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Abstract

The rings considered in this article are commutative with identity which admit at
least two maximal ideals. We denote the set of all maximal ideals of a ring R by
Max(R) and we denote the Jacobson radical of R by J(R). Let R be a ring such
that |Max(R)| ≥ 2. Let R be a ring with |Max(R)| ≥ 2. In this article, we
introduce a graph structure on R, denoted by G(R), is an undirected graph whose
vertex set is the set of all proper ideals I of R such that I 6⊆ J(R) and distinct
vertices I1, I2 are joined by an edge in G(R) if and only if I1 ∩ I2 = I1I2. In this
article we investigate some of the results regarding planarity of G(R).
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1. Introduction

The rings considered in this article are commutative with identity which admit at least
two maximal ideals. Let R be a ring. We denote the set of all maximal ideals of R by
Max(R). This article is inspired by the interesting theorems proved by M. Ye and T.
Wu in [18]. Motivated by the research work done on the comaximal graph of a ring
in [10 - 12, 14, 17] and on the annihilating-ideal graph of a ring in [6, 7], M. Ye and
T. Wu in [18] introduced and studied a graph structure on a ring R whose vertex set is
the set of all proper ideals I of R such that I 6⊆ J(R), where J(R) is the Jacobson
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radical of R and distinct vertices I1 and I2 are adjacent if and only if I1 + I2 = R.
M. Ye and T. Wu called the graph introduced and investigated by them in [18] as the
comaximal ideal graph ofR and denoted it by C (R) and they investigated the influence
of certain graph parameters of C (R) on the ring structure of R.

We denote the cardinality of a set A by |A|. Let R be a ring with |Max(R)| ≥ 2. In this
article, we introduce a graph structure on R, denoted by G(R), is an undirected graph
whose vertex set is the set of all proper ideals I of R such that I 6⊆ J(R) and distinct
vertices I1, I2 are adjacent in G(R) if and only if I1 ∩ I2 = I1I2. The graphs considered
in this article are undirected and simple. We denote the set of all vertices of a graph G
by V (G) and the set of all edges of G by E(G). A subgraph H of a graph G is said to
be a spanning subgraph ofG if V (G) = V (H). LetR be a ring. If I1, I2 are ideals ofR
such that I1 + I2 = R, then we know from [2, Proposition 1.10(i)] that I1 ∩ I2 = I1I2.
Let I1, I2 be proper ideals of a ring such that Ii 6⊆ J(R) for each i ∈ {1, 2}. If I1 and
I2 are adjacent in C (R), then they are adjacent in G(R). This shows that C (R) is a
spanning subgraph of G(R). The aim of this article is to study the interplay between the
graph-theoretic properties of G(R) and the ring-theoretic properties of R.

First, it is useful to recall certain definitions and results from commutative ring theory
that are used in this article. Let R be a ring. The nil radical of R is denoted by nil(R).
A ring R is said to be reduced if nil(R) = (0). A principal ideal ring is said to be a
special principal ideal ring (SPIR) if R has a unique prime ideal. If m is the only prime
ideal of a special principal ideal ring R, then we denote it by mentioning that (R,m)

is a SPIR. If (R,m) is a SPIR, then m is nilpotent. Let (R,m) be a SPIR which is not
a field. Let n ≥ 2 be least with the property that mn = (0). Then it follows from the
proof of (iii) ⇒ (i) of [2, Proposition 8.8] that {mi|i ∈ {1, . . . , n − 1}} is the set of
all nonzero proper ideals of R. A ring with a unique maximal ideal is referred to as a
quasilocal ring. A ring which admits only a finite number of maximal ideals is referred
to as a semiquasilocal ring. A Noetherian quasilocal (respectively, semiquasilocal) ring
is referred to as a local (respectively, semilocal) ring. For a ring R, we denote the set of
all units of R by U(R) and the set of all nonunits of R by NU(R).

2. Planarity of G(R)

Lemma 2.1. Let R be a ring such that |Max(R)| ≥ 2. If G(R) satisfies (Ku2), then
|Max(R)| ≤ 3.

Proof. If I1, I2 are ideals ofR such that I1+I2 = R, then we know from [2, Proposition
1.10(i)] that I1∩ I2 = I1I2. Let I1, I2 be proper ideals of a ring such that Ii 6⊆ J(R) for
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each i ∈ {1, 2}. If I1 and I2 are adjacent in C (R), then they are adjacent in G(R). This
shows that C (R) is a spanning subgraph of G(R). Thus if G(R) satisfies (Ku2), then
C (R) satisfies (Ku2). Hence, we obtain from [15, Lemma 2.1] that |Max(R)| ≤ 3. �

Lemma 2.2. Let R = R1×R2×R3, where Ri is a nonzero ring for each i ∈ {1, 2, 3}.
Then G(R) neither satisfies (Ku1) nor satisfies (Ku2).
Proof. Consider the ideals ofR given by I1 = R1× (0)× (0), I2 = (0)×R2× (0), I3 =

(0) × (0) × R3, I4 = R1 × R2 × (0), I5 = (0) × R2 × R3, and I6 = R1 × (0) × R3.
It is clear that W = {Ii|i ∈ {1, 2, 3, 4, 5, 6}} ⊆ V (G(R)) and the subgraph of G(R)

induced on W is a clique. This implies that ω(G(R)) ≥ 6. Therefore, we obtain that
G(R) neither satisfies (Ku1) nor satisfies (Ku2). �

Lemma 2.3. Let R be a ring such that |Max(R)| = 3. Then G(R) does not satisfy
(Ku2).
Proof. Suppose that G(R) satisfies (Ku2). Then C (R) satisfies (Ku2). In such a
case, we know from [15, Lemma 2.10] that R ∼= R1 × R2 × R3 as rings, where
(Ri,mi) is a SPIR with m2

i = (0) for each i ∈ {1, 2, 3}. Let us denote the ring
R1 × R2 × R3 by T . Since R ∼= T as rings, we obtain that G(T ) satisfies (Ku2).
But we know from Lemma 2.2 that G(T ) neither satisfies (Ku1) nor satisfies (Ku2).
This is a contradiction. Therefore, we obtain that G(R) does not satisfy (Ku2). �

Remark 2.4. Let R be a ring such that |Max(R)| ≥ 2. Suppose that G(R) satisfies
(Ku2). Then it follows from Lemmas 2.1 and 2.3 that |Max(R)| = 2. Note that C (R)

satisfies (Ku2). In such a case, we know from (iii) ⇒ (i) of [15, Proposition 2.7]
that C (R) is planar. Moreover, from (i)⇒ (iv) of [15, Proposition 2.7], we know that
C (R) is planar if and only if R ∼= R1 ×R2 as rings, where (Ri,mi) is a quasilocal ring
for each i ∈ {1, 2} and (Ri,mi) is a SPIR with m2

i = (0) for at least one i ∈ {1, 2}. �

Let R be a ring such that |Max(R)| = 2. We next try to classify such rings R in
order that G(R) to be planar.

lemma 2.5. Let (Ri,mi) be a quasilocal ring for each i ∈ {1, 2} with m2 6= (0). Let
R = R1 ×R2. If G(R) satisfies (Ku2), then (R1,m1) is a SPIR with m3

1 = (0).
Proof. Assume that G(R) satisfies (Ku2). We claim that R1 can admit at most two
nonzero proper ideals. Suppose that R1 admits at least three nonzero proper ideals. Let
I1, I2, I3 be distinct nonzero proper ideals of R1. Let V1 = {I1×R2, I2×R2, I3×R2}
and let V2 = {(0) × R2, R1 × (0), R1 × m2}. It is clear that V1 ∪ V2 ⊆ V (G(R)) and
V1 ∩ V2 = ∅. Observe that the subgraph of G(R) induced on V1 ∪ V2 contains K3,3

as a subgraph. This is in contradiction to the assumption that G(R) satisfies (Ku2).
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Therefore, we obtain that R1 can admit at most two nonzero proper ideals. Hence, we
obtain from [16, Remark 4] that (R1,m1) is a SPIR with m3

1 = (0). �

Theorem 2.6. Let (Ri,mi) be a quasilocal ring for each i ∈ {1, 2} and letR = R1×R2.
The following statements are equivalent:

(i) G(R) is complete.

(ii) For each i ∈ {1, 2}, mi is principal and m2
i = (0).

Proof. (i) ⇒ (ii) Assume that G(R) is complete. First, we verify that m1 is principal
and m2

1 = (0). This is clear if m1 = (0). Suppose that m1 6= (0). Let a ∈ m1\{0}. We
assert that m1 = R1a. If m1 6= R1a, then the ideals I1 = R1a× R2 and I2 = m1 × R2

are distinct members of V (G(R)). Since we are assuming that G(R) is complete, we
get that I1 ∩ I2 = I1I2. This implies that R1a = m1a and so, a = xa for some x ∈ m1.
Hence, a(1−x) = 0. Since 1−x ∈ U(R1), we get that a = 0. This is in contradiction to
the fact that a 6= 0. This proves that m1 = R1a for any a ∈ m1\{0}. Let a ∈ m1\{0}.
If a2 6= 0, then R1a = R1a

2. This implies that a = xa2 for some x ∈ R1 and so,
a(1 − xa) = 0. Since 1 − xa ∈ U(R1), we obtain that a = 0. This is a contradiction.
Therefore, m1 is principal and m2

1 = (0). Similarly, it can be shown that m2 is principal
and m2

2 = (0). �

Proposition 2.7. Let i ∈ {1, 2} and let (Ri,mi) be quasilocal for each i ∈ {1, 2}.
Suppose that Ri is not a field for each i ∈ {1, 2}. Let R = R1×R2. Then the following
statements are equivalent:

(i) G(R) is planar.

(ii) G(R) satisfies both (Ku∗1) and (Ku∗2).

(iii) G(R) satisfies (Ku2).

(iv) (Ri,mi) is a SPIR with m3
i = (0) for each i ∈ {1, 2} and m2

i = (0) for at least one
i ∈ {1, 2}.
Proof. (i)⇒ (ii) This follows from Kuratowski’s Theorem [4, Theorem 5.9].

(ii)⇒ (iii) This is clear.

(iii) ⇒ (iv) Since mi 6= (0) for each i ∈ {1, 2}, we obtain from Lemma 2.5 that
(Ri,mi) is a SPIR with m3

i = (0) for each i ∈ {1, 2}. It is already noted in Remark 2.4
that m2

i = (0) for at least one i ∈ {1, 2}.

(iv) ⇒ (i) We can assume without loss of generality that m2
2 = (0). We consider the

following cases.
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Case(1) m2
1 = (0)

Now, (Ri,mi) is a SPIR with mi 6= (0) but m2
i = (0) for each i ∈ {1, 2}. In such

a case, we know from the proof of (ii) ⇒ (i) of Theorem 2.6 that G(R) is a complete
graph on four vertices and so, G(R) is planar.

Case(2) m2
1 6= (0)

Observe that V (G(R)) = {v1 = M1 = m1×R2, v2 = M2
1 = m2

1×R2, v3 = M3
1 =

(0) × R2, v4 = M2 = R1 × m2, v5 = M2
2 = R1 × (0)}. It is easy to verify that G(R)

is the union of the subgraph H of G(R) induced on {M1,M
3
1,M2,M

2
2} and the edges

e1 : M2
1 −M3

1, e2 : M2
1 −M2, and e3 : M2

1 −M2
2. Note that H is a complete graph

on four vertices. Observe that the cycle M3
1 −M2 −M2

2 −M3
1 can be represented by

means of a triangle ∆. The vertex M1 of G(R) can be plotted inside ∆ and the edges
joining M1 to the vertices of ∆ can be drawn inside ∆ without any crossing over of
the edges. The vertex M2

1 can be plotted outside ∆ and the edges e1, e2, and e3 can be
drawn outside ∆ in such a way that there are no crossing over of the edges. This proves
that G(R) is planar. �

Remark 2.8. Let R = R1×R2, where (Ri,mi) is a quasilocal ring for each i ∈ {1, 2}.
If Ri is a field for each i ∈ {1, 2}, then V (G(R)) = {(0) × R2, R1 × (0)} and G(R)

is a complete graph on two vertices and so, G(R) is planar. If mi 6= (0) for each
i ∈ {1, 2}, then in Proposition 2.7, such rings R are classified in order that G(R) is
planar. Suppose that exactly one between R1 and R2 is a field. We can assume without
loss of generality that R2 is a field and R1 is not a field. It remains to classify rings of
the form S × F , where (S,m) is a quasilocal ring which is not a field and F is a field
such that G(S ×F ) is planar. We do not know the required classification. However, we
prove some necessary conditions on S in order that G(S × F ) to be planar. �

Lemma 2.9. Let (S,m) be a quasilocal ring which is not a field. Let T be a nonzero
ring. Let R = S × T . If there exist nonzero proper distinct ideals A,A1, A2, A3 of S
such that A ∩ Ai = AAi for each i ∈ {1, 2, 3}, then G(R) does not satisfy (Ku2).
Proof. Let V1 = {I1 = (0) × T, I2 = S × (0), I3 = A × T} and let V2 = {J1 =

A1 × T, J2 = A2 × T, J3 = A3 × T}. It is clear that V1 ∪ V2 ⊆ V (G(R)) and
V1 ∩ V2 = ∅. Note that (0)× T (respectively, S × (0)) is adjacent to all the vertices of
G(R) except (0) × T (respectively, S × (0)). It follows from A ∩ Ai = AAi for each
i ∈ {1, 2, 3} that I3 is adjacent in G(R) to each member of V2. Hence, we obtain that
the subgraph of G(R) induced on V1∪V2 contains K3,3 as a subgraph. Therefore, G(R)

does not satisfy (Ku2). �
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Lemma 2.10. Let (R1,m1) be a quasilocal ring which is not a field. Let R2 be a
nonzero ring. Let R = R1×R2. If G(R) satisfies (Ku2), then either dim R1 = 0 or R1

is an integral domain with dim R1 = 1.
Proof. Assume that G(R) satisfies (Ku2). Suppose that dim R1 > 0. Then there exists
p ∈ Spec(R1) such that p ⊂ m1. Suppose that p 6= (0). Let a ∈ m1\p. Observe
that ai ∈ m1\p for all i ∈ N and R1a

i 6= R1a
j for all distinct i, j ∈ N. Note that

p ∩ R1a
i = pai for all i ∈ N. Let us denote the ideal R1a

i by Ai for each i ∈ {1, 2, 3}.
Observe that p, A1, A2, A3 are distinct and nonzero proper ideals ofR1and p∩Ai = pAi

for each i ∈ {1, 2, 3}. Hence, we obtain from Lemma 2.9 that G(R) does not satisfy
(Ku2). This contradicts the assumption that G(R) satisfies (Ku2). Therefore, p = (0).
This shows that either dim R1 = 0 or R1 is an integral domain with dim R1 = 1. �

Lemma 2.11. Let (S,m) be a quasilocal ring which is not a field. Let T be any nonzero
ring and let R = S × T . If G(R) satisfies (Ku2), then for any nonzero proper ideal I
of S, I 6= I2.
Proof. Suppose that for some nonzero proper ideal I of S, I = I2. Then I = I4 6= (0).
Hence, there exist a, b, c, d ∈ I such that abcd 6= 0. First, note that for any nonzero
proper ideal A of S and for any x ∈ A\{0}, A 6= Ax. For if A = Ax, then x = ax

for some a ∈ A. This implies that x(1 − a) = 0. Since S is quasilocal with m

as its unique maximal ideal, it follows that 1 − a ∈ U(S) and so, we obtain that
x = 0. This is a contradiction and so, A 6= Ax. Using a similar argument, it can
be shown that for any n ≥ 1, if a1, a2 . . . , an+1 ∈ A are such that

∏n+1
j=1 aj 6= 0,

then A(
∏n

j=1 aj) 6= A(
∏n+1

j=1 aj). It now follows that I, Ia, Iab, Iabc are distinct
and nonzero proper ideals of S. From I = I2, we obtain that for any s ∈ S,
Is = I∩Is = I2s = I(Is). Hence, I∩Ia = I2a, I∩Iab = I2ab, and I∩Iabc = I2abc.
Therefore, we obtain from Lemma 2.9 that G(R) does not satisfy (Ku2). This is in
contradiction to the assumption that G(R) satisfies (Ku2). Therefore, I 6= I2. �

Lemma 2.12. Let (R1,m1) be a quasilocal ring which is not a field and let R2 be a
nonzero ring. Let R = R1 × R2. If G(R) satisfies (Ku2), then for any nonzero proper
ideal A of R1, A 6= Am1.
Proof. We are assuming that G(R) satisfies (Ku2). Suppose that there exists a nonzero
proper ideal A of R1 with A = Am1. We know from Lemma 2.11 that m1 6= m2

1.
Therefore, it follows that A 6= m1. From A = Am1, we obtain that A = Amn

1 for all
n ≥ 1. This implies that mn

1 6= (0) and A ⊆ mn
1 for all n ≥ 1. Since G(R) satisfies

(Ku2), it follows from Lemma 2.11 that mi
1 6= mj

1 for all distinct i, j ∈ N and so,
A ⊂ mn

1 for all n ≥ 1. Let us denote mi
1 by Ai for each i ∈ {1, 2, 3}. Observe that

A,A1, A2, A3 are distinct and nonzero proper ideals of R1 and A ∩ Ai = AAi for each
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i ∈ {1, 2, 3}. In such a case, it follows from Lemma 2.9 that G(R) does not satisfy
(Ku2). This is in contradiction to the hypothesis that G(R) satisfies (Ku2). Therefore,
A 6= Am1 for any nonzero proper ideal A of R1. �

Lemma 2.13. Let (S,m) be a quasilocal domain which is not a field and let T be a
nonzero ring. Let R = S × T . If G(R) satisfies (Ku2), then for any a, b ∈ m\{0},
Sa ∩ Sb 6= Sab.
Proof. Suppose that for some a, b ∈ m\{0}, Sa ∩ Sb = Sab. As Sa 6= Sa2, it follows
that Sa 6= Sb. It is easy to verify that Sa ∩ Sb2 = Sab2 and Sa ∩ Sb3 = Sab3. Let
A = Sa, A1 = Sb,A2 = Sb2, and A3 = Sb3. Observe that A,A1, A2, A3 are distinct
and nonzero proper ideals of S and A ∩ Ai = AAi for each i ∈ {1, 2, 3}. Hence, we
obtain from Lemma 2.9 that G(R) does not satisfy (Ku2). This is in contradiction to the
hypothesis that G(R) satisfies (Ku2). Therefore, for any a, b ∈ m\{0}, Sa∩Sb 6= Sab.
�

Let R be an integral domain with quotient field K. Recall from [2, page 65] that R
is said to be a valuation ring of K if for each α ∈ K,α 6= 0, either α ∈ R or α−1 ∈ R.
Let K be a field. It is useful to recall from [2, page 94] that a discrete valuation on
K is a mapping v from K∗ = K\{0} onto Z such that (1) v(xy) = v(x) + v(y)

and (2) v(x + y) ≥ min(v(x), v(y)). An integral domain R is called a discrete
valuation ring if there exists a discrete valuation v on its quotient field K such that
R = {0} ∪ {α ∈ K∗|v(α) ≥ 0}.

Proposition 2.14. Let (V,m) be a valuation domain with dim V = 1 and let F be a
field. Let R = V × F . Then the following statements are equivalent:

(i) G(R) is planar.

(ii) G(R) satisfies both (Ku∗1) and (Ku∗2).

(iii) G(R) satisfies (Ku2).

(iv) V is a discrete valuation ring.
Proof. (i)⇒ (ii) This follows from Kuratowski’s Theorem [4, Theorem 5.9].

(ii)⇒ (ii) This is clear.

(iii) ⇒ (iv) We know from Lemma 2.11 that m 6= m2. Let m ∈ m\m2. We assert
that m = V m. This is well-known. For the sake of completeness, we include a proof
of it here. Let a ∈ m. Since V is a valuation domain, either V a ⊆ V m or V m ⊆ V a.
If V m ⊆ V a, then m = va for some v ∈ V . As m /∈ m2, it follows that v ∈ U(V )

and so, a = v−1m ∈ V m. This shows that m ⊆ V m and so, m = V m. We know
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from [8, Theorem 17.1 (3)] that ∩∞n=1m
n ∈ Spec(V ). Since dim V = 1 and m 6= m2,

we get that ∩∞n=1m
n = (0). Let I be any nonzero proper ideal of V . We claim that

I = V mn for some n ≥ 1. We can assume that I 6= m. It follows from [2, Proposition
1.14] that

√
I = m = V m. Hence, mn = V mn ⊆ I for some n ≥ 1. It is clear that

n 6= 1. Consider the ring T = V
mn . Note that T has p = m

mn as its unique maximal
ideal, p = T (m + mn) is principal, and pn = (0 + mn). It now follows from the proof
of (iii) ⇒ (i) of [2, Proposition 8.8] that I

mn = mi

mn for some i ∈ {1, . . . , n} and so,
I = mi = V mi. Now, it follows from (vi) ⇒ (i) of [2, Proposition 9.2] that V is a
discrete valuation ring.

(iv) ⇒ (i) Since V is a discrete valuation ring, we obtain from (i) ⇒ (vi) of [2,
Proposition 9.2] that there exists m ∈ m such that m = V m and {V mn|n ∈ N}
is the set of all nonzero proper ideals of V . Observe that R is semilocal with
Max(R) = {M1 = m × F,M2 = V × (0)}. Note that V (G(R)) = V1 ∪ V2, where
V1 = {(0)×F, V mn×F |n ∈ N} and V2 = {V × (0)}. Observe that G(R) is the union
of the subgraphs C (R) and H , where H is the subgraph of G(R) induced on V1. We
know from [18, Lemma 4.1] C (R) is a complete bipartite graph with vertex partition V1
and V2. As |V2| = 1, we obtain that C (R) is a star graph. In H , (0) × F is adjacent to
V mn×F for all n ≥ 1. As for all distinct i, j ∈ N, V mi ∩V mj is either V mi or V mj ,
whereas (V mi)(V mj) = V mi+j , it follows that V mi ∩ V mj 6= V mi+j . Therefore,
V mi × F and V mj × F are not adjacent in H . This shows that H is a star graph with
(0) × F as its center. It is evident from the above description of G(R) that it is planar.
�

Recall from [8, Exercise 8, page 184] that a ring R is said to be a chained ring if
the set of ideals of R is linearly ordered by inclusion. If R is a chained ring, then R is
necessarily quasilocal.

Proposition 2.15. Let (S,m) be a chained ring such that S is not a field and dim S = 0.
Let R = S × F , where F is a field. Then the following statements are equivalent:

(i) G(R) is planar.

(ii) G(R) satisfies both (Ku∗1) and (Ku∗2).

(iii) G(R) satisfies (Ku2).

(iv) (S,m) is a SPIR.
Proof. (i)⇒ (ii) This follows from Kuratowski’s Theorem [4, Theorem 5.9].

(ii)⇒ (iii) This is clear.
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(iii) ⇒ (iv) We know from Lemma 2.11 that m 6= m2. Since the ideals of S are
comparable under the inclusion relation, it can be shown as in the proof of (iii)⇒ (iv)

of Proposition 2.14 that m = Sm for any m ∈ m\m2. Since dim S = 0, it follows
that m is the only prime ideal of S. Hence, we obtain from [2, Proposition 1.8] that
nil(S) = m. Observe that there exists n ∈ N least with the property that mn = 0.
It is clear that n ≥ 2. Now, it follows from (iii) ⇒ (i) of [2, Proposition 8.8] that
{Smi|i ∈ {1, . . . , n−1}} is the set of all nonzero proper ideals of S. Therefore, (S,m)

is a SPIR.

(iv)⇒ (i) Let n ≥ 2 be least with the property that mn = (0). Let m ∈ m be such that
m = Sm. Hence, {Smi|i ∈ {1, . . . , n − 1}} is the set of all nonzero proper ideals of
S. Note that V (G(R)) = {(0)×F, Smi×F |i ∈ {1, . . . , n− 1}} ∪ {S × (0)}. Now, it
can be shown as in the proof of (iv)⇒ (i) of Proposition 2.14 that G(R) is planar. �
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