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Abstract

In this paper, we study the nature of lower level subsets of an anti-fuzzy
normal ¢ —subsemiring of an ¢ —semiring and we introduce some theorems in
the lower level subsets of an anti-fuzzy normal ¢ —subsemiring of an
¢ —semiring.
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Introduction

The concept of fuzzy sets was initiated by L.A.Zadeh [5] in 1965. After the
introduction of fuzzy sets several researchers explored on the generalization of the
concept of fuzzy sets. Some of them in particular, nearrings and several kinds of
semirings have been proven very useful. In this paper, we introduce some theorems
on lower level subsets of an anti-fuzzy normal ¢ —subsemiring of a ¢ —semiring

Definition: 1.1
A non-empty set R is called lattice ordered semi-ring or ¢/ —semiring if

1. (R, +,") isasemiring

2. (R, v, A) isalattice

3. xHyvz) =(x+y) v (x+2); xHYAZ) =(x+y) A(X+2) (yVZ)+X=(y+X) v(Z+X);
(YyAz)+x=(y+Xx) A (z+X)

4. x(yvz) =(xy)v(xz); x(yaz) =(xy)a(xz) (yvz)x=(yx)v(zx);
(yrz)x=(yx)(zx),forall x,y,z in R
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Definition: 1.2
A non-empty subset S of an ¢ —semiring (R, +, -) is called an ¢ —subsemiring if S

itself is an ¢ —semiring under the same operation as in R.

Definition: 1.3
Let (R, +,-) and (R', +, ) be any two ¢ —semirings. Then the function f :R — R’

is called an ¢ —semiring homomorphism if it satisfies the following axioms:
f(x+y) =f(x)+ f(y)
Fxy) = £(x) f(y)
=f(x)v f(y)
f

(x) A f(y), forall x,y in R
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Definition: 1.4
Let (R, +,-) and (R', +, ) be any two ¢ —semirings. Then the function f :R — R’

is called an / —semiring anti-hnomomorphism if it satisfies the following axioms:
1L f(x+y)=f(y)+ f(x)

2. f(xy) =f(y) f(x)
3. f(xvy)="f(y)v f(x)
4. f(xay)="f(y)a f(x), forall x,yinR

Definition: 1.5
Let A and B be fuzzy subsets of sets G and H respectively. The anti-product of A

and B denoted by A x B is defined as AxB = {<(x Y)s M acs (X y)>/for all x inG

andyin H },Where Haxg (X Y) = maX{ﬂA(X)’ ,UB(Y)}

Definition: 1.6
Let A be a fuzzy subset in a set S, the strongest anti-fuzzy relation on S, that is a

fuzzy relation on A is V givenby uy (x,y) = max{uA(x), yA(y)}, for all x, y
in S
Definition: 1.7

Let R be an /—semiring. An anti-fuzzy ¢ —subsemiring A of R is said to be an
anti-fuzzy normal ¢ —subsemiring of R if it satisfies the following conditions:

Looup(x+y) = ua(y+x)
2. pa(xy) = ua(yx)
3. ua(xvy) = pa(yvx)
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4. pp(xay) = pa(yax), forall x,yinR

Definition: 1.8

Let R and R be any two ¢ —semirings. Let f :R — R’ be any function and A be an
anti-fuzzy normal ¢ —subsemiring in R, V be an anti-fuzzy normal ¢ —subsemiring
in f(R)=R defined by u,(y) = inf u,(x),forall x in R and y in R". Then

Xe ffl(y)

A is called a pre-image of V under f and is denoted by f (V)

Theorem: 1.1
Let A be an anti-fuzzy normal ¢ —subsemiring of a ¢/ —semiring R . Then for « in

[0,1], A, isalower level ¢ —subsemiring of R.

a

Proof:
Forall x and y in A,,and p,(Xx) < a and pa(y) < a

Given A is an anti-fuzzy normal ¢ —subsemiring of a / —semiring R.
Then clearly A is an anti-fuzzy ¢ —subsemiring of a ¢ —semiring R.

1. pa(x+y) < max {,uA(x), uA(y)}s max {a, a} < a

= T (x+y)£a forallxandyin A,

2. pa(xy) smax{ } < max {a, a} < a
= uA(xy)Sa forallxandylnA

3. ua(xvy) ax{ }<max{a,a}£a
= ,uA( )Sa forallxandymA

4, ,uA X/\y max

{ }<max{a,a}£a

= ,uA(X/\y) a, orallxandymA
) <

Therefore pp(X+Y) < a, pa(Xy) < a, ua(xvy) < aand pp(xay) < a
Hence x+y, xy, xvy and xAy in A, .

Therefore A, is a lower level ¢ —subsemiring of a / —semiring R.

Theorem: 1.2
Let A be an anti-fuzzy normal ¢ —subsemiring of a / —semiring R . Then two lower

level ¢ —subsemirings A, , A,, and a;, a, arein [0,1] with a;<a, of A are

equal if and only if there isno x in R suchthat a, > i, (X) > ay
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Proof:
Given A is an anti-fuzzy normal ¢ —subsemiring of a / —semiring R.

Then clearly A is an anti-fuzzy ¢ —subsemiring of an /—semiring R. Assume
that A, = A,,. Suppose there exists x in R such that a, > u,(X)> e;.Then

Aay S Ay

= XeA,, butxgA, = a contradictionto A, = A,
Therefore there isno x in R such that a, > pa(X) > a;
Conversely if there isno x in R such that a, > u,(X) > a;

Then A, = A, byusing the definition of lower level set.

Theorem: 1.3
Let A be an anti-fuzzy normal ¢ —subsemiring of a ¢/ —semiring R . If any two

lower level ¢/ —subsemirings of A belongs to R, then their intersection is also lower
level ¢ —subsemiring of A in R.

Proof:
Let oy, ay € [0,1]

Case (i): If a; < pa(X) <a, then A, c A,

Therefore A, N A,, = A, but A, isa lower level /—subsemirings of A
Case (ii): If oy > pup(X) >, then A, < Ay,

Therefore A, N A,, =A,, . but A, is a lower level /—subsemirings of

A
Case (iii): If ay=a, then A, = A,

In all cases, intersection of any two lower level ¢ —subsemirings is a lower level
¢ —subsemiring of A

Corollary: 1.1
Let A be an anti-fuzzy normal ¢ —subsemiring of a /—semiring R . If a; [0,1]

and A,., i€l is a collection of lower level ¢—subsemirings of A, then their

intersection is also lower level ¢ —subsemiring of A.

Theorem: 1.4
The anti-homomorphic image of a lower level ¢—subsemiring of an anti-fuzzy
normal ¢ —subsemiring of a /—semiring R is a lower level ¢ —subsemiring of an

anti-fuzzy normal ¢ —subsemiring of a ¢ —semiring R'.
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Proof:
Let R and R beany two ¢ —semiringsand f :R — R an anti- homomorphism

Let V=1f(A), where A is an anti-fuzzy normal ¢—subsemiring of a
¢ —semiring R

Clearly V is an anti-fuzzy normal ¢ —subsemiring of a ¢ —semiring R

Let x and y in R then f(x) and f(y) inR

Let A, isa lower level ¢ —subsemiring of A

Thatis u,(X) < a and p,(Y) < a;

Pa(Y+X) < a, pa(yx) < a, ua(yvx) < aand up(yax) < a

To prove that f (Aa) is lower lever ¢ —subsemiring of V

py F(X) < ppa(x)<a = py f(x) < a and

py F(Y) < ua(y)<a = pyf(y) <e

Loy (FOO+1(y)) = sy (F)+ 1)) =y (F(y+%)) < saly+x) < @
= uy(f(X)+f(y)) <a, foral x yinR

2. iy (F0) F(y)) = s (F(y) £(9) = v (F(yX)) < a(yx) < @

= ,uv(f( )f(y)) < a, forall x, yin R

3.y (f(0)v ) e (FY)VE()) = av (F(yvx)) < malyvx) < a
= ,uv( (y )) < a, oraIIx y in R

4y (TF(x)A y))—ﬂV( WAF()) = wy (F(yrx)) < malyrx)< a
= uy(f( y))ga oraIIx y in R

Therefore 1, ( f ( (V) € a, uy (f(x)f(y)) < a,

py (f(x )vf(y)) < aand py (f(x )/\f(y)) < a,forall x,y in R

Hence f(Aa) is a lower level ¢—subsemiring of an anti-fuzzy normal
¢ —subsemiring V of a / —semiring R'.

Theorem: 1.5
The anti-homomorphic pre-image of a lower level ¢ —subsemiring of an anti-fuzzy

normal ¢ —subsemiring of a ¢ —semiring R is a lower level ¢ —subsemiring of an
anti-fuzzy normal ¢ —subsemiring of a ¢ —semiring R.

Proof
Let R and R be any two ¢ —semiringsand f :R — R an anti- homomorphism
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Let V:f(A), where V is an anti-fuzzy normal ¢ —subsemiring of a

¢ —semiring R
Clearly A is an anti-fuzzy normal ¢ —subsemiring of a ¢/ —semiring R
Let f(x)and f(y) in R then x and y in R

Let f(Aa) is a lower level ¢ —subsemiring of V
Thatis p, (f(X)) < a and u, (f(y)) < a;

ay (FY)+1(x) < @iy (F(¥) () < @,
py (F(Y)vE(x)) < aand p, (f(y)rf(X) <a

To prove that A, is lower lever ¢ —subsemiring of A
pa(X) = pyf(X)<a = pp(x) < a and
pa(y) = myf(y)<a = up(y) <a
Lopa(x+y) = my (F(x+y)) < uy (F(Y)+f(x)) < a
= pa(x+y) < o, forall x,y in R
2. ma(xy) = my (F(xy)) < ay (F(¥)f(0)< @
= pa(xy) < a,forall x,yin R
3. yA(va) = ,uv(f(va))S ,uv(f(y)vf(x))ﬁ o
a(xvy) < a,forall x,y in R
4. /,tA(X/\y) = uv(f(X/\y))S uv(f(y)/\f(x))é a
a(XAy) < a.forall x,y in R
pa(X+y)<a, pa(xy)<a, pa(xvy)<a and p,(xay)<a for all
X,yeR
Hence A, is a lower level /—subsemiring of an anti-fuzzy normal
¢ —subsemiring A ofa ¢/ —semiring R.
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