
Mathematics Applied in Science and Technology.
ISSN 0973-6344 Volume 10, Number 1 (2018), pp. 1–17
© Research India Publications
http://www.ripublication.com/mast.htm

An inverse finite element method for pricing American
options under linear complementarity formulations

Bolujo Joseph Adegboyegun

Department of Mathematical Sciences,
Ekiti State University, Nigeria.

Abstract

This paper extends the inverse finite element approach for pricingAmerican options
proposed by Zhu and Chen (2013) to option problems under linear complementarity
formulations. We adopt a PDE-based computational framework with a focus on
the inverse isotherm finite element method suited for solving nonlinear problems
associated with phase change. The algorithm developed is based on a combination
of finite elements and Newton iteration scheme to calculate the optimal exercise
price and fair market value of American options. We compare the performance of
the proposed algorithm with the previously presented results. Furthermore, the ef-
fects of the contract parameters on the optimal exercise boundary and option value
are illustrated graphically. The results suggest that the approach can be used as an
efficient method even for pricing other types of derivatives with an American-style
exercise.
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1. Introduction

The pricing of American options still remains a major challenge in today
′
s financial

markets because of the associated early exercise policy that requires the option holder to
make a decision prior to the contract expiration. The possibility of early exercise evolves
a free boundary, separating the region where it is optimal to hold the option from where
exercise is optimal. Because the free boundary is part of the solution of the problem,
its valuation becomes a non-linear problem like any other moving boundary problems
such as melting and solidification problems (a Stefan problem [15]). Despite the massive
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research in a broader field of mathematical finance, there is no acceptable closed-form
solution for valuing American-style derivatives. Hence, practitioners often rely on the
numerical techniques as they are usually faster with fair accuracy.

There are predominantly two types of numerical methods for pricing American op-
tions in the literature: PDE-based methods and lattice approaches. The first group
includes the finite difference method (FDM) [7, 8, 19, 26], the finite element method
(FEM) [4, 5, 16], and the finite volume method (FVM) [27]. This group can further
be divided into two subgroups: those in which the moving boundary is located im-
plicitly through the so-called linear complementarity problem (LCP) [18, 5], and those
in which the moving boundary is found explicitly in the process of solving the gov-
erning PDEs [30, 31]. On the other hand, the second category includes the binomial
method [10], the Monte Carlo simulation method [14] and the least squares Monte Carlo
method [24]. Each group has its pros and cons (see [33] and the references therein).
Recent developments in some key areas of research in quantitative finance were recently
detailed by Adegboyegun [1].

Quite often, a challenge for adopting the conventional PDE-based methods is to prove
the convergence of the adopted iterative scheme. Many of the emphasized techniques in
the literature still require intensive computation before a solution of reasonable accuracy
can be achieved [33]. The solution may not even converge in some cases, as pointed
out by Huang et al. [17]. However, with an appropriate inverse method such as the
inverse finite element method, some of the computational challenges connected with
the traditional numerical methods may be overcome. The inverse finite element method
(iFEM) was initially used by Alexandrou and his colleagues [2, 3] for solving non-linear
problems associated with phase change (Stefan problems). A characteristic feature of a
Stefan problem is a free boundary which separate two domains with different material
properties.

Similarly to a Stefan problem, an American option problem has a priori unknown
boundary, separating two different regions. This boundary changes with time, and its
location is crucial to a investor for optimal decision makings. Thus, the technique in the
current work is similar in some respects to the works done by Alexandrou and his co-
workers. While the application of iFEM has been thrust into the limelight and analyzed
by many authors in mechanics, its applications in quantitative finance are much more
limited. The current literature is a paper by Zhu and Chen [31]. Their proposed algorithm
works well for valuing the free boundary problem of an American put option with no
dividend yield. However, an interesting question is whether or not the approach can
be extended to option problems under linear complementarity formulations, and more
importantly, contracts with dividend yield.

To answer the above and many more questions, we formulate an American option
problem as a linear complementarity problem (LCP). A relatively new approach (at least
in financial community) is adopted and we develop an algorithm based on a combina-
tion of finite elements and Newton iteration scheme. The performance of the proposed
algorithm and previously presented works are compared. Also, the effects of system
parameters on the optimal exercise prices and fair market value of the options are dis-
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cussed. The rest of the paper is structured as follows. In Section 2, we introduce the
American option pricing model and its equivalent formulations: differential comple-
mentarity problem and variational inequality. In Section 3, we discuss the formulation
and implementation of a system of non-linear algebraic equations using the iFEM. Nu-
merical performance of the proposed algorithm and comparisons with existing results
are presented in Section 4. The last session presents the concluding remarks and future
directions.

2. Mathematical formulation

In this section, we present the linear complementarity problem and variational inequality
of an American option which will lay the groundwork for this paper. Consider an asset
with price, S which satisfies the following stochastic differential equation

dS = µSdt + σSdWt,

where dWt is a standard Brownian motion, µ is the drift rate, and σ is the volatility
of the underlying asset. We define P(S, t) as the price of the option with respect to
the underlying asset price, S and time, t for some function P : (0, ∞) × [0, T ] → R,
where T is the expiry date of the contract. Under the non-arbitrage assumption, the
Black-Scholes equation governing the option price can be derived as [6]:

∂P

∂t
+ σ 2S2

2

∂2P

∂S2
+ (r − δ)S

∂P

∂S
− rP = 0, (2.1)

where r is the risk-free interest rate, and δ is the dividend yield paid by the underlying
asset. Because of the early exercise possibility, an additional constraint

P(S, t) ≥ �(S), (2.2)

is introduced to avoid arbitrage possibilities. Here, �(S) = max(K −S, 0) is the payoff
function of the contract.

To uniquely determine the option value, a terminal and two boundary conditions are
needed. At t = T , the terminal condition for an American put option is given by

P(S, T ) = max(K − S, 0), (2.3)

and the boundary conditions are

lim
S→0

P(S, t) = K, lim
S→∞ P(S, t) = 0. (2.4)

It is to be noted (see for example [28]) that for each t ∈ [0, T ], there exists optimal
exercise price, Sf (t) such that ∀ S ≤ Sf (t), the price of the option equals its payoff
function. Also, for S > Sf (t), the option price satisfies Equation (2.1). The function
Sf (t) defines a free boundary: a priori unknown surface which varies with time. Hence,
American option pricing problems are free boundary problems. In what follows, we
reproduce the formulation of the free boundary problem of an American option as a
linear complementarity problem (LCP). This is necessary for the sake of completeness
and convenience for the readers.
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2.1. Linear complementarity problem (LCP)

Wilmott [28] introduced that the free boundary problem of an American option was
equivalent to a standard parabolic LCP and the corresponding terminal and boundary
conditions:

A




(LBSMP ).(P − �) = 0,

LBSMP ≤ 0,

P − � ≥ 0,

P (S, T ) = max(K − S, 0),

lim
S→0

P(S, t) = K,

lim
S→∞ P(S, t) = 0,

(2.5)

where

LBSM = ∂

∂t
+ 1

2
σ 2S2 ∂2

∂S2
+ (r − δ)S

∂

∂S
− rI,

denotes the Black-Scholes differential operator and I is the identity operator. Equa-
tion (2.5) is defined on t ∈ [0, T ], S ∈ (0, ∞) such that the option price, P and its first

derivative,
∂P

∂S
are continuous for all S ∈ (0, ∞).

To facilitate the development of the algorithm, and in view of the fact that LBSM

defined in Equation (2.5) is indeed a degenerate parabolic differential operator, the fol-
lowing transforms are applied.


x = ln(S/K),

τ = σ 2(T − t)/2,

u(x, τ ) = 1

K
P(S, t)exp

(
1

2
(qδ − 1)x + (

1

4
(qδ − 1)2 + q)τ

) (2.6)

The parameters q and qδ are defined as

q = 2r

σ 2
, qδ = 2(r − δ)

σ 2
,

respectively. Under this transformation, we can easily show that the complementarity
problem becomes a dimensionless system

B




u − ψ ≥ 0,

Lu ≥ 0,

Lu(u − ψ) = 0,

u(x, 0) = ψ(x) = max(e
x
2 (qδ−1) − e

x
2 (qδ+1), 0),

u(x, τ ) = ψ(x) for x → ±∞,

(2.7)

where L is a partial differential operator defined as

L = ∂

∂τ
− ∂2

∂x2
,
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and Equation (2.7) is defined on τ ∈ [0, T σ 2/2], x ∈ (−∞, +∞).
In practice, we truncate the infinite domain (−∞, +∞) to a finite domain [0, xmax].

Hence, the option price, u shall vary from u = 0 at the rotating surface xmin = 0 to

u = exp(
xmax

2
(qδ −1))−exp(

xmax

2
(qδ +1)) (far-field boundary condition) at x = xmax.

Furthermore, since

max
(

exp
(x

2
(qδ − 1)

)
− exp

(x

2
(qδ + 1)

)
, 0

)
≥ 0 ∀ x ∈ [0, xmax],

the initial condition in Equation (2.7) can be simplified as

u(x, 0) = exp
(x

2
(qδ − 1)

)
− exp

(x

2
(qδ + 1)

)
.

We remark that the real far-field boundary condition is

exp
(x

2
(qδ − 1)

)
− exp

(x

2
(qδ + 1)

)

as x → ∞. For computational purposes, we adopt

exp
(xmax

2
(qδ − 1)

)
− exp

(xmax

2
(qδ + 1)

)
.

However, the truncation point xmax has to be sufficiently far to avoid excessive error due
to the truncation. Based on the previous estimates [31, 28], we set xmax = ln 5. On the
other hand, the optimal exercise price Sf (t) equals the strike price, K at the expiration
time, T , as shown by [32, 22]. Then, we must have the transformed optimal exercise
price xf (0) = 0 (i.e., the location of the free boundary at expiry).

2.2. Variational formulation

Here, we derive an appropriate variational formulation of the problem in Equation (2.6).
This is to convert the problem from the strong formulation to a weak one, which permits
the approximation in elements or sub-domains.

Let L2(�) be the usual space of Lebesgue measurable and square integrable functions
on � = [0, xmax] and denote by H 1

0 (�) the Sobolev space of first-order weak derivatives.
We define K ⊂ H 1

0 (�) as

K := {v ∈ H1(�) : v ≥ ψ, v(x) = ψ(x) ∀x ∈ ∂�}, (2.8)

where the inequality sign means to hold pointwise ∀ x ∈ �. Let v ∈ K be any test
function and ψ defined as in (2.7). With u(x, τ ) being the solution of (2.7), the regularity
requirements on u(x, τ ) imply that u ∈ K. For all v ∈ K, we have v − ψ ≥ 0, and in
view of Lu ≥ 0, it is not difficult to show that

xmax∫
0

Lu(v − ψ) dx ≥ 0.
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Also, from (2.7), we have
xmax∫
0

Lu.(u − ψ) dx = 0.

Subtraction of the last two equations yields

xmax∫
0

Lu(v − u) dx ≥ 0, (2.9)

thereby eliminating ψ . By the definition of the differential operator L, and since v and
u cancel out on the boundary ∂�, integrating (2.9) by parts gives the formulation as
variational inequality problem



find u ∈ K, such that ∀ v ∈ K and 0 ≤ τ ≤ σ 2T

2
,

∫
�

(
∂u

∂τ
(v − u) + ∂u

∂x

(
∂v

∂x
− ∂u

∂x

))
dx ≥ 0,

(2.10)

with the associated initial and boundary conditions. Theoretically, variational inequality
relaxes the regularity conditions on the option price. Thus, one gets a weak solution in
contrary to the strong case. From treatments on variational inequalities, see, e.g., [11,
29], the problem (2.10) has a unique solution by a generalized theorem Lax-Milgram.
More details on the variational formulation of parabolic PDEs associated with diffusion
processes can be found in [9, 20, 23], with the relevant functional analytic background.

3. Inverse finite element method

The iFEM involves the use of simulated finite elements to predict desired quantities that
are spatially varying with time inversely. Any assumptions included in the finite element
model and the whole simulation of the experiment determine the quality of the inverse
solution [21]. The essential concept of iFEM is to find the location (the nodes of the
finite elements) at which, the dependent variable has a predefined value [13, 3]. In other
words, the dependent variable is fixed while the solution is obtained for the independent
variable without inverting the equations.

To develop an inverse finite element algorithm for the LCP arising from an American
option contract, we require the boundaries of elements to remain on “isotherms” of the
underlying such that the option value is specified a priori everywhere in the domain.
Hence, the option is constant along the boundaries of unknowns locations, which are
permitted to change as the iteration proceeds. Since the nodal option values are fixed,
the remaining unknowns are the positions of the nodes. Consequently, Equation (2.10)
is solved by linearisation with respect to the unknowns in order to form the Jacobian
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of the Newton iteration. In a more simpler term, we seek to find the location of the
nodes which correspond to a predefined option price. Thus, the spatial co-ordinate of
the nodal points becomes the dependent variable while the option price is treated as the
independent variable. Thereby, we avoid the inversion of matrices and subsequently
computational cost.

3.1. Formulations

Having discussed some of the fundamental issues concerned with iFEM, we now focus on
its formulation. The first step is to deal with the time derivative appearing in variational
inequality problem in Equation (2.9). In contrast to the conventional PDE-based pricing

methods, where
∂u

∂τ
is approximated by a finite difference scheme, here, we decompose

∂u

∂τ
into the hedge parameter delta,

∂u

∂x
and the velocity of the mesh,

∂x

∂τ
. Then, using

the concept of iFEM, the option price u is obtained at a selected underlying price which
varies with respect to time. Therefore, we obtain

du

dτ
= ∂u

∂τ
+ ∂u

∂x

∂x

∂τ
, (3.1)

where
du

dτ
is the total derivative, i.e., is the rate of change of the option price at a

node. However, since option price is distributed and kept constant at all times at the

computational nodes,
du

dτ
= 0. Moreover, in the problem defined above, the mesh is not

fixed but moves with velocity Vmesh = dx

dτ
. Therefore,

∂u

∂τ
= −∂u

∂x
Vmesh. (3.2)

With the above points in mind, the integral inequality in Equation (2.9) becomes∫
�

(
∂u

∂x

(
∂v

∂x
− ∂u

∂x

)
− Vmesh

∂u

∂x
(v − u)

)
dx ≥ 0. (3.3)

Next, the velocity of the mesh Vmesh is numerically approximated by using first order
finite difference, i.e.,

Vmesh ≈ Qx = xτ+�τ − xτ

�τ
(3.4)

Adopting Equation (3.4), Equation (3.3) in bilinear form becomes:

a(v, u) =
∫
�

(
∂u

∂x

[(
∂v

∂x
− ∂u

∂x

)
− Qx(v − u)

])
dx ≥ 0 (3.5)
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The discretization of the resulting Equation (3.5) follows the classical Galerkin finite
element approach using the proper element shape function. After applying the selected
shape functions, the computation of the element matrices and assembling of the finite
element contributions to obtain the global matrices are straightforward. Finally, we
specify the appropriate time-dependent underlying constraint conditions to obtain a non-
singular system of inequalities

{
find x = x(n+1), such that ∀ v ≥ ψ

(v − w)T (A − Qx(i)B) ≥ 0, , and w ≥ ψ,
(3.6)

where w′s are the nodal values of the entire domain, A and B are the constrained
global stiffness matrix and mass matrix, respectively. Qx(i) is the global displacement
containing the location of each element to be determined. For ease of reading, the
detailed formulation of Equation (3.6) from (3.5) together with the definition of A and
B are provided in Appendix A.1. We remark that the inequality w ≥ ψ is defined
componentwise, and the existence and uniqueness of a solution of the problem defined
in Equation (3.6) is guaranteed by a generalized-Milgram theorem, applied to finite-
dimensional spaces.

Proposition 3.1. The problem in Equation (3.6) is equivalent to the discrete linear com-
plementary problem

{
find x = x(n+1), such that
A − Qx(i)B ≥ 0, w ≥ ψ, (w − ψ)T (A − Qx(i)B) = 0,

(3.7)

where w is the vector of the nodal values of the entire domain.

Proof. Recall the transpose property (P ± Q)T = P T ± QT . Thus, the inequality in
Equation (3.6) can further be simplified by considering

(vT − wT )(A − QxB) ≥ 0 ⇔
vT (A − QxB) ≥ wT (A − QxB) ⇔ ∀ v ≥ ψ.

(3.8)

Clearly, A − Qx(i)B ≥ 0. If it were negative in the i-th component, the inequality
would not hold for i going to infinity-a contradiction. By using this and the fact that
u ≥ ψ , one obtains (w − ψ)T (A − Qx(i)) ≥ 0. On the other hand, substituting v = ψ

in (3.6) yields (w − ψ)T (A − Qx(i)) ≤ 0. A combination of the two inequalities leads
to (w − ψ)T (A − Qx(i)) = 0. �

It should be mentioned that in the conventional finite element method, the unknown
to be found are w′s. These can be solved for as zeros of a given system. However, such
a system would break down along the computational region with the moving boundary.
This results from the imposition of the constrained free boundary condition which forces
the constrained global matrix to be a function of the unknown free boundaries. It is
numerically difficult in terms of finding the solution of the algebraic system because of
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the adjustment to the global matrix profile for constraint relations and matrix pivoting.
However, such a nonlinear system can be solved by using some iteration methods such as
projective successive overrelaxation method (PSOR). But the drawback of PSOR could
be its slow rate of convergence and efficiency issue. To avoid these disadvantages, iFEM
is proposed with the concept of fixing the nodal values while studying the motion of the
underlying. In other words, while the nodal values w′s are kept as known constants, the
location of each element needs to be determined at each time-step.

For us to complete the iFEM formulation, the resulting non-linear system in Equa-
tion (3.7) together with the appropriate initial and boundary conditions is solved using a
Newton-Raphson scheme with its quadratic convergence characteristic. In what follows,
we present details implementation of the solution procedures.

3.2. Numerical implementations

An essential step in the iFEM applicability is the proper implementation of the solution
procedures. Solving a system of equation resulting from an inverse discretization can
be more computational challenging if the fundamental issue such as the monotonicity of
the predefined option price is not guaranteed or the initial parameters are not correctly
chosen. In the current work, to obtain a reasonably accurate solution, the monotonicity
of u is required. Otherwise, the location of each element (x coordinate) that satisfies
Equation (3.7) is not unique. This will result in numerical difficulties in finding the
correct location for a fixed nodal value, even if the convergence of the adopted iteration
scheme is guaranteed.

In order to establish that the option price, u is a strictly monotonically increasing
function with respect to x for x ∈ [0, +∞), we evaluate

∂u

∂x
= 1

K
exp[Ax + Bτ ]

(
S

∂P

∂S
+ PA

)
, (3.9)

where

A = 1

2
(qδ − 1) and B = (

1

4
(qδ − 1)2 + q).

Clearly, the evaluation of Equation (3.9) is greater than zero because the delta of an
American put option is more than −1 for S ∈ (Sf , +∞) and

qδ = 2(r − δ)

σ 2
,

is positive for all chosen r, δ, and σ . Thus, u is strictly monotonically increasing with
respect to x.

The second issue that should be addressed is the proper initial guess of the unknown
nodal location because the Newton iteration scheme may converge slowly, or not even
converge at all when the initial estimate is far away from the real solution. In the
problem defined above, we follow closely the algorithm developed by [31] wherein the
nodal positions of the present time step are chosen as the starting points of the elements
at the next step.

Bearing the above in mind, the implementation of the Newton iteration is a follows:
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1. Suppose that xn
k is obtained after nth iteration (n ≥ 0), we compute the residual

F(xn
k ) = A − Qxn

k
B and the corresponding Jacobian matrix JF (xn

k ).

2. Calculate the unknown nodal locations at the (n + 1)th iteration step through
xn+1

k = xn
k − J−1

F (xn
k ). At each iteration, wn ≥ ψn.

3. Repeat steps 1 and 2 until ‖ xn+1
k − xn

k ‖< ε is satisfied. Set the solution of the
kth time step to x∗

k = xn+1
k−1 , which completes the Newton iteration for the kth

time step.

The above algorithm is defined whenever JF (xn
k ) exists. The scheme has very attractive

theoretical and practical property: if x∗
k is a solution of Equation (3.7) at which JF (x∗

k )

is nonsingular, and suppose JF (xn
k ) satisfies the Lipschitz condition

‖ JF (xn
k ) − JF (x∗

k ) ‖≤ L ‖ F(xn
k ) − F(x∗

k ) ‖, (3.10)

for all xn
k close enough to x∗

k , the error at iteration k + 1 is proportional to the square of
the error at iteration k, and thus the convergence is quadratic.

It should be pointed out that the derivatives of F(xn
k ) are obtained with respect to the

unknown nodal location xn and the Jacobian of the Newton-Raphson (NR) procedure
is saved using an element-by-element storage. For converged results, usually two to
three iterations in the NR procedure are necessary at each time step and the solution
advances to the next time step when all unknowns converge to the stopping criterion set
to a relative error of 10−7.

Next, we consider the uniqueness of the numerical results. With the assumptions
that the option price, u(x, τ ) and the payoff function ψ(x) are sufficiently smooth, the
following results follow:

Lemma 3.2. When the sizes of the time step and the elements are sufficiently small, the

inequality
∂Vmesh

∂x
≥ 0 holds.

Proof. The details of proof can be found in Zhu and Chen [31]. �

Theorem 3.3. a(., .) in (3.5) is bounded and is a continuous H1-elliptic bilinear form.

Proof. According to the definition of a(·, ·), it is clear that for all φ ∈ H1(�),

a(φ, φ) =
∫
�

(
∂φ

∂x

)2

d� −
∫
�

∂Vmesh

∂x
φ2 d� ≥ L

∫
�

[(
∂φ

∂x

)2

+ φ2
]

d�, = L‖φ2‖,

where L is a positive constant. Thanks to Lemma 3.2, since
∂Vmesh

∂x
≥ 0. Thus, the

bilinear defined in (3.5) is bounded. Moreover, ∀ ϕ, φ ∈ H1(�),

a(ϕ, φ) =
∫
�

∂ϕ

∂x

∂φ

∂x
d� −

∫
�

Qx

∂ϕ

∂x
φ d� ≤ ‖ϕ‖1‖φ‖1(1 + ‖Qx‖�,∞).
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Therefore, a(·, ·) is in a continuous H1-elliptic bilinear form, provided that Qx is ∞-
measurable on the �, which is the case here. �

According to Theorem 3.3, it is known in conjunction with the generalized Lax-
Milgram theorem [23, 9], the variational inequality (3.5) has a unique solution. Finally,
we remark that the convergence of the adopted iterative scheme (Newton’s scheme) had
been discussed by [31, 25], hence, the aspect is left out here.

4. Numerical results

In this section, we analyze the efficiency of the inverse finite element algorithm under
linear complementarity formulation relative to Zhu′s analytical results [32] and the results
presented by Zhu and Chen [31]. The example chosen for numerical tests had been
used for discussing American put options on an asset without any dividend payment in
reference works. The option parameters are the strike price, K = 100, the risk-free
interest rate, r = 10% and the volatility of the underlying asset, σ = 30%. Further, the
tenure of the contract being T = 1 year. First, we focus only on the zero-dividend case,
i.e., we set the constant dividend yield, δ to zero. This is to ensure consistency with the
referenced works. A comparison with previously published results may give readers a
sense of verification of the current approach.

For convenience, all results presented are associated with the original dimensional
quantities before the transformation process was introduced. First, we compare our
results with those obtained by Zhu and Chen [31] using the same iFEM but under
different formulations. In both cases, the time step �τ = 0.01, and one hundred (M =
100) equal-size elements along the asset direction are adopted. The key feature of
Zhu and Chen formulation is that the optimal exercise price is found explicitly in the
process of solving the governing PDE, in contrast to an implicit location of Sf (τ) in the
linear complementarity formulation considered in this paper. In both approaches, we
have adopted same shape function for element discretization. Further, Zhu’s analytical
solution is used as a benchmark solution. Figure 1 shows the graph of the optimal
exercise prices versus time to expiry. As can be seen from this figure, both schemes
possess good convergence attribute and indeed converge to the exact solution. The good
agreement between the two schemes is as expected since we have assumed in our case
that the underlying asset pays no dividend. In fact, the two results should be naturally
the same when both schemes are accurately implemented.

To better reflect the options traded in today’s financial markets, we consider an
American option problem with continuous dividend payment on the underlying asset.
The relevant option parameters used in the following example are the same as those
used in the zero-dividend case, except the constant dividend yield δ is made to be 5%,
and volatility of the underlying asset, σ are 30%, 35%, and 40%, respectively. These
parameters are chosen in such a way that the risk-free interest rate, r is higher than
the dividend yield, δ. This is to avoid the parabolic-logarithm behaviour associated
with the optimal exercise price at expiry [12]. Figure 2 demonstrates the effects of the
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Figure 1: Comparison of Sf under different formulations

Figure 2: Sf for dividend yield δ = 0.05 and different volatility with N = 45, M = 50

volatility on the optimal exercise price. These graphs were produced by N = 45 and
M = 50. Although the grid resolutions do not give good results, they do illustrate the
trend of changing as volatility changes. The graphs show that at a given time to expiry,
the optimal exercise price is higher for smaller values of volatility. In other words, the
optimal exercise price decreases with increase in volatility.

So far, we have presented some detailed discussions on the optimal exercise prices.
However, some readers may prefer to see how accurately the option price can be deter-
mined using the proposed scheme. Depicted in Figure 3 is the option price, P(S, τ) with
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Figure 3: Option prices at different times to expiration.

constant dividend yield, δ = 5% on the underlying asset, S and at three instants: τ = 0.5
(years), τ = 0.25 (years) and τ = 0.01 (years). The grid resolution N = M = 50 is
chosen for this problem. Other contract parameters are the same as the previous ex-
amples. The option price decreases with the asset price, as expected. Moreover, the
“smooth pasty” conditions across the moving boundary that are difficult to implement
using conventional methods are well satisfied. It should also be noted from this figure
that as it gets closer to the expiration of the option contract, i.e., τ → 0, the option price
becomes closer to the payoff function, max(K − S, 0).

4.1. Discussion on accuracy versus efficiency

It is a known fact in quantitative finance that the computational cost is of importance as
the accuracy. However, when one wishes to achieve a high computational efficiency, a
degree of sacrifice is suffered by the accuracy. The critical question is whether or not one
can make a high efficiency with a still reasonably satisfactory accuracy. In this section,
we demonstrate through the results of our numerical experiments that the relationship
between accuracy and efficiency of the iFEM scheme in the current work is an inverse
proportionality in nature, as expected. We shall also demonstrate that with an acceptable
accuracy, we can achieve a reasonable execution time measured in CPU time. All the
experiments in the following are performed with Matlab 7.5 on an Intel Pentium 4, 3
GHz machine.

To illustrate the overall performance of the iFEM, we use the RMSRE (root mean
square relative error), which is defined as

RMSRE =
√√√√1

I

I∑
i=1

(
(ai − āi)

ai

)2
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Figure 4: Accuracy versus efficiency

where ā′
is are the nodal values of the Sf associated with dFEM and iFEM, ai’s are the

Sf obtained from the Zhu’s analytical result and I is the number of sample points used in
the RMSRE. In our numerical experiments, I was set to 50 in all the results presented.
With the RMSRE, the overall difference between the computed numerical results and
the exact solution based on Zhu’s analytical result can be demonstrated.

Figure 4 shows the variation of RMSRE as a function of total CPU time used in
executing the code for each run. The accuracy is measured by the RMSRE, which is
calculated using Zhu‘s analytical solution [32] as the base value. The computational
efficiency is measured by the total CPU time consumed for each run. Three sets of
computational cost as a function of RMSREs for three fixed numbers of grid points in
the asset direction, i.e., with M being 40, 25 and 20 respectively, are plotted in this figure.
As depicted in Figure 4, the accuracy is in general inversely varying with the efficiency.
A higher accuracy usually implies a lower efficiency for any grid resolution. A desirable
feature of the current scheme is that a high computational efficiency can still be achieved
while a satisfactory accuracy is maintained.

5. Conclusion

In this paper, we have explored the inverse finite element method for the numerical
valuation of an American option under the linear complementarity formulation. The key
feature of the iFEM presented in this work, in comparison with other classical numerical
methods in the literature is that the solution is limited to the yielded part of the option.
Hence, the solution corresponds to the original pricing model without any regularization.
However, it enjoys high efficiency as a result of using the Newton iterative scheme with
its inherent quadratic convergence. Through a couple of numerical experiments, we have
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demonstrated the overall performance of the iFEM. In the subsequent work, the suitability
of iFEM for option problems under stochastic volatility model will be examined.

Appendix A.1

Recall the bilinear form:

a(v, u) =
∫
�

(
∂u

∂x

[(
∂v

∂x
− ∂u

∂x

)
− Qx(v − u)

])
dx ≥ 0 (5.1)

Then, by applying the Ritz-Galerkin method, the variables u = u(x, τ ) and v = v(x, τ )

can be approximated by

u ≈
m∑

i=0

wi(τ)ϕi(x), v ≈
m∑

i=0

viϕi(x),

with the finite elements ϕ0(x), . . . , ϕm(x) and weights wi, vi, i = 1, . . . , m. With the

abbreviation ϕ
′
i(x) := ∂ϕi

∂x
, the A.2 can now be discretized on the x-axis as follows

a(v, u) =
m∑

i,j=0

wj(vi − wj)

xm∫
x0

ϕ
′
iϕ

′
j dx

︸ ︷︷ ︸
=:A

−
m∑

i,j=0

wj(vi − wj)

xm∫
x0

ϕiϕ
′
j dx

︸ ︷︷ ︸
=:B

≥ 0.

Using vector notation and after some algebraic manipulations, we can write the later
inequality equivalently

(v − w)T (A − Qx(i)B) ≥ 0.
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