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Abstract

We investigate the matrix information retained by the characteristic quasipolynomial
of planar linear systems with multiple discrete delays. The quadratic determinant
is expressed through traces, determinants and pairwise polarized determinant
invariants. Decomposing each coefficient matrix into scalar and traceless parts
identifies the universal spectral signature with scalar traces and a Gram matrix on the
traceless matrix space. Substituting numerical delays induces a linear aggregation
map governed by coincidences between delay sums. We prove that its formal rank
equals the number of distinct delays plus the number of distinct pairwise delay sums.
For two positive delays, nine generically independent invariants are recoverable
away from the ratios 1, 2 and 1/2. The recoverable dimension drops to eight on the
1:2and 2 : 1 resonance lines and to five when the delays coincide. Explicit kernels
and real matrix examples establish sharpness. The framework separates algebraic
information loss from arithmetic aggregation and supplies invariant coordinates
for subsequent spectral analysis. The analysis is carried out at the level of the
exact determinant, so the aggregation mechanism can be examined independently
of numerical root computations. We distinguish the formal linear rank of the
aggregation operator from the realizability constraints imposed by actual matrix
tuples. This distinction clarifies which coefficient combinations are merged by
resonant delays and which limitations are already present in the universal invariant
representation.

Keywords: delay differential equation, matrix invariant, trace, determinant,
quasipolynomial, Gram matrix, spectral recoverability, delay resonance, Sidon
set
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1. INTRODUCTION

Linear delay differential equations arise in control, biological dynamics, epidemiology,
networked systems, and engineering whenever present rates of change depend on
past states. Even for linear systems, the introduction of constant delays replaces a
finite-dimensional eigenvalue problem by an infinite spectral problem governed by the
roots of a characteristic quasipolynomial; see, for example, [1, 2].

For systems with two independent delays, an extensive literature describes imaginary
characteristic roots, stability crossing curves, crossing directions, and stability regions
in the delay plane [3, 4]. These approaches are primarily concerned with the position
and motion of characteristic roots. The present work asks a different structural question:
which algebraic information about the coefficient matrices is actually observable through
the exact characteristic quasipolynomial?

Suppose that all coefficient matrices are simultaneously conjugated,
A] — PilAjP7 P < GLQ

The state coordinates change, whereas the characteristic equation does not. Thus
individual matrix entries are not intrinsic spectral parameters. Classical invariant theory
provides the natural language for this issue. The simultaneous-conjugation invariants
of tuples of 2 x 2 matrices were studied by Sibirskii and, in a broad framework, by
Procesi; later accounts include Drensky [5, 6, 7]. For three or more matrices the full
invariant algebra contains cubic trace information. Reconstruction from traces of words
of lengths one and two is therefore generically finite-to-one rather than injective [8].
These classical results are background here; we do not claim a new generating theory for
matrix invariants.

The characteristic determinant of a planar delay system has lower algebraic complexity.
Because the determinant on M5 is quadratic, the universal characteristic polynomial sees
only traces, determinants, and pairwise mixed quadratic invariants. This motivates our
first reduction:

matrix tuple — universal algebraic spectral signature.

A second reduction occurs after the numerical delays are fixed. Substitution of z; = =7
may force different universal monomials to acquire the same exponential factor. Their
invariant coefficients are then aggregated. We study this second map exactly:

universal spectral signature — fixed-delay quasipolynomial.

This viewpoint is deliberately different from structural identifiability in the input—output
sense. Time-delay identifiability has been investigated, for example, through generalized
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frequency-response functions [9]. We instead assume the characteristic quasipolynomial
itself is known exactly and ask which invariant coefficients can be recovered from it. We
therefore use the terms spectral recoverability and quasipolynomial recoverability.

Additive relations among delays are also central in recent delay-system literature.
Dubon [10] studies frequency collisions in neutral functional differential equations
using determinant cycle covers, torus lifting, and graph structure. Our mechanism is
different: matrix invariants are first defined at the universal-polynomial level and only
then aggregated by equal scalar delay sums. The two mechanisms occur at different
stages of the determinant construction.

The exceptional sets of delays are related to classical additive combinatorics. Conditions
requiring pair sums (or, equivalently after translation, pair differences) to be distinct are
associated with Sidon sets and Golomb rulers [11]. Related hyperplane arrangements
appear in the mid-hyperplane literature [12]. We do not claim the underlying
combinatorial arrangements as new. Their role here is spectral: they determine the
rank loss of the fixed-delay aggregation map.

Our main contributions are as follows.

(i) We derive the exact universal characteristic polynomial of a planar multi-delay
system in simultaneous-conjugation invariant coordinates.

(i) We identify the resulting universal spectral signature with scalar traces and a Gram
matrix of traceless parts, clarifying the algebraic constraints for arbitrary numbers
of delays.

(iii)) We define the fixed-delay aggregation map and prove the exact rank formula

rank C,. = |D.| + ||

(iv) For two positive delays, where the nine universal invariants are generically
independent, we obtain the complete recoverability stratification 9/8 /5, including
explicit kernels and real examples showing sharpness.

2. UNIVERSAL CHARACTERISTIC POLYNOMIAL AND QUADRATIC
INVARIANTS

Consider

i(t) = Ayz(t) —i—ZAxt—T] A; € My(K), (1)

where initially K is an algebralcally closed field of characteristic zero. Set 7y = 0 and
introduce independent formal variables 24, .. ., z,,, with zp = 1.
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Definition 2.1 (Universal characteristic polynomial). For A = (A, ..., A,,), define

Pa(), z) = det <)\I -y ziAi> . 2)
=0

The characteristic quasipolynomial at the prescribed delays is obtained by the substitution

Py —AT;

j =€

For each 7, put
ti :tI'A,L', dl :detAZ-,

and for ¢ < j define
pij = tltj — tI'(AzA])

Lemma 2.2 (Polarized determinant identity). For M, N € M,(K),
det(M + N) = det M + det N + tr(M) tr(N) — tr(MN). (3)
Proof. For every 2 x 2 matrix M,

det M = % [(tr M)? — tr(M?)] .

Apply the identity to M + N, expand, and collect the mixed terms. [
Theorem 2.3 (Exact invariant representation). The universal characteristic polynomial
of (1)is

=0 i=0 0<i<j<m

Proof. Let M(z) =), %;A;. Since M(z) € Ms,
det(A — M) = A2 — Xtr M + det M.

The trace term is linear:

tr M = Z tZZz

Repeated polarization of the quadratic form det yields

i<j

Substitution gives (4). O
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Definition 2.4 (Universal spectral signature). The tuple

L(A) = ({ti} {di}, {pij})
is called the universal algebraic spectral signature of A. Two matrix tuples are universally
spectrally equivalent if their universal characteristic polynomials coincide.

Proposition 2.5. Two tuples are universally spectrally equivalent if and only if all their
coordinates t;, d;, p;; agree.

Proof. In the polynomial ring K[\, 21, . .., 2,,,], the monomials Az;, 22, and z;z; are
distinct. Equality of the universal polynomials is therefore equivalent to equality of their
coefficients. [

3. TRACE-GRAM REDUCTION

Write ’
Hence X; € sl3(K), a three-dimensional vector space. Define the symmetric Gram
matrix

G= (Gij), Gij = tI‘(XZ'Xj).

A direct calculation gives

2
G = — 2, 5)
tit; . )
Gij = 2J — Dij i F ] (6)
Conversely,
21
di = — _Gii7 7
5 (7
tits
Dij = 2] - Gij- 8)

Thus the spectral coordinates (¢;, d;, p;;) and (t, G) are polynomially equivalent.

Theorem 3.1 (Gram description of the universal spectral space). Let r = m + 1.
Over an algebraically closed field of characteristic different from two, the universal
spectral-signature space is naturally identified with

K" x {G € Sym,(K) : rank G < 3}.
Forr > 2, its generic dimension is
r+ (3r—3) =4r — 3.

For r > 4, the Gram component is cut out by the 4 x 4 minors of G.
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Proof. Necessity follows because all X; lie in the three-dimensional nondegenerate
bilinear space (sly, (X,Y) — tr(XY)). Conversely, over an algebraically closed
field every symmetric matrix of rank at most three admits a Gram realization in a
fixed nondegenerate three-dimensional symmetric bilinear space. The scalar traces
are arbitrary. The dimension formula for symmetric matrices of rank at most three is
3r — 3. O]

Corollary 3.2 (The two-delay case). For two delays, r = 3, the nine invariants

ta,tp,tc,da,dp,dc, paB, Dac, DBC

are algebraically independent. In particular, the universal spectral signature fills a
nine-dimensional affine space.

Remark 33
(Information beyond the linear delay spectrum). The full simultaneous-conjugation
invariant algebra of a generic triple of 2 X 2 matrices contains cubic trace information
not present in (4); see [5, 6, 7, 8]. For traceless parts X 4, X5, X¢, the classical cubic
orientation quantity

Q= tr(XAXBXc)

satisfies
9 1
O = 3 det G.

This classical invariant-theoretic relation explains why the characteristic quasipolynomial
observes the quadratic Gram data but not all information in the full conjugacy quotient.
We use this only as interpretation, not as a novel invariant-theory result.

4. REAL REALIZABILITY

For applications the coefficient matrices are real. In the basis

1 0 01 0 1
v 8) = () - (00)
the bilinear form (X,Y") — tr(XY') on sl (R) has matrix
diag(2,2, —2),
hence signature (2, 1).
Theorem 4.1 (Real spectral realizability). A pair
(t,G) € R" x Sym,.(R)

is realized by real matrices Ay, . .., Apn € My(R) if and only if

rank G < 3, ny(G) <2, n_(G) < 1.
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Proof. Necessity follows from the inertia of the trace form on sly(R). Conversely,
Sylvester’s law of inertia gives a factorization G = VT JV, where J = diag(2,2, —2)
after deletion of unused directions. The columns of V' define traceless matrices X;, and
A; = X; + (t;/2)1 has the prescribed signature. O

S. THE FIXED-DELAY AGGREGATION MAP

The previous sections concern the universal polynomial, in which the delay variables are
independent. We now fix the delay values. Define

Qi = di, Gij = pij (i <J).
Then

Ar( /\Zte_“ + Y ge TN 9)

0<i<j<m

Let
Vm — Km+1 D K(m+1)(m+2)/2

be the formal spectral-coefficient space with coordinates (¢;, ¢;;). We emphasize that for
m > 3, the realizable matrix signatures form a proper algebraic subset of this formal
space due to the Gram rank constraints.

Definition 5.1 (Delay-sum aggregation map). For fixed delays 7, define the linear map

Cr:V,, — &
by
= —)\Zt e —TiA + ZQZ] (ri+7) )\7
i<j

where &£ is the vector space spanned by the exponential-polynomial functions that occur
in the expression.

Define
={r:0<i<m}
and
Yr={n+71:0<i<j<m}
Lemma 5.2 (Independence of exponential polynomials). Let o, . . ., a4 be distinct real

numbers and let P,(\) be polynomials. If

> P(Ne =0,
k=1

then P, = 0 for every k.
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Proof. Order the exponents increasingly. Multiply by the exponential corresponding
to the smallest exponent and let real A — +o0o. The first polynomial must vanish
identically; iterate. ]

Theorem 5.3 (Exact rank of delay-sum aggregation). For the formal fixed-delay
aggregation map,

rankC, = |D.| + |X.]. (10)

Moreover,

kerC, = ¢ (0t,0q): »_0t;=0¥a, Y 6g;; =098

Ti=Q Ti+T1i=8

Proof. For every a € D, define

T, = Ztla

Ti=o

and for every 5 € ¥, define

Qp = Z Qij -

i<
Ti-‘,-Tj:,B

Equation (9) becomes

—A Z Toe ™ + Z Qpe ",

a€ED, BEX -

apart from the fixed leading term \2.

After grouping any exponent occurring in both sets, the coefficient of e~ is a
polynomial of degree at most one, —7T,\ + (). By the preceding lemma, all such
coefficient polynomials are independent. Consequently there is one independent
observable coordinate for each distinct delay and one for each distinct pair sum, proving
(10). The kernel description is the corresponding system of aggregation equations. [

Remark 5.4. Theorem 5.3 concerns the formal coefficient map. For three or more
delays, the dimension of the image of the realizable matrix-signature variety under C.-
may be smaller and is a separate algebraic-geometric problem. For two delays, the
nine universal coordinates are algebraically independent, so the formal rank equals the
generic recoverable dimension.
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6. COMPLETE TWO-DELAY STRATIFICATION

Consider
t(t) = Az(t) + Ba(t — 1) + Cx(t — 1), 71,72 > 0. (11)

Its nine universal coordinates are ordered as

(ta,tp,tc,da,dp,dc,pap,pac, PBC)-

Theorem 6.1 (Recoverability stratification for two delays). For (11),

9, 71/7—2 ¢ {17271/2}7
rankCr, -, = {8, 71/m € {2,1/2},

5, T — T2.

More precisely,

ker C; o, = span{eq, — €, },

ker Cy, , = span{eq, — €,,, },

whereas for equal delays the kernel has dimension four and is determined by
dtp + 6te =0, dpap + 0pac =0,

ddg + ddc + dppc = 0, 0tqg = d0dy = 0.

Proof. The relevant pair sums are
OJ T1, T2, 27—17 T1 +T27 27—2-

For positive delays, two different entries in this list coincide exactly when 7, = 75,
Ty = 271, or 71 = 275. Apply Theorem 5.3. The explicit kernels follow by recording the
colliding coefficients. When the delays coincide, the system reduces to

&(t) = Az(t) + (B+ C)z(t — 1),
so only the five combinations
ta, da, lp+tc, pas+tpac, dp+dc+psc

remain. OJ
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Figure 1: Generic recoverable dimension of the nine-dimensional universal spectral
signature in the positive two-delay plane. The generic regions have dimension 9; the
1:2and 2 : 1 resonance rays have dimension 8; coincident delays have dimension 5.

7. SIDON-TYPE INTERPRETATION

The full formal recovery of the quadratic coefficients occurs precisely when the map
{'L.a ]} — T, + Tj

is injective on unordered pairs with repetition. This is the pair-sum uniqueness property
underlying Sidon or B, sets. In our setting 79 = 0, and the exceptional loci are
hyperplanes

Ti—FTj:Tk—FTg.

Related arrangements are classical in additive combinatorics and ranking geometry
[11, 12]. Our use of them is restricted to their role as the exceptional set of
quasipolynomial recoverability.

Corollary 7.1 (Sidon-type sufficient condition). If the delay set

{0,71,...,Tm}

has distinct unordered pair sums, then no quadratic invariant coefficient is aggregated by
the fixed-delay substitution. If, in addition, all delays are distinct, the formal aggregation
map is injective.

8. EXAMPLES AND SHARPNESS

8.1. Reference tuple

Let
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Its universal signature is
% = (27 47 _27 07 37 27 47 _27 _4>7
and the Gram matrix of the traceless parts is

Gy = diag(2,2, —2), det Gy = —8.

8.2. Generic stratum: rank nine

Take
T =T, T =V27T.

All pair sums are distinct, and
AN) = A2 =2\ — 4he ™ 4 22V

1 dem™ 2 V2TA 4 g2
o 467(1+\@)7’)\ 4 2672\/57')\'

All nine universal coordinates are separately recoverable.

8.3. 1:2stratum: rank eight

s_( 2 v\ s
() (3

and A = A. Then

Define

H
| ol
o |5

~

)

—~

7 5)
y: (274a_2a07§7274a_§a_4) %%a

but
dp+pac =3—-2=

=dg+pic

N~
| Ot

At
(11, 72) = (T,27), u=-¢e ",

both systems have exactly
AN) = 2N = A2 +4u — 2u?) + 4u + u® — 4u® + 2u’,

The second Gram matrix is

2 0 1/2 .
G=|0 1 0], detG=-—#0
1/2 0 -2

Thus the rank-eight ambiguity is realized by nondegenerate real tuples.

175
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8.4. Equal-delay stratum: rank five

Set
B=B+1, Cc=C-1
Then
B+(C=B+C,
whereas

—

7 =(2,6,-4,0,8,5,6, -4, —12) £ .S

For 7y = 7 = 7, both systems reduce to
t(t) = Az(t) + (B + C)z(t — 1)

and have
A(N\) = 2\ — \(2 + 2u) + 2u + u?, u=e "

Hence four universal directions are invisible and the rank is five.

9. RELATION WITH FREQUENCY-COLLISION APPROACHES

A structurally related but distinct viewpoint has recently been developed for neutral
functional differential equations, where frequency collisions in a characteristic
determinant are analyzed through delay-labelled interaction graphs and torus lifting [10].
In that framework, different structural cycle covers may generate identical frequency
contributions and affect strong stability.

The mechanism studied here is at a different level. We first reduce a planar retarded matrix
system to an already-defined simultaneous-conjugation invariant signature. Numerical
delays are introduced only afterwards. Equality of scalar delay sums then aggregates
those invariant coefficients. Thus graph-induced frequency degeneracy and delay-sum
invariant aggregation are complementary phenomena and should not be conflated.

10. IMPLICATIONS FOR STABILITY AND BIFURCATION

Every property determined solely by the roots of the characteristic quasipolynomial is
constant on a fixed-delay spectral-equivalence class. Consequently, stability regions,
spectral abscissae, imaginary crossing frequencies, and root-crossing directions can
ultimately be expressed in the recoverable invariant coordinates rather than in individual
matrix entries.

For two delays, the generic region of Fig. 1 retains all nine universal coordinates, whereas
on the resonance rays some linear spectral information is fundamentally unavailable
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from the exact quasipolynomial. This distinction should be accounted for in any invariant
formulation of Hopf or double-Hopf conditions.

We do not develop such bifurcation criteria here. They constitute a separate problem and
are intentionally deferred in order to keep the present article focused on the algebraic
spectral reduction and its recoverability stratification.

11. CONCLUSION

For planar linear systems with multiple discrete delays, the characteristic determinant
admits a particularly transparent invariant structure. The quadratic nature of the 2 x 2
determinant reduces the matrix tuple to traces, determinants, and pairwise polarized
determinant invariants. In traceless coordinates this information is equivalent to scalar
traces and a rank-at-most-three Gram matrix.

After numerical delay values are fixed, a second and conceptually different information
reduction occurs. Equal delay sums aggregate universal invariant coefficients. The
resulting linear map has exact formal rank

D] + ).
For two positive delays this yields the complete sharp stratification
9—8—95

according to whether the delay ratio is generic, 1 : 2 or 2 : 1, or 1 : 1. Explicit real
examples show that all three strata correspond to actual matrix systems rather than to
formal coefficient artifacts.

The results provide a coordinate-free starting point for subsequent work on stability and
bifurcation in planar delay systems. In particular, they make clear which invariant
information is available before one attempts to formulate Hopf, double-Hopf, or
robust-stability conditions.
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