: Solve the crisp non-linear programming problem ((4.2.3) or (4.2.4)) by an 
appropriate mathematical programming algorithm. 
 
Weights in FNLP and FAGP 
Here, positive weights Wr reflect the decision maker’s preferences regarding the 
relative importance of each objective goal fr(z) for r =1, 2, 3,..., k. These weights can 
be normalized by taking Wi = 1. In the fuzzy additive goal programming (FAGP), 
the decision maker assigns different weights as coefficients of the individual terms in 
simple additive/fuzzy achievement function to reflect their relative importance. But in 
the fuzzy non-linear programming (FNLP) method, to achieve the same objective, 
suitable inverse weights are assigned to different membership functions. As there is 
no one-to-one correspondence between the inverse and direct weights until they are 
equal, the results from FNLP and FAGP can be compared only when equal weights to 
the fuzzy goals are assigned. So introducing normalized weights in FNLP and FAGP, 
(4.1.5) and (4.1.6), become 
 Max   (5.0.1) 
subject to  
wrr(fr(z))  for r = 1, 2, …, k  
zZ, 0    1, 
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NUMERICAL EXAMPLE: 
To illustrate the MOIM (3.1.11), we assume input data given in Table-1 and available 
capital investment amount M = $ 2,000 and storage area W = 600 m2.  

 
Table-1 Input data 

 
Item(i) pi($) si($) C1i($) C2i($) C3i($) bi Di li ui wi(m2) 
1 6 9 1 10 90 0.06 50 40 50 3 
2 9 12 1 12 88 0.05 60 42 55 2 

 
 
 The Pareto optimal solutions of MOIM (3.1.11) without weight and with 
normalized weights by both FNLP and FAGP methods are shown in Table-2, Table-
3a and Table-3b respectively. 
 

Table-2 Pareto Optimal solutions of MOIM (3.1.11) without weights 
 

Methods PF*($) TC*($) 
FNLP 38.12 240.70 
FAGP 34.51 238.66 

 
Table-3a Pareto optimal solutions of MOIM (3.1.11) with normalized weights by 
FNLP method 
 

Weights PF*($) TC*($) Type 
Equal importance to two objectives (i.e. W1=W2=0.5) 38.12 240.70 I 
More importance to Cost goal (i.e. W1=0.8;W2=0.2) 14.29 230.43 II 
More importance to Profit goal (i.e. W1=0.2;W2=0.8) 55.69 253.74 III 

 
 
 
 
 
 



Multi-Objective Inventory Model for Deteriorating Items with Shortages: 23 
 

 

Table-3b Pareto optimal solutions of MOIM (3.1.11) with normalized weights by 
FAGP method 
 

Weights PF*($) TC*($) Type 
Equal importance to two objectives (i.e. W1=W2=0.5) 34.51 238.66 I 
More importance to Profit goal (i.e. W1=0.7;W2=0.3) 62.91 261.24 II 
More importance to Wastage goal (i.e. W1=0.3;W2=0.7) 8.74 228.99 III 

 
 
 The Pareto optimal solutions of MOIM (3.1.11) are presented by FNLP and FAGP 
methods in Table-2. Here, FAGP returns more profit whereas FNLP returns less total 
cost. So FNLP gives better results for total cost and FAGP gives better results for 
profit. The Pareto optimal solutions of MOIM (3.1.11) are presented by FNLP with 
different weights in Table-3a. The results in FNLP method follow a particular pattern 
as expected. In type-II, profit is higher than the other types as in this case; more 
importance has been fixed to the goal of profit maximization. In type-III, total cost is 
lesser than the other types as in this case; more importance has been fixed to the goal 
of cost minimization. It is noted that FNLP method gives better results by suitable 
choice of inverse weights. The Pareto optimal solutions of MOIM (3.1.11) are 
presented by FAGP with different weights in Table-3b. Here, also the optimal follow 
same pattern as before. It is also noted that FAGP method gives better results by 
suitable choice of direct weights. In type-I, for both FNLP and FAGP where equal 
weights have been assigned to the objectives goals, Pareto optimal solution are giving 
same results as in Table-2 by FNLP and FAGP method respectively of MOIM. 
 
  
CONCLUSION: 
Here we have solved a multi-objective inventory model with fuzzy method and shown 
its application by numerical examples. We can also apply this model to other 
optimization problems. It can also be solved by geometric programming problem. In 
this model we consider demand to be constant, the model can be extended by taking 
variable demand and limitations on some other parameters. Hence, with some other 
constraints and the extension of this algorithm to other inventory models may be areas 
of further research. 
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