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Abstract

In this paper, concept of several types of intuitionistic G-fuzzy continuous operator
and intuitionistic G-fuzzy bounded linear operator are introduced and relations
among them are studied. Finally it is shown that the set of all strongly intuitionistic
G-fuzzy bounded linear operators is a linear space and introduce the idea of

intuionistic G-fuzzy operator norm in such spaces.
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1. INTRODUCTION

In 1965, L. A. Zadeh [1] introduced the concept of fuzzy set theory which has different
applications in different fields of Mathematics. Several developments have been done in
functional analysis to construct fuzzy functional analysis by employing the idea of fuzzy
sets. Fuzzy metrics and fuzzy norms are two important tools to study different results
of fuzzy functional analysis. At first Kramosil & Michalek [2] initiated the notion of
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fuzzy metric and thereafter many authors came up with different types of fuzzy metrics
by generalizing the existing concepts and studied various results (for reference please
see [7-13, 15]). A. K. Katsaras [16] was the first author who introduced the concept
of fuzzy norm in 1984. In later time many types of fuzzy norms were presented by
different Mathematicians to establish several celebrated results of functional analysis in
fuzzy settings (for reference please see [35, 6, 14,17-25,32]).

K. T. Atanassov [3, 4] extended the concept of fuzzy set theory by proposing the idea
of intuitionistic fuzzy sets. J. H. Park [13] has introduced the notion of intuitionistic
fuzzy metric spaces and studied some basic properties. After that R. Saadati & J. H.
Park [14] have contributed by introducing the idea of the intuitionistic fuzzy topological
spaces. They have also introduced the notion of intuitionistic fuzzy normed linear space
to investigate some basic results in such spaces. T. Bag & S. K. Samanta [24] modified
the definition of intuitionistic fuzzy normed linear space introduced by R. Saadati et
al. [14] and studied some elementary results in finite dimensional intuitionistic fuzzy
normed linear space.

Mustafa & Sims [26] brought up the concept of GG-metric space and studied some
topological properties. On the other hand, K. A. Khan [27] initiated the idea of G-norm
and studied some basic results. Sun & Yang [7] proposed the definition of G-fuzzy
metric space and established some common fixed point theorems. Alternatively S.
Chatterjee et al. [22] introduced the notion of G-fuzzy normed linear space and studied
its topological structures. The same authors [28] developed some fixed point theorems
in G-fuzzy normed linear spaces. In 2023, S. Chatterjee & T. Bag [31] introduced
the concept of G-fuzzy operator norm on G-fuzzy normed linear space. In 2013, S.
A. Mohiuddine & A. Alotaibi [15] presented the concept of intuitionistic generalized
fuzzy metric spaces.

Following the definition of G-fuzzy normed linear space introduced by S. Chatterjee et
al. [22], we [32] give the definition of intuitionistic G-fuzzy normed linear space and
established various basic results. Our main motivation of this paper are to study various
types of bounded linear operators and continuous linear operators in intuitionistic
G-fuzzy normed linear spaces and finally introduce the idea of intuitionistic G-fuzzy
oprator norm on intuitionistic G-fuzzy normed linear spaces. This paper is organized in
the following manner: Section 2 cconsists of some preliminary results which are used
to study different results in this paper. In Section 3, various types of fuzzy continuous
and fuzzy bounded linear operators are defined to develop some fundamental theorems
in intuitionistic GG-fuzzy normed linear spaces. In Section 4, intuitionisytic G-fuzzy
operator norm is defined for intuitionistic G-fuzzy bounded linear operators.
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2. PRELIMINARIES

In this Section some preliminary results are given to study the subsequent results of this
paper.

Definition 2.1. [5] Let X be a linear space over K(the field of scalars), a fuzzy subset
N of X x Ris called a fuzzy norm on X iff Vo,u € X and ¢ € K,

(N1) V¢ € Rwitht < 0, N(z,t) = 0;
(N2) Vt e R;t > 0,N(x,t) =1)iffx =0;

(N3) t e Rt >0, N(cx,t) = N(z, L for c(#£ 0) € K;

el

(N4) Vs,t e Ryz,y € X; N(x +y,s+t) > min N(z,s), N(y, t);

(N5) N(z,-)is a non-decreasing function of R and lim N(z,t) = 1.

n—o0
The pair (X, N) is referred to as a fuzzy normed linear space.

Example 2.2. [5] Let (X, || - ||) be a normed linear space. Define N : X x R — [0, 1]
as follows:

— . ift > 0;
N(z,t) = tlel ‘
0, ift <0.

Then (X, N) is a fuzzy normed linear space.

Definition 2.3. [5] A mapping 7" from (X, N;) to (Y, Ny) is said to be fuzzy continuous
at xo € X, if for given e > 0, € (0,1),35 = 0(a,¢) > 0,8 = B(a, €) € (0,1) such
that Vo € X, Ny(z — 2,0) > = No(Tx — Txg,€) > a. If T is fuzzy continuous
at each point of X, then 7" is said to be fuzzy continuous on X.

Definition 2.4. [5] A mapping 7" from (X, N;) to (Y, Ny) is said to be strongly fuzzy
continuous at xy € X, if for each € > 0,39 > 0 such that Vo € X, No(Tz — T'zg,€) >
Ni(xz — x,6). T is said to be strongly fuzzy continuous on X if 7" is strongly fuzzy
continuous at each point of X.

Definition 2.5. [5] A mapping 7" from (X, N;) to (Y, Ns) is said to be weakly fuzzy
continuous at o € X, if for a given ¢ > 0, € (0,1),30 = (v, €) > 0 such that
Ve € X,Ni(x — 20,0) > o = No(Tx — Twg,e) > . If T is weakly fuzzy
continuous at each point of X then 7' is said to be weakly fuzzy continuous on X.
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Definition 2.6. [5] Let T : (X, N;) — (Y, N2) be a mapping where (X, N;) and
(Y, Ny) are two fuzzy normed linear spaces. 7 is said to be sequentially fuzzy
continuous at o € X, if for any sequence {z,} in X with z,, — =z, implies
Tx, — Txo If T is sequentially continuous at every point of X then 7' is said to
be sequentially continuous on X.

Definition 2.7. [5] Let 7" : (X, N;) — (Y, Ny) be a mapping where (X, N;) and
(Y, Ny) are two fuzzy normed linear spaces. Then 7' is said to be strongly fuzzy
bounded iff 3 a positive real number M such that

s
xZ, M)
Definition 2.8. [5] Let 7" : (X, N;) — (Y, N;) be a linear operator where (X, V;) and
(Y, Ny) are fuzzy normed linear spaces. 7 is said to be weakly fuzzy bounded on X if
for any a € (0, 1), 3IM,, > 0 such that Vax € XVt € R,

Vo € X,VS S R,NQ(T@’,S) 2 Nl(

t
Nl(:v,ﬁ) >a = Nyo(Tx,t) > a.

«

Theorem 2.9. [5] Let T : (X, N1) — (Y, Ny) be a linear operator where (X, N1) and
(Y, Ny) are normed linear spaces. If T is strongly fuzzy bounded then it is weakly fuzzy
bounded but not conversely.

Remark 2.10. [5] The converse of the above theorem can be justified by the following

example:
Example 2.11. Let (X, || - ||) be a normed linear space. We define two functions N;
and N, by
e 1 PR
Ny(e, 1) = J el i8> 2l
0; ift <[z,
t . 3
No(a. 1) = el ift >0
0; ift <0.

Then Ny, N, are two fuzzy norms on X. Let us take the linear operator 7" : X — X
defined by T'x = z Vo € X. Then 7T is weakly fuzzy bounded linear operator but not
stromgly fuzzy bounded linear operator.

Definition 2.12. [32] Let X be a linear space over K(the field of scalars), *, < be
continuous t-norm and continuous t-conorm respectively and G, Gy, be two fuzzy
sets on X3 x [0, c0) satisfying the following conditions:
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(ZGFN1)
(ZGFN2)
(ZGFN3)
(ZGFN4)

(ZGFN5)

(ZGFN6)
(ZGFNT)
(ZGFNS)
(ZGFNY)
(ZGFN10)
(ZGFN11)

(ZGFN12)

(ZGFN13)
(ZGFN14)

(ZGFN15)

Gn(z,y,2,t) + Gu(z,y, 2,t) < 1;

Gn(z,y,2,0) =0;

(Gn(z,y,2,t) =1Vt >0) <= z=y=2=0;
Gy(azx,ay,az,t) = Gy(z,vy, 2, ﬁ) for a(#£ 0) € K;

Gy(z,y,2,t) = Gn(p(x,y,z),t) where p(x,y,z) is a permutation
function of x, y, 2;

Gy +a2,y+y,z+2,s+1t) > Gn(z,y,2,8) * Gn(2', Y, 2, t);
Gy(x+y,0,2,t) > Gn(z,y,2,1);

tli}réloGN(x,y,z,t) =1;

Gy(z,y,2,0) =1;

(Gu(z,y,2,t) =0Vt >0) <= z=y=2=0,

Gulaz, ay, az,t) = Gu(z,y, 2, 1) for a(# 0) € K;

Gu(z,y,2,t) = Gy(p(z,y,2),t) where p(z,y,z) is a permutation
function of z, y, 2;

Gur+a',y+y,z2+2,s+1t) <Gulr,y,2,8) 0 Gy, y, 2, 1);
GM(J: + y70727t> S GM(x7y7 Z7t);

tllgloGM(a:, y,z,t) = 0.

Then (X, Gy, G, *, ©) is said to be an intuitionistic G-fuzzy normed linear space.

Remark 2.13. [32] Let (X, Gy, G, *,©) be an intuitionistic G-fuzzy normed linear

space. Then G'x(z,y, z, ) is a non-decreasing function of [0, c0) and Gy, (z, v, z, ) is

a non-increasing function of [0, co).

Example 2.14. [32] Let us consider the linear space X = R over the field R, the t-norm

« defined by a * b = min{a, b} and the t-conorm ¢ defined by a ¢ b = max{a,b}. We
define Gy, Gy : X2 x [0,00) — [0, 1] as follows

e ift >0
GN<I7y7Z7t) - trel iyl .
0, ift=20
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|z|+y]+]2| .
Frlaltyrep >0

Gul(x,y,z,t) = )
1, ift=0

Then (X, Gy, G, *, ©) is an intuitionistic G-fuzzy normed linear space.

Definition 2.15. [32] Let (X, Gy, G, *, ©) be an intuitionistic G-fuzzy normed linear
space. A sequence {x,} in X is said to be convergent and converges to z € X if

lim Gy(r;—z, 2y —x,2,—2x,t) =1land lim Gpy(x;—x,z,—z,2,—x,t) =
I,m,n—00 I,m,n—o0

0Vt > 0.

Definition 2.16. [32] Let (X, Gy, G, *, ©) be an intuitionistic G-fuzzy normed linear
space. A sequence {x,} in X is said to be Cauchy if the following hold:

lim Gn(z; — Ty, Ty — T, T — 27, 1) = 1 and
l,m,n—00

lim Gy (z) — Ty Ty — Ty, Ty — 7, 1) = 0 VE > 0.
l,m,n—o00

Definition 2.17. [22] Let X be a linear space over the field F (real or complex) and ¢
be the origin of X. Let Q = {||-,-,|lo : @ € (0,1)} be a family of mappings from X
into [0,00). @, is called a quasi G-norm family and (X, Q) is called generating space
of quasi G-norm family if the following conditions are satisfied:

(QN1) ||z,y,2||la =0,Va e (0,1)iff s =y =2 = 0.
(QN2) |lcz,cy,cz|la = |||z, ¥, 2||a, V2,9, 2 € X,Va € (0,1) and Ve € F.
(QN3) ||z, v, z||o is invariant under permutations of x,y and z € X, Vo € (0,1).
(QN4) For any v € (0,1)3p € (0, «] such that

lz+ 2",y +o, 2+ 2o < llz,y, 2lls + 12,9/, 2l
(QND) ||lz,y, 2z||la > ||z + v, 0, 2|0, VT, y,2 € X, € (0, 1).
(QN6) Forany x,y,z € X, ||z,y, 2|, is non-increasing for o € (0, 1).

Again (X, Q) is called a generating space of sub-strong quasi G-norm family, strong
quasi G-norm family and semi G-norm family respectively, if (QN4) is strengthened
to (QN4u), (QN4t) and (Q N4de), where (Q N4u) For any a € (0,1), 5 € (0, a] such

that
n n n n
H ina Zylv Zzi”a S Z Hxlayhzzuﬁ
i=1 i=1

i=1 i=1
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forany n € Nand z;;y;;2; € X(1 = 1,2,--- ,n). (QN4t) For any o € (0,1),35 €
(0, «] such that

le+a"y+y, 2+ 2o < llz,y, 2lla + 12,9, 26
(QN4e) For any a € (0, 1), it holds that
lz+ 2"y + ¢ 2+ 2o < 2,y 2lla + 12,4, 2l

Theorem 2.18. [22] Let (X, Gy, *) be a G-fuzzy normed linear space such that x is
lower-semi-continuous. We define |-, -, -||o as follows:

|z, y, 2|l = AN {t > 0: Gn(z,y,2,t) > 1 —a}

foreverya € (0,1) and forall x,y,z € X. Let us denote Q1 = {||-,-,||lo : @ € (0,1)}.
Then (X, Q1) is a generating spaces of quasi-G-norm family.

Theorem 2.19. [22] In the Theorem 2.18, if t-norm x is defined by a x b =
min{a, b} Ya,b € [0, 1] then (X, Q) is a generating space of semi-G-norm family.

Theorem 2.20. [31] Let (X,Gn,,*1) and (Y,Gy,, min) be two G-fuzzy normed
llinear spaces. Let Ty, T», Ty € BGF(X,Y) and {||-,-,-||2 : a € (0,1)} be a family
of semi-G-norms of Gy, and {||-,-,-||, : a € (0,1)} be a family of quasi-G-norms
of Gn,.Again suppose that Gy, satisfies (QNT7). (QN7) : Va € (0,1), ||z, vy, z||a >
0,Y(x,y,2) # (0,0,0).)

We define || Ty, Ty, Tylla = S0, WTiwTwTizlly

z,y,2€X lz.y.201 o
(x,y,2)#(60,0,0)
Then the mapping Gy : {BGF(X,Y)}® x R — [0, 1] defined by

GN(Tla T27 T3a 8) =

V{a € (0,1) : [|Th, 2, Tsl[1-a < s}, i (T1,T —2,13,5) # (O, 0,0, 0)

0, otherwise

is a G-fuzzy normed linear space with respect to the t-norm ‘ min’.

3. MAIN RESULT

In this Section fuzzy continuous operator, strongly intuitionistic G-fuzzy linear
operator, weakly intuitionistic G-fuzzy operator, sequentially intuitioistic G-fuzzy
continuous operator as well as strongly intuitionistic G-fuzzy bounded linear opeerator,
weakly intuitionistic G-fuzzy bounded linear operator are defined in intuitionistic
G-fuzzy normed linear space and some relations among them are established.
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Definition 3.1. Let (X, Gy, Guy,*1,01) and (Y, Gn,, Gy, %2,02)  be  two
intuitionistic G-fuzzy normed linear spaces. A function 7' : X — Y is said to be
intuitionistic G-fuzzy continuous at x, € X if for given ¢ > 0 and o € (0,1),30 =
d(a,€) > 0and § = B(a,€) € (0, 1) such that

Gy, (x — xo,y — 20,2 — X0,0) > B, Gpp (x — o,y — X0, 2 — X9,0) < 1 — [3 implies
Gn,(Tx—Txg, Ty—Txzo, T2z—Tx0,€) > 0, Gpp,(Tx—Txg, Ty—Tx0, T2—Tx0,€) <
1—a.

If T is intuitionistic G-fuzzy continuous at every point of X then 7T is said to be
intuitionistic G-fuzzy continuous on X.

Definition 3.2. Let (X, Gy, Gy, *1,01) and (Y, Gn,, Gy, %2,02) be  two
intuitionistic G-fuzzy normed linear spaces. A function 7' : X — Y is said to be
strongly intuitionistic G-fuzzy continuous at xy € X if for each ¢ > 0,36 > 0 such that

Gy, (x — z0,y — T0,2 — x0,0) < Gn,(Tx — Txog, Ty — Txg, Tz — Txy, €) and
G (r — 20,y — 20,2 — 20,0) > G, (Tx — Tag, Ty — Txg, Tz — Txg,€) Va,y,z € X.

If T is strongly intuitionistic G-fuzzy continuous at every point of X then 7' is said to
be strongly intuitionistic G-fuzzy continuous on X.

Definition 3.3. Let (X, Gy, Gy, *1,01) and (Y, Gn,, Gy, %2,02) be  two
intuitionistic G-fuzzy normed linear spaces. A function 7' : X — Y is said to be
weakly intuitionistic G-fuzzy continuous at xy € X if for givene > 0, € (0,1), 36 =
d(c, €) > 0 such that

Gy, (x — xo,y — X9, 2 — 20,0) > o, Gpp, (T — 20,y — To, 2 — To, ) < 1 — aimplies
Gn,(Tx — Txo, Ty — Txo, Tz — Txp,€)

> o, Gy, (Te — Tag, Ty — Tag, Tz — Txg,e) <1 —«

Ve, y,z € X.

If T" is weakly intuitionistic G-fuzzy continuous at every point of X then 7 is said to be
weakly intuitionistic G-fuzzy continuous on X.

Definition 3.4. Let (X, Gy, Gy, *1,01) and (Y, Gn,, Gap,, %2,02) be  two
intuitionistic G-fuzzy normed linear spaces. A function 7" : X — Y is said to
be sequentially intuitionistic G-fuzzy continuous at x, € X if for three sequences
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{zn},{yn}, {2} of points in X with
lim G, (2, — To, Yn — X0, 2n — To, 1) = 1,
n—oo

lim Gy, (2, — Zo, Yn — To, 2n — To, 1) = 0VE >0

n—oo

implies lim Gy, (Tx, — Txo, Ty, — Txo, Tz, — Txo,t) = 1,
n—oo

lim G, (Tx, — Txo, Ty, — Txo, Tz — T, t) =0Vt > 0.

n—,oo

If T is sequentially intuitionistic G-fuzzy continuous at every point of X then 7 is said
to be sequntially intuitionistic G-fuzzy continuous on X.

Theorem 3.5. Let (X, Gy,, Gy, *1,01) and (Y, Gn,, G, %2, 02) be two intuitionistic
G-fuzzy normed linear spaces. A function T' : X — Y is intuitionistic G-fuzzy

continuous iff T is sequentially intuitionistic G-fuzzy continuous.

Proof. Suppose that T is intuitionistic G-fuzzy continuous at xy € X.

Let ¢ > 0 be given. Choose a € (0,1). Since T is intuitionistic G-fuzzy continuous,
then 30 = 0(a,¢) > 0and B = B(a, €) € (0,1) such that Gy, (z—x0, y—z0, 2—20,0) >
B and Gy, (z — xo, Yy — To, 2 — X0, 0) < 1 — Bimplies Gy, (Tx — Txo, Ty — Txo, Tz —
Txo,€) > aand Gy, (Tx — Txo, Ty — Txg, Tz — Txp,€) <1 —a.

Let {z,},{yn}, {2} be sequences in X such that JEEOGM(:U" — 0, Yn — Loy Zn —
xg,t) = 1and lim Gy, (2, — To, Yn — To, 2n — To, t) = 0Vt > 0.

Sodng € N sugl_l)fﬁat Gy, (T — 0, Y — To, 20 — X0, 0) > B, Grp, (T — Toy Y — T, 2n —
x9,0) < 1—5Vn > ny.

Then we have Gy, (Tx, — Txo, Ty, —Txo, Tz, —Txo, €) > a0, Gpp, (Txy, — T, Ty, —
Txo, Tz, — Txg,€) <1 —aVn > ng.

Since « € (0, 1) is arbitrary, so lim G, (Tz, — Tzo, Ty, — Txo, Tz, — Txg,€) = 1,
Gy (Tt — Ttg, T — T, Ty — Ty, €) = 0.

Again € > 0is choossen arbitrarily, so lim Gy, (Tx,—Txo, Ty,—T 2o, Tz,—Txo,t) =
1, Gy, (T, — Txg, Ty, — Txo, T2y z_)72}0,25) =0Vt>D0.

So T' is sequentially intuitionistic G-fuzzy continuous at x.

Conversely suppose that 7" is sequentially intuitionistic G-fuzzy continuous at zy € X.
If possible suppose that 7" is not intuitionistic G-fuzzy continuous at xy. Thus Je > 0
and o € (0, 1) such that forany § > 0 and 5 € (0,1),32’,%/, 2’ € X such that

Gy, (2" — xo,y — x0,2" — 0,0) > fand Gy, (2/ — 2o,y — 20, 2" — 20,0) <1 —0
but Gy, (T2’ =Tz, Ty —Txo, T2 —Txg,€) < avand Gy, (T’ —Txo, Ty —Txo, TZ' —
Tzxo,€) > 1—au

Thus for 5 =1 — L §0) = n+r1 where n € N, 3x,,, y,,, 2, € X such that

n+1’
1 1 1 1
GN1 ('In_anyn_x()azn_xOy n—‘,—l) > 1_n+17GM1 (xn_l'ann_IOvZn_l‘U) n—‘,—l) < n+1
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but G, (Tx,—Txo, Typ—Txo, Tz —Tx0,€) < 0, Gppy, (Txyy—To, Ty —Tx0, T2 —
Tzg,€) >1— .

Now for § > 0, 3k, € N such that ﬁ < 8. Again #1 <6 Vn > k.

Then G, (, — X0, Yn — To, 2n— X0, 0) > G N, (Tn —To, Yn — X0, Zn — To, n%l) > 1—#1,
Gar (T — 0, Yn — To, 2n— %0, 0) < Gar, (Tn— 20, Yn — To, 20— To, n+r1) < %HVTL > ko.
This implies that

lim GN1 (‘rn — Zo, Yn — Lo, Zn — Lo, 5) =1,
n—00

hm GM1 (:En — Loy, Yn — Lo, Zn — Lo, 6) - 07
n—o0o

but Gy, (Tx, — Txo, Ty, — Txo, Tz, — Txo, €) < a,
Gy (Txy, — Txo, Tyy — T, Tz, — Txg,€) > 1 — .

Thus {7T'(x,)} does not converge to T'(xy) whereas {x,} converges to xy. Hence we
arrive at a contradiction. Therefore 7" is intuitionistic G-fuzzy continuous at . [l

Definition 3.6. Let T : (X,Gy,, Gy, %1,01) — (Y, Gn,, Gy, *2,02) be a linear
operator where (X, Gn,, Gy, *1,01) and (Y, Gn,, Gagy, *2,02) are two intuitionistic
G-fuzzy normed linear spaces. 7' is said to be strongly intuitionistic G-fuzzy bounded
if 3M > 0 such that Vz,y, 2 € X and Vs € [0, 00),

S S
M)a GMz (T"L‘7 Ty, TZ> S) < GMI (l’, Yy, z, M)

Definition 3.7. Let T : (X,Gp,, Gy, %1,01) — (Y, Gn,, Gy, %2,02) be a linear
operator where (X, Gn,, Gy, *1,01) and (Y, Gn,, Gag, *2,02) are two intuitionistic

GNQ(T'I’ Tya TZ, S) > GNl ("L‘a Yy, z,

G-fuzzy normed linear spaces. 7 is said to be weakly intuitionistic G-fuzzy bounded if
for any o € (0,1),3M, > 0 such that Vz,y, z € X and V¢ € (0, 00),

t t
GN1(x7yaz7M) Z aaGM1(x)y7Z7M> S -«

« «

— Gn,(Tx, Ty, Tz,t) > a,Gp, (Tx, Ty, Tz,t) <1 —a.

Theorem 3.8. Let T : (X,Gp,, Gy x1,01) — (Y, Gn,, Gy, %2,902) be a linear
operator where (X,Gy,, G, %1,01) and (Y, Gy, G, *2,92) are two intuitionistic
G-fuzzy normed linear spaces. If T is strongly intuitionistic G-fuzzy bounded then T is
weakly intuitionistic G-fuzzy bounded.

Proof. Suppose that T is strongly intuitionistic G-fuzzy bounded. Then 3M > 0 such
that Vo, y, 2 € X and Vi > 0
we have

Gny(Tx, Ty, Tz, t) > Gy, (2,y, 2, 17), G, (T2, Ty, Tz, t) < G, (2,9, 2, 17 )-
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Let o € (0,1). Then 3M, (= M) > 0 such that

Gy (2,9, 2, 317) = @, G (7,9, 2, 3) < 1 — a implies

Gn,(Tx, Ty, Tz,t) > o, Gpp,(Tx, Ty, Tz, t) <1 —a.

Therefore 1" is weakly intuitionistic G-fuzzy bounded. [

Remark 3.9. Converse need not be true. This can be verified by the following example.

Example 3.10. Let (X, |-,-,||) be a G-fuzzy normed linear space. We define
Gn,, Gy, Gy, Gar, + X3 x [0,00) — R as follows:

2 —|lzy,z||

P RRTE a1 ift > T,Y, 2
G, (T, y, 2,t) = { UHl=wl |z, y, ||
0 ift < .y, 2|
2||z,y,2]12 )
T ift > xz,Y, 2
Gan, (2, y, 2, 1) = { FHlewalP? Iz, y, 2|
L it < oy, 2|
—L— ift>0
GN2 ('T7 y7 Z, t) = t+||xvy72” .
07 1ft e 07
lew=ll - if >0
Gapy(,y, 2,1) = { Elewel
1, ift =0.

First we prove that (X, G y,, G/, , min, max) is an intuitionistic G-fuzzy normed linear
space.

1. Tt is obvious that Gy, (z,y, z,t) + G, (z,y, 2,t) = 1Vt > 0. So (ZGFN1)
holds.

2. From definition (ZG F'N2) is obvious.

3. Suppose x,y, z € X. Then

Gy, (z,y,2,t) =1Vt >0
2 — |z, y, 2|
2+ [z, y, 2|
=t =z, 2 =1+ |y, 2

=1Vt>0

= |lz,y,2] =0

=S ar=y=z=0.

Hence (ZGF N3) holds.
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4. Suppose a(# 0) € K. Then

t2 — HOéﬂZ‘,Oéy,OéZHZ _t2 B |Oé‘2||$,y,ZH2

G saz,t) = -
w08 0% 05 1) = s ey, anlE B+ [aP .y, o]

()2 g2l
(L + 9. 2]

||
t
=Gn, (2,y, 2, m)

Thus (ZGF N4) is satisfied.

5. Tt is clear that Gy, (x,y, 2,t) = Gn,(p(x,y,2),t) for every permutation p of
x,y,2. So (ZGFN5) holds.

6. If either of ¢; or ¢4 is 0, then
Gn(z+2 y+y, 2+ 2t +t2) 2 min{Gn, (z,y,2,01), Gn (2, ¥, 2/, 12) } s
obvious.
Now suppose ¢1,ts > 0. Further we suppose that t; < ||z, v, z||.
Then by definition it follows that
Gy (x+2y+y,z+ 2 t1 +t2) >min{Gn, (2,9, 2,t1), Gn, (2,1, 2, t2) }.
Similarly if t5 < ||2’,y/, 2/|| then
Gy (x+2 y+y, 2+ 2 t1 +t) >min{Gy, (2,9, 2, t1), Gn, (2, Y, 2 t2) }
Next we suppose that t; > ||z, y, z||, t2 > [|2/, v/, 2’||. Then we have
lz+ 2" y+y 2+ 2 <=y 2l + |2y, 2| <1+ ta. So

t = llz,y, 2|

G t) = 53—
Nl(xay)z7 1) t%+|]x,y,z“2’
t% B ||x/7y/72/||2

Bt .y 2

GNl (xla yla Zl? t2) =

(tr+ 1)’ —le+2y+y, 2+ 2|
(ti+ )2+ lz+a,y+y, 2+ 2%

GNl(x+m,7y+y/7Z+Z,7t1 +t2) -

Further we assume that
min{Gn, (z,y,2,t1), Gy, (2, Y, 2/, t2)} = Gn, (2,9, 2,11). So

t% _ ||93,y, Z||2 t% _ ||x’,y’,z/|]2
8+ llz oy 2P~ B+, )
= 3], y, 2|2 — 3|2, ¥, 2P > 0 (A)

= tol|z,y, 2|l — tal|2's ¥, 2| = 0 (B)
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Now we have

Gy, (w42 y+y, 2+ 2t +t) — Gn, (2,9, 2, 11)
(At ety 2P 8 =y 2

(L +t)?+ e+ y+y,z+ 22 8+ |2y, z2|?
_ 2(t + ) w2l = Bllr 2y + Y 2+ P
At )+ o+ 2y 2+ 2 PHE A+ 2,y 2)?)

2(t1 + 20ty + B3) |z, y, 2[1° = 263 (|7, y, 2l + 12", ¢/, 2'])?

{(t +t2)? + o+ 2, yy, 2 + 21218 + |2, y, 211?)
:2(753”!15, y, 2|I” = t3]la’, ¢/, 2'|1?) + At |, y, 2|tz y, 2| — tall2’, ')
{t+t2)? + o+ 2y, 2+ 2238 + |2, y, 21?)

>0 (using A, B).

Hence we conclude that Gy, (z + 2,y + ¢/, 2 + 2/, t; + t2) >
min{Gy, (z,y, 2,t1), Gn, (2, Y, 2/, t2) }. So (ZGF NG) is verified.

7. Let us take x,y,z € X. Then ||z,y,z|| > || + y,0,z||. This implies that
2+ lz,y, 2] = 2+ lo+y,0, 2% Again ® — ||lo,y, 2| < 2 — ||z +y,0, 2|
iet? — ||z +y,0,z||* > t* — ||z,y, z||*. Thus the following holds:

t? — ||$+y,8,2||2 > t? — ||[E,y,Z||2
2+ lr+y, 0,2 7 24 lz,y, 22

Hence (ZGF N7) is verified.

8. Forx,y,z € X,

1 _ ||£U,y,ZH2

. . 2
tlriloGNl(x,y,z,t) = lim L

t* — ||l‘,y,z||2 _ 1 _
tooot? + ||z, y, 2]|2  tooo] 4 Hév:i/fIIQ

Thus (ZGFN8) holds.

9. From definition it is quite clear that Gy, (z,y, 2,t) = 1 — Gy, (x,y, 2,t) for
every z,y, 2 € X and t > 0. Thus form above part of this proof we can conclude
that (ZGFN9), (ZGFN10),(ZGFN11),(ZGFN12),(ZGFN14),(ZGFN15)
are obvious.

We only prove (ZGF N13).

10. Fors =t =0;s =0,t > 0;s > 0,t = 0 itis obvious that Gy, (z+ 2",y + v, 2+
2 s+ t) <max{Gy,(z,y, 2, 5), Gap, (', Y/, 2/, 1) }.
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Now suppose s,t > 0. So s +¢ > 0. Here

G, (x,y,2,8) =1—Gpn, (2,9, 2, 9),
GMg(x/7y/7’Z/7t) =1~ GNQ('T/7y/7Z/Jt)7
G, (2, y+y, 2+ 2 s+t)=1—-Gn,(z+ 2, y+y,2+ 2, s+1).

Without loss of generality let us assume that
max{G, (z,y,2,5), G, (2, ¢, 2/, 1)} = G, (2,9, 2, 5).

So G, (m,y, 2,8) > G (2,9, 2 t)
= 1-Gn(2,y,2,8) > 1—Gn, (2, ¢, 2 1)
= Gn,(7,y,2,8) < Gy, (2,9, 2, 1)
= min{Gn, (2,9, 2,5),Gn, (2", 1,2, )} = Gy (2,9, 2, 9).

Already we have
Gny(x+2y+y,z+ 2, s +1t) > min{Gn,(z,y,2,5),Gn, (2, Y, 2/, 1)} =
Gn,(x,y, 2, s). This implies that

1-Gny(z+2y+y,z2+2,s+1t) <1—Gn,(x,y,2,9)
= G,z +2y+y,24+7,s+1) <Gu,(z,9, 2,5)
= Gy, (z+ 2 y+y, 2+ 72, s+1t) <max{Gy,(z,y,2,5), G, (2", Y, 2, 1)}

Similarly if max{Gs (2, v, 2, s), G (2, Y, 2/, 1)} = Ga(2/, /', 2, t) then also
we have

Gup(x 42, y+y, 2+ 2, s+t) <max{Gp(z,y, 2, 5), G, (', 4/, 2’ , t) }. Thus
(ZGFN13) holds.

Hence (X, Gy, , G, min, max) is an intuitionistic G-fuzzy normed linear space.

Similarly it can be shown that (X, Gy,, G, min, max) is an intuitionistic G-fuzzy
normed linear space.
Now we define 7" : (X, Gy, , Gy, min, max) — (X, Gy,, G, min, max) by 7'(z) =

x.

Let us consider M, = - Va € (0, 1).
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Thus for ¢ > ||z, y, z|| we have

t)>
— @
M,  —

tz(l )2_ ”'I?yVZ”Q

GM1(I7ya Z,

21— a)? + ||lz,y, 2* —
— t*(1 — a)® — ||z, y, 2| = at*(1 — @)* + al|z, y, 2|?
= t*(1 — a)? — at?(1 — a)* > (1 4 a)|z,y, 2||?
— *(1-a)’ > (1+a)|z,y, 2|
t(l—a)V1l—«
= [|z,y, 2| <
V14«
(1l —a)v1—«
= t+||z,y, 2| <t+ ( )
1+«
1— 1— 1
:>t+|]:z:,y,z[|§t( WVl—at+yVita
Vvi1+ o
(1+a)

— .
t+ ey, 2l — 1—a)VI—-a+vV1+a

\/H—a >
l—a)Vl-—a+V1+a
<:>\/1+—a2a(1—a)\/1—a+a\/1+a
= (l-a)Vit+ta>all-a)Vl-a
= +V1i+a>aVl—a
= 1l+a>ad*(l-a)

Now

= l+a+a>a

This is true Vo € (0, 1). Thus we have m > aVa e (0,1).

So G, (Tx, Ty, Tz, t) > afort > ||z, y, z||.

Fort < ||z, ¥, z||, GMl(a:' y,z,t) =0.

So G, (2,y, 2, 37) > a implies Gar, (T, Ty, T2, t) a.

We have GNl(x,y, z0) = 1= G (2,y,2,37), Gnp (T2, Ty, T2, t) = 1 —

G, (Tx, Ty, Tz, t).

Suppose Gn,(7,y,2,57) < 1 — a.  So Gu(2,y,2,3;-) > «  Then
G, (Tx, Ty, Tz,t) > a. Hence G, (Tx, Ty, Tz,t) <1 — a.

Therefore Gy, (2,y, 2, 3-) < 1 — acimplies Gy, (T2, Ty, Tz,t) <1 —a.

Thus 7' is weakly intuitionistic G-fuzzy bounded linear operator.
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Next for ¢t > |[z,y, 2|, (z,y,2) # (6,0,0),

t
G (Tx, Ty, Tz, t) > G (2,9, 2, M)

t tz B ||I,y,ZH2
= > 2
t+ [z, y, 2| 2+ [z, y, 2]
- tM2||l‘,y,Z||2 Z —tM2||I’,y,Z||2 —|—t2||l‘,y72’|| - M2||ZL‘,y,Z||3
= 2M? ||z, y, 2|” + M?||z, y, 2|° > ¢z, y, 2|
= 2tM? ||z, y, 2|| + MP||z,y, 2||* > 2

2
— M?*> t -
2tl|z,y, 2| + ||z, y, 2]
t
— M

>
V2], g2l + (2.5, 2]
= M =occast — oo.

Hence 7' is not strongly intuitionistic G-fuzzy bounded.

Theorem 3.11.
Let (X,Gn,,Guyy%1,01) and (Y, Gy, G, *2,02) be two intuitionistic G-fuzzy
normed linear spaces and T : X — Y be a linear operator. Then

(i) T is strongly intuitionistic G-fuzzy continuous everywhere if T is strongly
intuitionistic G-fuzzy continuous at a point xy € X.

(ii) T is strongly intuitionistic G-fuzzy continuous iff T is strongly intuitionistic

G-fuzzy bounded.

Proof. (i) Since T is strongly intuitionistic G-fuzzy continuous at xq € X, thus for
each e > 0,39 > 0 such that Vz € X we have
Gn,(Tx — Txog, Ty — Txo, Tz — Txg,€) > Gy, (v — 20,y — o, 2 — To,d) and
G, (Tx — Ty, Ty — Txg, Tz — Txg,€) < G (x — 29,y — To, 2 — T, 0).
Now we take ©' € X and replacing x,y, 2 by x +xg — 2,y + o — o', 2 + 1o — 2’
respectively we have

GN2(
ZGNl(
G (T (x4 20 — 2') — T(20), T(y + 20 — ') — T(20), T (2 + 20 — ") — T(20), €)
(

<G, (x+ 20 — @' — 20,y + 20 — &' — 20, 2 + 10 — 2’ — T, ).

T(z+xy— ') = T(x0), T(y + zo — 2") — T'(x0), T(2 + w0 — 2') — T(0), €))

/ / /
T4+ 20 — 2 — 20,y +To — T —To, 2+ 20 — 2 — T, 0),
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(ii)

So it follows that

GN,(Tx + Txg — Ta' — Twg, Ty + Taxg — T2’ — Txg, Tz + Tag — Ta' — T, €)
ZGNl(x - :E/ay - 33',, Z = $/76)7
G, (Tx + Tag — Ta' — Tag, Ty + Txg — Ta' — Tao, Tz + Txg — Tx' — Tao,e€)
(

<Gy, (z—2',y—2',2—26).
Thus we have

Gn,(Tox — T, Ty —Ta', Tz —Tx',e) > Gn,(x — 2,y —a', 2 — 2/, 0),
Gu,(Tz — T2, Ty —Ta', Tz —Ta'je) < Gpp(x — 2’y — 2’2 — 2/, ).

So T is strongly intuitionistic G-fuzzy continuous at z’. Since x’ € X is arbitrary
which implies that 7" is strongly intuitionistic G-fuzzy continuous on X.

First we suppose that 7" is strongly intuitionistic G-fuzzy bounded. Then M > 0
such that

t
GN2 (Tl’, Ty7 TZ; t) > GNl (*T? Y, z, M)v

t
GMQ(TxaTyaTZJt) S GMl('TJy7Z7 M)

SoGn,(Tx — 0, Ty —0,Tz—0,¢) > Gn,(x — 0,y —0,2—0,0)

and Gpp,(Tx — 0, Ty — 0, Tz — 0'¢) < Gy, (x — 0,y — 60,z — 0,0) where
0=y >0.

This implies that 7’ is strongly intuitionistic G-fuzzy continuous at f and hence by
(i) of Theorem 3.13, 7' is strongly intuitionistic G-fuzzy continuous on X.
Conversely suppose that 7" is strongly intuitionistic G-fuzzy continuous on X. So

T is strongly intuitionistic G-fuzzy continuous at 6.
Then for e = 1,39 > 0 such that

Gn,(Tx —TO0, Ty —T6,T2—T60,1) > Gn,(x — 0,y — 0,z —0,9),

Gur,(Tx —T0,Ty—T0,Tz—T6,1) < Gpr,(x — 0,y — 0,2 —6,0) Vx,y,z € X.
SoGn,(Tx, Ty, Tz,1) > Gn,(x,y, 2,9),

G, (T, Ty, Tz, 1) < Gap, (2,9, 2,0) Va,y,z € X.

Suppose that (x,y, z) # (6,0,6) and t > 0.
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Letusputu = 7,0 = ¥, w = Z.Then

GN2 (T[E, Tya TZ: t) :GN2 T(tu)v T(tU), T(tw)7 t)

=Gy, (z,y, z,19)

t 1
=Gy, (z,y, 2, M) where M = 5 > 0.

If (x,y,2) # (0,0,0) and t = 0 then G, (Tx, Ty, Tz,t) = 0= Gy, (2,9, 2, 17)-
If (x,y,2) = (0,0,0) and t > 0 then Gn,(Tx, Ty, Tz,t) =1 = Gp, (2,9, 2, 1)
If (,y,2) = (0,0,0) and t = 0 then G, (Tz, Ty, Tz,t) =0 = Gn, (2,9, 2, 17
Thus we have Gy, (Tz, Ty, Tz,t) > Gn,(,y, 2z, 17) Vo,y,2 € X.

Similarly G, (T, Ty, Tz, t) < G (@,y, 2, 17) V2, y, 2 € X.

Therefore 1" is strongly intuitionistic G-fuzzy bounded.

Theorem 3.12.

Let (X,Gn,, Gy, *1,01) and (Y, Gy,, Gy, *2,02) be two intuitionistic G-fuzzy
normed linear spaces and T' : X — Y be a linear operator. If T is sequentially
intuitionistic G-fuzzy continuous at a point vy € X then T is sequentially intuitionistic
G-fuzzy continuous on X.

Proof. Let x be an arbitrary point of X. Let {x,,}, {yn}, {z.} be 3 sequences in X such
that

JLH;OGNI(xn Yn — T, 2 — x, ) =1Vt >0,

nh—{%oGMl(x" Ty Y — T, 2 — x,t) = 0VE > 0.
So}i_)n;oGNl(( — T+ x0) — Zo, (Yn — T + x0) — To, (2n — T + T9) — o, t) = 1Vt > 0,
lim Gy, ((z, — x + x0) — X0, (Y, — & + xo) — To, (20, — T + o) — X0, ) =0Vt > 0.

n—oo

Since 7' is sequentially intuitionistic G-fuzzy continuous at xy, so we have

lim Gy, (T(zy, —x + x0) — T(20), T (Y — x + x0) — T(x0), T (25, — x + x0) — T(20),t) =1,

n—o0

lim G, (T(xn — x4+ z0) — T(20), T(yn — .+ z0) — T'(20), T (20, — x + x0) — T20),t) =0

n—oo
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VYt > 0. Thus it follows that
lim Gn,(Tx, — Tz, Ty, — Tx, Tz, — Tx,t) = 1Vt > 0,

n—o0

lim Gy, (Tx, — Tz, Ty, — Tx, Tz, — Tx,t) =0Vt > 0.

n—oo
Therefore 7' is sequentially intuitionistic G-fuzzy continuous at x and hence 7T is
sequentially intuitionistic G-fuzzy continuous on X. [
Theorem 3.13.
Let (X,Gn,, Gy, *1,01) and (Y, Gy,, Gy, %2,02) be two intuitionistic G-fuzzy
normed linear spaces and T : X — Y be a linear operator.

(i) If T is weakly intuitionistic G-fuzzy continuous at a point xq € X then 'l is weakly
intuitionistic G-fuzzy continuous on X.

(ii) T is weakly intuitionistic G-fuzzy continuous on X iff T is weakly intuitionistic

G-fuzzy bounded.

Proof. 1. Since T is weakly intuitionistic G-fuzzy continuous at x so for each € > 0
and o € (0,1),30 = (v, €) > 0 such that
GNl(CL’ — o, Y — o, 2 —%,5) > CY,GMl(x—CUO,Z/—SCo,Z—Jioﬁ) <l-a«
— GN,(Tx — Ty, Ty — Taxog, Tz — Txg,€) > a,
G, (Tx — T, Ty — Taxg, Tz — Txg,e) <1 —aVr,y,z € X.
Let us take 2’ € X. Replacing z,y,zby x + 29 — ',y + vo — 2/, 2 + 29 — 2’
respectively we have Gy, (z+x¢—2'—x0, y+x0—2 — 20, 2+ 10— 2" —20,0) > @,
Gy (x+xg— 2" — 20,y + 20 — 2’ — 0, 2 + 29 — 2’ — 0,9) < 1 — aimplies
Gny(T(x4 a9 —2") = Txo, T(y+x0—2') —Txo, T(z2+x0 —2") — Two,€) >
G (T(x4x0—2")—Txo, T(y+x0—2")—Txo, T (2+20—2") —Tx0,€6) < 1—00.
SoGn,(x—2',y—a',z—12"0) > a,Gy(x — 2,y —2',2—2",0) <1—«
= Gn,(Tx —T2'\ Ty —Tx', Tz -T2 e) > a,
Gu,(Tx — T2\ Ty —Ta', Tz —T1',e) <1—a.
Hence T is weakly intuitionistic G-fuzzy continuous at z’. Since 2’ € X is
choosen arbitrarily so 7" is weakly intuitionistic G-fuzzy continuous on X.

2. First we suppose that 7" is weakly intuitionistic G-fuzzy bounded. Thus for any
a € (0,1),3M, > 0 such that

t t
GNl(x7yaz7E> Z «, GM1(x7y727E> S -«

= Gn,(Tx, Ty, Tz,t) > a, G, (Tx, Ty, Tz,t) < 1— «forevery t > 0.
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This implies that

Gy (x—0,y—0,z—a,0) > a,Gpyp(x—0,y—0,2—0,0) <1—«
— GN (Tx — 0"\ Ty—0,Tz—0¢) > a,
(T —0 Ty —0' Tz—0¢) <1—a
where 6 = 7. > 0. Thus T is weakly intuitionistic G-fuzzy continuous at x = 6.
So T' is weakly intuitionistic G-fuzzy continuous on X.
Conversely suppose that 7" is weakly intuitionistic G-fuzzy continuous on X. So

T is weakly intuitionistic G-fuzzy continuous at x = 6. Let us take ¢ = 1. Then
fora given a € (0,1),39 = d(«, 1) > 0 such that

Gn(x—0,y—0,2—0,0) > a,Gp(x —0,y—0,2—0,0) <1—«
— GN,(Tx—T0,Ty—T60,T2—-T6,1) > a,
Gr,(Te —T0,Ty—T0,Tz—T60,1) <1—«a.

Suppose (z,y, z) # (6,0,0) and t > 0. Puttingz = %,y = 7,z = ¥ we have

u v w u v w
0 ,0)<1-—
GNl(t ) )2 aGMl(t 0t J<l-a
Tu Tv T Tu Tv T
:>GN2( tu’TU’ tw 1)>O¢ GMQ( tu, tv, tw,l)gl—a_

So GNl (uv v, w, té) >, GM2 (U, v, W, té) <1l-—-«
= Gy, (Tu, Tv,Tw,t) > a, G, (Tu, Tv, Tw,t) <1 — a.

Hence it follows that

t t
GNl(u7U7w7 M) Z a7GM1(u7U7w7 M) S -«

« -

—> Gny(Tu, Tv,Tw, t) > o, Gag, (T, To, Tw, t) <1 — o

where M, = §(a ) > 0.

If (z,y,2) # (9 0,0) and t = 0 then G, (,y, 2, 3r-) = Gn,(Tx, Ty, Tz,t) = 0 and
G, (z,y, 2 M ) =G, (Tx, Ty, Tz, t) = 1.

If (z,y,2) = ( 0,0)and t > 0 then Gy, (x,y, z ,M ) =G, (Tx,Ty,Tz,t) = 1 and
Gy (2,y, 2 M ) =Gum, (T2, Ty, Tz,t) = 0.

If (z,y,2) = (6, 0 ,0) and t = 0 then

So Gy, (z, y,z M )=Gn,(Tx, Ty, Tz,0) =0,

Gy, (2,9, 2 ,M ) =G, (T2, Ty, Tz,t) = 1fort = 0.

Therefore it follows that for o € (0, 1), 3M, > 0 such that

t t
GNl(l‘ayvzvﬁ) Z aaGM1(xayaZ)ﬁ) S 1 —

o «

= Gn,(Tz, Ty, Tz,t) > a,Gpp, (T, Ty, Tz, t) <1 —aVr,y,z € X,Vt € [0,00).
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Hence T is weakly intuitionistic G-fuzzy bounded.

O

e Let us denote the set of all strongly intuitionistic G-fuzzy bounded
linear operators from one intuitionistic G-fuzzy normed linear space
(X, GnNy, Gy s *1,01) to another intuitionistic G-fuzzy normed linear space
(Y, Gny,, Goryy %2,02) by ZGBF (X, Y).

Theorem 3.14. Let (X, Gy,, Gy, min, max) and (Y, Gn,, G, min, max) be two
intuitionistic G-fuzzy normed linear spaces. Then ZGBF (X,Y) is a linear space.

Proof. For Ty, T, € IGBF(X,Y) and X\ € K we define
(Ty + 1) (z) = Th(x) + Tr(z), (NT1)(z) = AT (z).
Since 17, T5 are strongly intuitionistic G-fuzzy bounded, then 9L, L, > 0 such that

t t
GNQ(T1$7T1yaT1Z7t) > GNl (l’,y,Z, 7)7GM2(T1$>T1y7TIZ>t) < GM1 (ﬂf,y, 2, 7); (1)

L1 Ll
t t
GNQ(T2377T2?J;TQZat) 2 GN1 (x7y7z7 E)7GM2(T2x7T2y7TQZ7t) S GMl (%y;% fg) (2)

Now we consider two scalars «, 5. Suppose o # 0 and S = 0. Then Vo € X we have,

G, ((oTy + BT2)z, (T + BT2)y, (aTy + 1)z, t)
=Gp,(aTyz, Ty, a1z, t)

t
=Gy, (Thx, Tvy, Tz, m)

>Gy, (2,y, 2 )( from (1)).

" Li|al
Similarly using (1) we have

t

G, (T + BTo)x, (aTy + BTo)y, (oTy + f15)z,t) < G, (2, Y, 2, Tilal
1

).
Again if o = 0 and 8 # 0 then by similar manner with the help of (2) we have

t
Gra((0Ty + FDo)e, (T + BTo)y, (aTi + fT2)2, 1) 2 G (29, 2 7-ap).
2

G ((Th + BTy, (ot + BTa)y, (@Th + f12)z,t) < Gy (2, Y, 2, ﬁ)
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Now suppose that a, 5 # 0. Then we have

G, (1) + BT3)z, (a1 + B10)y, (1) + f13)2,t)
=G, (aTiz + pTex, Ty + ﬂTQy7 aTyz+ Tz, t)

t
>min{Gy, (aT 1z, aTyy, aT) z, ) GNQ(BTQ:U BTy, BTz, 5)}

= min{Gn, (T (o), Tl(ay) Ti(az), ) GNz(Tz(ﬁx) T5(By), Ta(B2), t)}

) G, (B, By, Bz, 5 )}

>min{Gy, (azx, oy, az, 5T

t t
=min{G —),G — )}
mln{ N1(:U7y7 Zs 2L1|Oé‘)’ M1(x7y7za 2L2’B’)}
Let us choose L = max{QLl\a\ 2L5|B|}. Thus L > 0 and L > 2Ly |al, L > 2L,y 3.

1 1
So 7 <37, [al’ L < 2L ER Then

t t t t
G —) > G —),G — ) > G —).
Nl(x7y7272[1| |)— N1<:C7y727 [)7 Nl('xay7272[2|5’)_ Nl(xayaza [)
Thus we have
min x 2, —/—— X X .
N \T, Y, 5 1| ‘ G (2,2 5 2’5’ > Gy, (1,9, 2 T

Hence from above calculations it follows that

GNQ((aTl + BTQ)':E’ (aTl + 6T2>y7 (aTl + BTQ)th> > GNI (xvya Z, E)

On the other hand

G, ((aTy + BTo)z, (o1 + B1o)y, (o1 + 51%)z,t)
=G, (T1(ax) + Ta(Bx), Ta(ay) + T2(5y) Ti(az) + Ta(B2),1)

< max{Gy, (T (0z), T1<ay> Ti(a2), ), Gan(To(52), To(By), To(52). 5))

t

) G (B2, By, B2, 57—}

<max{Gy, (azx, ay, az, '3
L,

=max{Gy, (x,y, z

t t
' q LY
72L1|Oé|>, Nl(xvyaza 2L2|6’)}

We have

t
GM1($7ya Z, Z) > GMl(x>ya z

t
> G —_—
= M1($7y72, 2L1|O{|)’

t
G — — ).
M1<x7yazaL) ’2L2‘5|
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Then

t ¢ _t
G . G ¢
Ml(:E,y,Z,L) _max{ M1(x>yaz> 2L1‘Oé‘)’ M1<$’y7z’ 2L2’6’)}

t t t
— G —), G — ) <G —).
maX{ M1(xvy’zv 2L1|0z|)’ M1(m’yazv 2L2|B|)} = Ml(x7y7Z7L)

Thus above relations implies that

t
GNQ((O‘/Tl + /BTQ)'ZE’ (aTl + 5T2>y7 (aTl + 5T2)27t> < GNI (l'a Y, z, E)

Therefore we have o17 + 51, € IGBF(X,Y).
Hence ZGBF(X,Y) is a linear space. O

4. INTUITIONISTIC G-FUZZY OPERATOR NORM

In this Section intuitionistic G-fuzzy operator norm is defined in the space of bounded
linear operators from an intuitionistic G-fuzzy normed linnear space to another
intuitionistic G-fuzzy normed linear space.

Theorem 4.1. Let (X, G, Gy, *, <) be an intuitionistic G-fuzzy normed linear space

such that x is lower-semi-continuous at (1, 1) and ¢ is upper-semi-continuous at (0, 0).
We deﬁne ||a K '||<1)u ||7 *y ||i P X = RZO CleOllOWS.'

lz,y, zlla = Mt > 0: G,y 2,) = 1=a}, oy, 2]5 = Mt > 0: Gu(a,y,2,1) < o}
forevery a € (0,1) and for all x,y,z € X. Let us denote Q1 = {||-,-, || : « € (0,1)}
and QQ = {||7 "y ||?x SRS (Oa 1>} Then

(1) (X, Q1) is a generating space of quasi-G-norm family.

(2) (X, Q-2) is a generating space of quasi-G-norm family.

Proof. (1) The proof of (1) is similar to that of Theorem 2.18.
(2) Now we prove (2).
(1) Letustake z,y,z € X.
|z, y. 2[[5 = 0V € (0,1)
< ANt >0:Gun(z,y,2,t) <a}=0Va € (0,1)
< Gy (z,y,2,€) < aforevery e > 0;Va € (0,1)

— Guy(z,y,2,t) =0Vt >0

—r=y=z=040.
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(ii) Letc € K. For ¢ = 0 we have ||cz, cy, cz||2 = 0 = |||z, y, z||%-
Suppose ¢ # 0. Then

ez, ey, cz||2 = At > 0 : Gp(cx, ey, cz,t) < a}

t
:/\{25>03GM($7%27_ SO[)}

c]
=lc|A{t >0:Gu(z,y,2,t) < a}
=lcllz, y, 2[5
(iii) Itis clear that ||z, y, z||2 = ||p(x, y, 2)||> where p is a permutation of ., y, 2.
(iv) Suppose o € (0, 1). Then by the upper-semi-continuity of ¢ at (0, 0) there is
f € (0,1) such that 5o 5 < a.
If Gy(z,y,2,8) < fand Gy (2, Y, 2/, t) < [ then we have,
Gulx+2 y+y,z2+72,s+1t) <Gu(x,y,2,5) 0 Gu(a',y, 2 1)
<pop

<.

Thus Gz + 2",y +y, 2+ 2, s +1) < a.
Now

A{s>0:Gy(z,y,2,8) < B+ ANt>0: Gy, 2 t) < B}
=AN{s+t>0:Gulz+2"y+y,z+7,s+1t) <a}
>A{s+t>0:Gyz+2"y+y,2+7,s+t) <a}.

Then we have,
lz+ 2y +3, 2+ 2lla < llw,y, 205 + 12,9/, 215
(v) Let us take x,y,z € X. We know that G/ (z + 4,0, 2,t) < Gu(x,y, 2,t).
Soif Gy(x,y,z,t) < athen Gy(z + vy, 0, 2,t) < a. This implies that
{t>0:Gy(z,y,2,t) <a} C{t>0:Gy(x+y,0,2,1t) <a}
= AN{t>0:Gu(z,y,2,t) <a} >A{t>0:Guylx,,0,21t) < a}
= |lz,y, 2[5 = lla + 9,0, 23
(vi) Now suppose aj,as € (0,1) and oy < ao. If Gy(z,9,2,t) < «y then
Gu(z,y, 2z,t) < ag. Thus we have,
Nt >0:Gylz,y,z,t) <ar} >A{t>0: Gylz,y,2,t) < as}
>A{t>0:Gy(z,y,2,t) < as}.

So [z, Y, zllar > (|2, 20
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Hence ()5 is a quasi-G-norm family.
Consequently the theorem holds. [

Proposition 4.2. Let (X, Gy, Gy, *,9) be an intuitionistic G-fuzzy normed linear
space such that Gy (z,y, z,-), Gy (z,y, 2,+) : [0,00) — [0, 1] are continuous at t = 0
forevery x,y,z € X with (x,y,z) # (0,0,0).

Let us define ||x,y, 2|, = AN{t > 0: Gy(z,y,2,t) > 1 —a} and

|z, y, 2|2 = A{t > 0: Gy, y,2,t) < a} forevery a € (0, 1).

Then ||z, y, z||L, ||z, vy, 2|2 > 0 for every o € (0,1) and for every z,y,z € X with
(x,y,2) # (0,0,0).

Proof. If possible suppose Jap, 5y € (0,1) and xg,yo, 20, 20, Y, 2 € X with
(%0, Y0, 20) # (0,0,0) and (x(, v, 2;) # (0,0,60) such that ||xg, yo, 20]|la, = 0 and
b, v 241l = 0.

Since ||xo, Yo, 20]|lay = O so from definition it follows that Gy (xo, yo, 20,t) > 1 — g
for every t > 0. We have G (g, Yo, 20, 0) = 0. Since G (¢, Yo, 20, -) is continuous at
t = 0so forany € > 0, 30 > 0 such that G (z0, Yo, 20, t) < € forevery 0 < t < 4.

Let us take € = 1’% Then 30 > 0 such that G (g, Yo, 20, t) < € for every 0 < ¢t < 4.
We choose 0 < ¢ < 6. Then Gy (zo, Yo, 20, to) < 1522.

But already we have, Gy (g, Yo, 20, t0) > 1 — .

Hence we arrive at a contradiction.

Therefore ||z, y, z||L, > 0 Va € (0,1) for every z,y, 2 € X with (z,y,2) # (6,6,6).
Again we have assumed that ||z, y(, 2|3, = 0. So G (xy, y0, 20, t) < Bo ¥Vt > 0.
Now G (25, y6, 26,0) = 1. By the continuity of Gy (zf, yp, 26, ) at t = 0 it follows
that for any € > 0 36 > 0 auch that G/ (xf, yj), 2, t) > 1 — e forevery 0 < ¢ < 4.

Let us take ¢ = 1 — 5. Then € > 0. So 30" > 0 such that G/ ((xy, yp, 20, t) > 1 — €
forany 0 <t < ¢'. Letus take 0 < t;, < ¢'. So Gar(xg, yj), 20, ti,) > Bo. This leads to a
contradiction.

Hence our assumption is wrong. As a consequence ||z, v, 2|2 > 0 Va € (0,1) and for
every (x,y,z) # (0,0,0). O

Theorem 4.3. Let (X, Gy, Gy, min, max) be an intuitionistic G-fuzzy normed linear
space. Let us define ||z,y,z||L = ANt > 0: Gn(z,y,2,t) > 1 —a} fora € (0,1)
and denote Q1 = {||-,-,-||L : « € (0,1)}. Also we define |z,y,z||% = Nt > 0 :
Gu(z,y,2,t) < a}fora € (0,1)and Qs = {||-,-,-||2 : « € (0,1)}. Then (X,Q1)
and (X, Q) are generating spaces of semi-G-norm family.

Proof. The proof of (X, 1) follows from that of Theorem 2.19. Thus we may proceed
for the proof of (X, Q).
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1. Suppose z,y,z € X and o € (0, 1).
2,y 2[5 = 0 Va € (0,1)
< ANt >0:Guy(x,y,2,t) <a}=0Va € (0,1)
< Gy (z,y,2,€) < aforevery e > 0;Va € (0,1)
< Guyl(z,y,2,€) =0 forevery e > 0
— Gul(z,y,2,t) =0Vt >0
=S ar=y=z=0.

2. Suppose ¢ € Kand z,y,2 € X. Forc = 0, ||cx, cy, cz||2 = 0 = |||z, y, z||2, for
every a € (0, 1). Suppose ¢ # 0. Then

ez, ey, cz||> = A{t > 0: Gn(cx,cy,cz,t) < a}

=/\{t>O:GM(x,y,Z,i) < a}

]
=lc|A{t>0:Gu(z,y,21t) < a}
=lc[ll2, v, 2|5
3. ||z, y, 2|2 = ||p(z,y, 2)||2 for every permutation p of x, y, 2.
4. Suppose o € (0,1) and z,2",y,vy, 2,2 € X. If Gy(z,y,2,t1) < « and
Gy (2, y, 2 ty) < « then we have
Guz+2 y+vy, 2+ 2 t1+t) <
max{Gpy(z,y, 2, t1), Gy (z,y,2,t2)} < «
= Guz+2y+y,2+ 2t + 1) < a.
This implies that
ANt >0:Gu(z,y,z,t) <al+AN{s>0:Gua,y, 2 s) <a}
=A{t+s5>0:Gulx,y,2,t) <a,Gyu,y, 7, s) < a}
>A{t+s>0:Gyulz+2y+y,z+2,t+3s) <a}.
Sollz+a',y+y, 2+ 2|3 < llz,y, 22 + 2,9, 2|3
5. We have Gy (z,y, 2,t) > Gy (z +y,0,2,t) Vo, y, 2 € X; ¥Vt > 0.
If Gz, y,2,t) < athen Gy (x +y,0x,2,t) < afora e (0,1).
So{t>0:Guy(x,y,2,t) >1—a} CGylx+y,0,2,t) >1—a}.
This implies that
Nt >0:Gu(z,y,2,t) <a} >N {t>0:Gylr+y,0x,2,t) < a}.

Hence ||z, y, z||a > ||* + v, 6, 2|l Yo € (0,1).
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6. Let us take oy, an € (0,1) with ay < ag. Thus we have, if Gy (z,y,2,t) <
then Gy (x,y, 2,t) < ao.
Hence A{t > 0: Gy(z,y,2,t) < a1} > AN {t>0:Gy(x,y,2,t) < as}
ie [z, y, zllar = |2, 20
So ||z, y, z|| is non-increasing for o € (0, 1).

Hence (X, ()2) is a generating space of semi-G-norm family. O

Theorem 4.4. Let (X,Gy,, Gy, min, max) and (Y,Gn,, Gy, min, max) be two
intuitionistic fuzzy normed linear spaces such that Gy, (x,y,z,-),Gn,(x,y, 2, )
[0,00) — [0,1] is continuous at t = 0 for (z,y,z) # (0,0,0). For Ty,T5, T €
IGBF(X,Y) we define

3 N.
Tix, Ty, T:z|[72
HTI;T%T?)H%fa: \/ ZH b & ZM|1’170[

ryz€X  i=1 .y, zlla

(z,y,2)7#(0,0,0)
and 3

Tix, Ty, Tiz|| M2
(EAE A0 T I W @ KECGRE R e

||$,y,z||a

z,y,z€X =1
(z,y,2)#(6,0,0)

where ||x,y,z||N = At > 0 : Gn(z,y,2) > 1 — al,||z,y, 2| = A{t >
0 : Gu(z,y,2,t < o}, [T, Ty, Tz||N2 = AN{t > 0 : Gn,(Tx, Ty, Tz) >
1—a}, || Tz, Ty, Tz|M2 = At > 0: Gy, (T, Ty, Tz,t) < a} for every a € (0, 1).
Let us denote Q' = {||-,-,-||L : « € (0,1)},Q* = {||,~,-||2 : @ € (0,1)}. Then Q', Q?
are two semi-G-norm family on ZGBF(X,Y).

Proof. 1. Letustake 71,75, 75 € ZGBF(X,Y).
Now HT17T27T3H¢1x =0Va € (0, 1)

3
Tix, Ty, T2
= \/ ZH 2Ty Tzla® gy e (0,1)

I, , 227

z,y,2€X =1
(z,y,2)#(0x,0x,0x)

| T, Tiy, T2]| 3
|2, v, (11"
— ||Tiz, Ty, Tiz||Y> = 0Vr,y, 2 € X(i = 1,2,3)
< Tax=Ty=Tz=0Vr,y,z€ X(i=1,2,3)
= Ti=0>=123).

=0Va e (0,1)(i=1,2,3)

2. Ttis obvious that ||cTy, Ty, cT3||L = |e||| T4, Ty, T3||% Ve € K.
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3. ||T1, T3, T3\ is invariant under any permutation of T3, Ty, T for every o € (0, 1).
4. Suppose Ty, 17, Ty, T4, T3, Ty € ZTGBF(X,Y). Then

Ty + 17, T + Ty, Ts + T3],

-V ST+ T, (T + Ty, (T; + T 2|2
1

e, 7, 2017

%y,ZGX i=
(x7yzz)7é(97970)

Y i |Tyx + T/, Toy + Tly, Tyz + T}2||>

z,y,2€X i=1 H$, Y Z‘H\J—la

(,y,2)#(6,0,0)
Since we have
|Tix + T}z, Toy + T}y, Tiz + T;2||* < | Ty, Ty, Tiz|| 3> + | Tix, Tiy, T} 2| 3
so it follows that

Ty + T7, T + T3, T3 + T3]|,,

3 3
< \/ Z | Tz, Ty, Tiz|| 3> n \/ Z | T}z, Ty, T, ||
B ryz€X  i=l1 Hx?y’ZH%a ry2€X  i=l1 ||x’y7z||iv£la
(z,y,2)7#(0,0,0) (z,y,2)#(0,0,0)

=172, To, Ts o, + 177, T3, T

Hence we have,
Ty + T4, Ty + T, Ts + Tglls, < [T, To, Ts||g + |17, Ts, T3], Yoo € (0,1).

5. By definition,

| Ty + Ta, O, TsI%

-V (T + To)z, (T + To)y, (T1 + T»)=|3* I | Ts2, Tyy, Tsz||5"
- M M
x,y,2€X Hxﬂyvzul—la z,9,2€X ”mayvznl—la
(x7yﬁz)#(97979) (x7y7z)¢(97079)
_ \/ |Tvz + Tox, Try + Toy, Tiz + Toz||5? \/ | T3, Tay, Tsz|| 5>
- M M
z,y,2€X ||x7yaz||1—la x,y,2€X ||l'7yaz||1—la
(z,y,2)#(0,0,0) (z,y,2)#(6,0,0)
3 N.
|Tiz, Ty, Tiz|[o*
< VX i
ty,z€X  i=1 Hl’ayaz\h_a

(x7y7z)#(07979)
=Ty, T, T5]|%

So |1y + Ty, O, Ts||k < ||Th, T, T3)|2, for every a € (0, 1).
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6. Let us take oy, ay € (0,1) with ay < as. Then we have,

Iz, y, 212, < llz,y, 2l ",
1

I, y, 2l %, Iy, 2lh .,

Also | Tyx, Ty, ;2|32 > || Tix, Ty, T;2|| 32 (i = 1,2, 3).

This implies that

HTthhTAM?>!ﬂhaﬂ%7kﬂ%

= M
”.Z' yazHl —aq ”x7y7zH1—1a2

3
Z | T3z, ﬂy,TzHNf N Z | Tz, szvT'Z”N;

= =, %ZHl o T =y,
3
N \/ Z | T, szaTZH 2 > \/ Z | T, sz,TZHNQQ
z,y,2€X =1 ”x y’ZHl [e%1 z,y,2€X i=1 H‘T y’z”l asg
(2,y,2)#(0,0,0) (w,y,2)#(0,0,0)

= ||, To, T5|| 5, > 171, T2, Ts]l,, -

Hence || Ty, Ty, T3]|., is non-increasing for a € (0, 1).

1. Letustake 77,75, 73 € ZGBF(X,Y).

Now ||T1, Ty, T3||2 = 0 Va € (0, 1)

3
— Tix, Ty, Tiz|| )
v S IERT T
z,y,2€X i=1 ”33, Y, Z||1_a
(%,9,2)#(0x,0x,0x)

1T Ty Tella _ gy ¢ (0,1) (i = 1,2,3)
2,y 2[112,
— || Tiz, Tyy, Tiz|M2 = 0Va,y, 2 € X(i = 1,2,3)
< Tao=Ty=Tz=0Vr,y,z€ X(1=1,2,3)
=T, =00 =1,2,3).

2. Itis obvious that ||cT, cTy, cTs||2 = |c||| Ty, Ty, T3] Ve € K.

3. ||T1, T3, T3||? is invariant under any permutation of T3, Ty, T for every o € (0, 1).



196 Riya Dey and T. Bag

4. Suppose 11, 17,15, 15,15, Ty €« ZTGBF(X,Y). Then

Ty + TV, To + Ty, T3 + T2
Ly T (T T (T T

N
(w,y%)?ﬁ(@,@ﬂ)

=V i | Tix + Tz, Ty + Tly, Tz + T} 2| >

z,y,z€X =1 ||.T, Y, ZHi\Ea
(z,y,2)#(0,0,0)

Since we have
| Tia + Tz, Ty + Tjy, Tz + T;2|| 37 < | Tiw, Ty, Tiz|| 32 + T}z, Ty, T; 2|1 3
so it follows that
|IT7 + T4, To + T3, T + T3]3
SRRVARD g (i I R VI o (TN

N N
x,y,2€X i=1 HxvvaHl—la z,y,2€X i=1 ||[E,y,Z||1_la
(z,9,2)7#(0,0,0) (2,,2)7(0,0,0)

=171, T, Ts|lo + |77, T3, Tl

Hence we have,
HTl + Tll?TQ + T2/7 T3 + TéHZ < HT17T27 T3H(21 + HTlla T2/7 TéHZ Va € (07 1)

5. By definition,

Ty + To, O, T5|2

V (T + T)z, (T1 + To)y, (Ty + To)2|1 4" I, T3, Tay, Tsz|| 3"
N- N-
z,y,2€X ijyaz\h_la z,9,2€X ”xayaznl—la
(m7y7z)¢(97970) (x7y7z)¢(97976)
-V |Tva + Tox, Try + Toy, Tiz + Toz|| 32 N \/ | Tsa, Tsy, Tsz||5"
- N- N-
z,9,2€X |’x7yvz||1ia z,y,2€X Hx7yaz”1ia
(z,y,2)#(0,0,0) (w,y,2)#(0,0,0)
3
< \/ Z HE%EQ,EZH(]X&
= Nl
z,9,26X i=1 HxayazHl—a
(z,y,2)#(0,0,0)
=||Ty, T, T5] |2

So || T} + Ty, O, T3||2 < ||Th, T, T3||% for every a € (0, 1).
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6. Let us take oy, ay € (0,1) with ay < as. Then we have,

I, 5, 2%, < Nl y, 2l
1

.y, 21, M2y, 2l
Also | Ty, Ty, Tiz||A2 > || T, Ty, Tiz |02 (i = 1,2, 3).

This implies that

T, Tog, Tiz3% T, Toy, T 32

Hﬁc yozlhie, Z/,ZHl Lo
Z | T, T'?J;T'Z”é\ff > Z | Tiz, T’y,T‘zHéWj
i=1 ”ZL’ y?"7’H1 ai B i=1 Hl’ yvzul —a2
Tz, Ty, T; 2 3 Tz, Ty, T;z|| M
oy oy lmeBueTel oy, g e T Tel
,y,2€X =1 H]; y’ZH1 o1 z,y,2€X =1 H.ﬁlﬁ' y’ZH1 o2
(w,y,2)#(0,0,0) (%,y,2)#(0,0,0)

- ||T17T27T3||?xl Z ||T17T27T3||?12

Hence ||Ty, Ty, T3]} is non-increasing for a € (0, 1).

Hence (ZGBF(X,Y),Q') and (ZGBF(X,Y),Q?%) are two generating spaces of
semi-G-norm family on ZGBF(X,Y). O

Proposition 4.5. Let (X, Gy, , Gy, min, max) and (Y, Gn,, Gpr,, min, max) be two
intuitionistic G-fuzzy normed linear spaces. Suppose Ty, T», T3 € TGBF(X,Y). Let
us define |11, Ty, T3 L, || Th, Tz, T3|)% : {ZGBF(X,Y)}* — R as follows:

3
Toa. Tov. T 2 || V2
I T, Tl =/ ZH i, Ty, Tzllg®
zy,2€X 0=l 2, y, 2[liZ
(z,y,2)#(0,0,0)

||i _ \/ Z ||T1" Ty>TZHM2

z,y,2€X i=1 ||C(] y’ZH
(z,y,2)#(6,0,0)

||T17 T27 T3

where ||z, y, z||N = At > 0 Gy, (z,y,2,t) > 1 —al,|z,y, 2| = At >
0 : G (z,y,2,t) < o}, |Tz, Ty, Tz|5> = ANt > 0 : Gn,(Tz, Ty, Tz,t) >
1—a}, [Tz, Ty, Tz||M = A{t > 0: Gy, (T2, Ty, Tz, t) < a} for every a € (0, 1).
Then || Ty, T, Ts||1_, > |11, Ty, T3||2 for every a € (0, 1).
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Proof. Suppose o € (0,1). If Gn,(x,y,2,t)) > 1 — « for some ¢, > 0 then
Gy, (x,y, z,tg) < «. This implies that

ANt >0:Gpn(x,y,2,t) >1—a} >Nt >0:Gpl(x,y,2,t) < a}
= llz,y,2la" = [y, 2lla"

= “:E yazHl - = HZE .%2’”
1

.y, 210% T~ oy, 2lla

By similar argument for each i = 1, 2, 3 we have
|Tiz, Ty, Tizlla* = | Tiwe, Toy, Tozll".
Therefore from above it follows that for (z,y, z) # (0,6, 0),

| Tiz, Tiy, Tiz||5* _ T, Ty, Tiz[|o"
T N
2, y, 2112 H:L‘ Yzl
Z | Tiz, Toy, Tiz||5" Z | T3z, sz,TZHM

= = y,ZH = = y,zH
N \/ Z ||Tx Ty, T;z|| Y Z ||Tac Tyy, Tpz|| M2
z,y,zEX i=1 ’l‘,y,ZH%a i=1 ‘.f,y,ZHl_

(2,9,2)2(0.9.0)

Tix, Ty, T;z|| 3 Tix, Ty, T;z|| 3
— \/ Z” z, Ty, Tz > \/ ZH z, 17y NTH

T,y,2€X i=1 |$7y72||1—a z,y,2€X i=1 |x,y,2||1_
(2.0,)2(6.0,6) (2.9,)2(6.0,6)

= | T, Ty, ||}, > ||T1, To, T3 )2

]

Theorem 4.6. Let (X,Gy,, Gy, min, max) and (Y, Gy,, Gar,, min, max) be two
intuitionistic G-fuzzy normed linear spaces with G y,(x,y, z, -) is continuous at t = 0.
ForTy, T, T3 € IGBF(X,Y') we have

3
Tz, Ty, T;z2)| >
I = 3 e tw Tl

z,y,2€X i=1 ||$,y,z||1_
(z,,2)7#(0,0,0)

3
Tia, Ty, Tiz|| 3"
HTDTQ’T?»Hi = \/ Z || s N1||

z,y,2€X =1 Hx7y72”1_
(z,y,2)#(0,0,0)
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foreach o € (0,1).
Now we define Gr,,,Gz,, : {ZGBF(X,Y)}® x [0,00) — [0, 1] as follows:

\/{Oé S (07 ]‘) : ||T17T27T3”i < t}7 lft >0,

Gt (T 7Tg,Tg,,zf) =
w0 0, ift = 0;

Ma € (0,1) |1y, To, Ts||F -, <t} ift >0,

GI (T17T27T37t) =
" 1, ift =0.

Then the pair (Gz,,Gz,,) is said to be intuitionistic G-fuzzy operator norm on
IGBF(X,Y).

Proof. 1. First we have to show that Gz, (T1,Ts, T3,t) + Gz, (T1, 1o, T3,t) <
1Vt > 0.
For ¢ = 0 it is obvious.
Suppose t, > 0. Let us assume that Gz, (71,75, T3,t) = .
Since Gz, (11,15, T3,t) = « so there is a sequence {a,} in (0, 1) such that
o, — g and || Ty, Ty, T3||a, < to. By Proposition 4.5 we have, |1}, Ty, T3} >
| T, Ts, T3||2 for each a € (0,1). Then |71, Ty, T5|2 < ||T1, T2, T3lls, < to
ie. ||T1,15,T5|la, < to Vn € N. Thus by definition, Gz,, (7,15, T5,ty) <
1 —a,, Vn € N. So it follows that Gz,, (11,15, T3,t) < 1 — .
Hence we have

~

Gy, (11, T3, T3, o) < 1 = Gz, (Th, T2, T3, o)
= GIM(TlvTQaTSatO) + GIN(Tl,TQ,Tg,tO) < 1.

Since to > 0 is arbitrary, so Gz, (11, T2, T5,t) + Gz,,(Th, T2, T5,t) = 1 Vt > 0.
From the proof of Theorem 2.20 it follows that (ZGF N2 — ZGF N8) holds.
So we proceed for (ZGFN9 — ZGFN15).

2. From definition we have, Gz,, (11,1, 73,0) = 1.

3. Suppose T, 15,73 € ZGBF(X,Y)and t > 0.

Gz, (Th, Ty, T3, t) = 0Vt > 0
< Aa€(0,1): ||y, Ty, Ts5|3 , <t} =0Vt>0
> ||Ty, Ty, T3], <tVa € (0,1);Vt >0
— |T\, Ty, T5||>_, = 0Va € (0,1)
—=Ti=T=T;=0.



200

Riya Dey and T. Bag

4. Ttis evident that Gz, (aTy, aTy, T3, t) = Gr,, (Th, Tz, T3, 1% for a(#£ 0) € K.

laf

5. G, (11, Ty, T3,t) = Gr,,(p(T1, Ty, T3), t) for every permutation p of T}, Ts, 7.

6. Letus take 7', 15, 15,77, 75,75 € ZTGBF(X,Y). It is to prove that

Gz, (Ty + T, Ty + Ty, Ty + T4, s +1) <

max{Gz,, (T1, 1>, T3, s), Gz,, (T, Ty, T3, t) Vs, t > 0.
Fors =t=0;5s=0,t > 0;s > 0,t = 0 this is obvious.
So let us assume that s,¢ > 0. Then s +¢ > 0.
Gy (T, Ta, Ty, ) = Ma € (0,1) : |Th, o, Tsf; ., < s},
Gy (T1. T3, T3, t) = Ma € (0,1) : | T, T3, T3, <t}
G (T + T, Ty + T3, Ts + T3, s + t)
=MNae(0,1): [Ty + T, T+ T3, T5 + T4}, < s+t}.

It is to prove that

Gz, (Ty + T, Ty + Ty, Ty + T4, 5 +1) <
max{Gz,, (11, Tz, Ts, s), Gz,, (11, Ty, T4, 1)}.....(C).

Let us assume that Gz,, (T}, T», T3, s) = o, Gr,, (11, T3, T5,t) = Bo.

If ag = By = 1 then there is nothing to proof.

Suppose that max{ag, 5o} = ap. Then Gy < ap. Let By < a9 < v < 1. Then
Ja, B < 7 such that ||T, T3, Ts]|7_, < s and ||T{, T3, T5]|7_5 < t. Let us take
0=aApf.Thend < .

So HT17T2>T3||%—6 <s, ‘|T1/7T2/7Té||%—6 <t

Now [Ty + T}, To + T3, Ts + Ti|[3_s < |10, T, Tl s + |17, T3, T3 s
—= [T+ 1], T+ 15, T+ T4 s < s+t

— Gz, (T + T, Ty + Ty, Ts + T4, 5 +1) <0

= Gz, (Ty + 1), To + Ty, T5 + Ty, s + 1) < 7.

Here ~y is arbitrary, so (C) is satisfied.

. Suppose a € (0,1) and t > 0. We know that |7}, T5, T3]? , <t =

Ty + 1o, O, T3]3 _,, < t. Thus

{Oé € (07 1) : ||T17T27T3”%—a < t} - {Oé € (07 1) : ||T1 +T27O>T3||%—oz < t}
— Aac (0,1): |11, T, T3]?_, <t} > AN{ac(0,1): ||Th + T, O, T3)3_, < t}
= Gz, (11,15, T3,t) > Gz,,(T1 + T2, O, T3, t).
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8. Suppose t — oco. Then it is evident that for each « € (0, 1), |1}, T5, T3||?_,, < t.
Thus we have,

lim Afa € (0,1) Ty, To, T35, <t} =0
— 00
- thm GIM (Tl, T, Tg,t) =0.

—00

Therefore the pair (Gz,,Gz,,) is an intuitionistic G-fuzzy norm with respect
to t-norm min and t-co-norm max on ZGBF(X,Y) which is said to be the
intuitionistic G-fuzzy operator norm on ZGBF(X,Y).

]

CONCLUSION

In the present paper our aim are to study different types of fuzzy bounded linear
operators and fuzzy continuous operators in intuitioistic G-fuzzy normed linear spaces
and set up some relations among them. We have proved that the set of all strongly
intuitionistic G-fuzzy bounded linear operators from (X, Gy,, Gy, min, max) to
(Y, Gn,, Gy, min, max) forms a linear space. Moreover, we have defined the
intuitionistic G-fuzzy operator norm for intuitionistic (G-fuzzy bounded linear
operators.

Since bounded linear operators play a pivotal role in the development of functional
analysis so our study ensure that there are lot of scopes for future works (e.g.
Hahn-Banach theorem, Open Mapping Theorem, Closed Graph Theorem, Uniform
Boundedness Principle and so on) will be carried out on intuitionistic G-fuzzy normed
linear spaces.
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