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Abstract

The present work investigates the thermoelastic behaviour of an elastic
material occupying the half space subjected to shock wave in the context
of the fractional order generalized thermoelasticity associated with two
relaxation times. The Laplace transform together with the Laplace
transform of Caputo fractional integral has been applied to solve the closed
form of the obtained solutions in the Laplace transform domain. The
inversion of the dimensionless physical quantities are obtained numericaly
using a complex inversion formula of Laplace transform based on a Fourier
expansion. The variation of the heat conduction, the distribution of the
stress and the strain with the fractional order parameter, second relaxation
time and time are studied and the results presented graphically. Comparison
between the effects of different parameters has been illustrated graphically.
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NOMENCLATURE

The following notaions will be used through out the present work:

ϕh conductive temperature

in the hyperbolic two-temperature model

ϕp conductive temperature

in the classical two-temperature model

σh principal stress component

in the case of hyperbolic two-temperature model

σp principle stress component

in the Classical two-temperature model

eh cubic dilatation in the hyperbolic two-temperature model

ep cubic dilatation in the classical two-temperature model

CE specific heat at constant strain.

co longitudinal wave speed.

T absolute temperature.

To reference temperature

t time

ui components of displacement vector

α ≥ 0 two-temperature parameter.

αT coefficientρnt of linear thermal expansion

ε dimensionless mechanical coupling constant

λ, µ Lame’s constants

ρ mass density

τo: relaxation time parameter.

β fractional-order parameter

Γ gamma function

K thermal conductivity

θ = T − T0 thermodynamic temperature increment

such that θ/T0 � 1
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1. INTRODUCTION

In Thermoelasticity the heat conduction in deformable bodies arises from the
conductive and thermodynamical temperatures [1], [2]. It is seen that in case of
time dependent situation when there is no supply of heat the two-temperatures are the
same where as in case of time dependent situation the two-temperature are different.
Some more details of such studies can be found in [3],[4]. Youssef has defined
the variance theory and the uniqueness of the initial boundary value problem in the
generalized thermoelasticity with two-temperatures in separate situations [5]-[7]. To
remove the paradox of heat conduction present in the two-temperature thermoelasticity
theory which admit infinite speed of signals, Youssef enhanced the thermoelasticity
theory based on conductive and thermodynamic temperature by assuming a hyperbolic
form of the two-temperature relation [8]. The concept of derivative and integral have
been generalized to a non-integer order and studied by many researchers [9]-[15].
Various physical process and models have been implemented through the application
of fractional-order derivatives. Applications of the fractional-order theory and many
other contributions have been published by many researchers [16]-[22]. The fractional-
order thermoelasticity becomes more realistic when it relies on the fractional-order
operator because the presence of the fractional-order derivatives permits the differential
equations of the system to take into consideration the effects of the intermediate as well
as the previous states to express the present and the next states of the medium. One of
the most famous definitions of fractional-order was introduced by Riemann-Liouville
and given by [14]:

RLD
β
t f(t) =

dn

dtn
[

1

Γ (n− β)

∫ t

0

(t− τ)n−β−1f(τ)dτ ], n− 1 < β < n (1)

The second definition was presented by [14]and given by:

CD
β
t f(t) =

1

Γ(n− β)

t∫
0

(t− τ)n−β−1
dnf(τ)

dτn
dτ n− 1 < β < n (2)

These two definitions are the same if f(0) = 0. For more details about the comparison
between the two definitions of the fractional-order time derivative introduced by
Riemann-Liouville and that of Caputo and various definitions and works of fractional-
order derivatives were reported in [22].

Based on the new theory of the hyperbolic two - temperature generalized
thermoelasticity by Youssef [8] the present work can be considered as a generalization
to the application studied in it and more realistic as the present model contains
fractional-order derivatives in both equations of motion as well as the heat equation.
In the present work we will use the following equation:

LCD
β
t f(t) = s(β−n)Lfn(t), n− 1 < β < n, (3)
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as in [21] to investigate the behaviours of a thermoelastic isotropic and homogeneous
half-space subjected to a thermal loading a represented by a heavy side step function at
the end x = 0. In Eq. (3), s is the complex parameter connected to Laplace transform.

2. ONE DIMENSIONAL THERMOELASTIC MODEL

For the present model we presume the following one-dimensional fractional-order
system of equations which is capable to describe the overall behaviour of a semi-infinite
one-dimensional homogeneous isotropic material occupying the half- space x ≥ 0 and
subjected to thermal loading at the end x = 0. The three- dimensional forms of this
system can be found in Youssef [8]. We assume that the material is subjected to thermal
loading and stress-free at the end x = 0. All the field functions are initially set at zero.
We also presume that no body force is applied to the medium. When no inner heat
sources and any charges are present, the generalized thermoelastic one dimensional
system of differential fractional-order equation assumes the following equations:
The conductive heat equation:

K (
∂2ϕ(x, t)

∂x2
) = (

∂

∂t
+
τβo
β!
Dβ+1
t )(ρCE θ(x, t)) + Toγ(1 + τβDβ

t )e(x, t) (4)

ρ
∂2e(x, t)

∂t2
= (λ+ 2µ) (1 + τβDβ

t )
∂2e(x, t)

∂x2
− γ(1 +

τβo
β!
Dβ+1
t )

∂2θ(x, t)

∂x2
(5)

and the stress-strain constitutive equations take the forms:

σ(x, t) = (1 + τβDβ
t )(λ+ 2µ)e(x, t)− γ(1 +

τβo
β!
Dβ+1
t )θ(x, t) (6)

and

e(x, t) =
∂u(x, t)

∂x
. (7)

Instead of the classical two-temperature relation between the heat conduction ϕ and the
thermodynamical temperature θ given by:

θ = ϕ− α∂
2ϕ

∂x2
(8)

we used the following hyperbolic relation as given in[9]:

∂2θ

∂t2
=
∂2ϕ

∂t2
− α∂

2ϕ

∂x2
(9)
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3. DIMENSIONLESS SYSTEM OF EQUATIONS IN LAPLACE DOMAIN

For converting the previous system of Eqs.(4)-(9) into dimensionless system we used
the set of dimensionless variables as in [8] and dropping the primes for convenience,
we get the following non-dimensional system of equations:

∂2ϕ(x, t)

∂x2
= (

∂

∂t
+
τβo
β!
Dβ+1
t )θ(x, t) + ξε1(1 + τβDβ

t )e(x, t) (10)

The dimensionless fractional-order differential equation of strain takes the form:

∂2e(x, t)

∂t2
= (1 + τβDβ

t )
∂2e(x, t)

∂x2
− ω(1 +

τβo
β!
Dβ+1
t )

∂2θ(x, t)

∂x2
(11)

the constitutive equations take the following forms:

σ(x, t) = (1 + τβDβ
t )e(x, t)− ω(1 +

τβo
β!
Dβ+1
t )θ(x, t) (12)

and

e(x, t) =
∂u(x, t)

∂x
(13)

The hyperbolic two-temperature non-dimensional equation becomes:

∂2ϕ

∂t2
=
∂2θ

∂t2
− α∂

2ϕ

∂x2
(14)

Applying the Laplace transform defined by:

L{f(t)} =

∞∫
0

e−stf(t)dt (15)

together with Caputo definition (3) to the system of Eqs. (10)-(14) we get the following
none dimensional system of equations in Laplace domain:

∂2ϕ(x, s)

∂x2
= L1e(x, s) + L2θ(x, s) (16)

∂2e(x, s)

∂x2
= E1e(x, s) + E2

∂2θ(x, s)

∂x2
(17)

σ(x, s) = (1 + sβ)e(x, s) − ω(sβτβ1 + β!)θ(x, s) (18)
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and the relation between the two types of temperature:

θ(x, ps) = ϕ(x, s)− s−2α∂
2ϕ(x, s)

∂x2
) (19)

Combining Eqs. (17) and (18) gives:

∂2σ(x, s)

∂x2
= s2e(x, s) (20)

where L1 = sβ−1 +sε1ξ, L2 = s+ τβo s
β−1

β!
, E1 = s2β!

L3
, E2 = ω

sβτβ1 +β!

L3
and L3 =

(1 + sβτβ)β!
The Eqs. (16)-(20) represent the non-dimensionless governing equations of the present
one - dimensional fractional-order thermoelastic model in the light of generalized
fractional-order thermoelasticity with hyperbolic two-temperature equation.

4. THE SOLUTIONS IN THE LAPLACE DOMAIN

Eliminating e(x, s) and θ(x, s) between the Eqs. (16) and (17), we get the following
fourth order non homogeneous differential equation;

bϕ(x, s)− a∂
2ϕ(x, s)

∂x2
+
∂4ϕ(x, s)

∂x4
= 0, (21)

where

a =
s2
(
β!
(
τβsβ+2 + ωsβ + s3 + s2(α+ ξωε1 + 1)

)
+ sβ

(
τoβ

(
α+ τβsβ + 1

)
+ ωτ1β

(
sβ + ξs2ε1

)))
β! (τβ(α+ s)sβ+2 + αωsβ + s3 + αξs2ωε1 + αs2) + αsβ

(
τoβ (τβsβ + 1) + ωτ1β (sβ + ξs2ε1)

)

b =
s4
(
s2β! + τoβsβ

)
β! (τβ(α+ s)sβ+2 + αωsβ + s3 + αξs2ωε1 + αs2) + αsβ

(
τoβ (τβsβ + 1) + ωτ1β (sβ + ξs2ε1)

)

The most general solution of (21) according to the current formulation of the problem
takes the form;

ϕ(x, s) =
2∑
i=1

Cie
−kix, (22)

where Ci are coefficients depending on s whose values can be evaluated by using
the given boundary conditions, ±ki are the roots of the characteristic equations
corresponding to the Eq. (21), which is;

N −Mk2 + k4 = 0.
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After some manipulations to the system of Eqs. (16)- (19) we get the following general
solutions of the physical quantities of the present model in the domain of Laplace;
The thermodynamical temperature assumes the form:

θ(x, s) =
1

s2

2∑
i=1

Ci e
−kix(s2 − α k2i ) (23)

The strain and the stress in the domain of Laplace takes the form:

e(x, s) =
2∑
i=1

Cie
−kix(−s2A2 + k2iA3)

s2B
(24)

σ(x, s) =
2∑
i=1

Cie
−kix(L4 + k2iL5) (25)

where

L4 = −A1ω − (1+sβ)A2

B
, L5 = α ω B+(1+sβ)A3

s2B

A1 =
sβτβ1 +β!

β!
, A2 = sβτβo +s

2β!
β!

, A3 = (α sβτβo +s
2(s+α)β!)
β!

,

B = (sβ + s2ε1ξ)β!.

The Eqs.(22) -(25) represent the complete solution of the system (16)-(20) in the
Laplace transform domain.

5. DETERMINATION OF THE PARAMETERS

To determine the previous parameters, the following initial conditions have been
provided as well as the medium is set at rest initially and has reference temperature
To so that the initial conditions are given by;

ϕ(x, 0) = 0, e(x, 0) = 0, σ(x, 0) = 0,

∂ϕ(x, 0)/∂t = 0, ∂e(x, 0)/∂t = 0, ∂σ(x, 0)/∂t = 0,

(26)

we assume a thermal shock loading so that the medium undergoes the following
boundary conditions at the close end x = 0;

ϕ(0, t) = ϕ0 H(t), σ(0, t) = 0, (27)

while at x =∞ the boundary conditions take the form:

ϕ(∞, t) = 0, , σ(∞, t) = 0, 0 < t <∞, (28)
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where H(t) is the Heaviside unit step function and ϕois the thermal shock intensity.
Applying the Laplace transform to the Eqs. (27) and (28) we obtain the following
dimensionless form of the boundary conditions:

ϕ(0, s) =
ϕo
s
, σ(0, s) = 0,

ϕ(∞, s) = 0, σ(∞, s) = 0, (29)

Similarly the dimensionless initial conditions in the domain of Laplace can be obtained.
By applying these conditions to (22)-(25), the constants Ci can be obtained as given
below;

C1 =
ϕo[s

2(s2 − α k22) L6 τ
β
1 ω + (s2 L7 − k22 L8 β!)]

(k21 − k22)(α sβ L6 τ
β
1 ω + L8 β!)

(30)

C2 =
ϕo[s

2(s2 − α k21) L6 τ
β
1 ω + (s2 L7 − k21 L8 β!)]

(k21 − k22)(α sβ L6 τ
β
1 ω + L8 β!)

(31)

where

L6 = (1 + sβ)τβo + (sβ + s2ε1ξ)τ
β
1 ω

L7 = s2+β + ω sβ + s2(1 + ε1ξω)

L8 = (s3 + s3+β + α s2+β + α ωsβ + α s2(1 + ε1ξω)β!)

After substituting with the constants given by the Eq. (30)-(31) into the Eqs. (22)-
(25), we obtain the complete solution in the Laplace domain of the non-dimensional
field functions; temperature, stress and strain respectively.

6. NUMERICAL FORM OF THE INVERSION OF THE LAPLACE
TRANSFORM

The physical quantities ϕ(x, t), θ(x, t), σ(x, t) and e(x, t) can be obtained by inverting
the system of Eqs.(22)-(25) back to the time domain. Therefore, we use a numerical
equation based on the expansion of Fourier. In this technique any function f (s) is
inverted back to the original function f(t) in the time domain as given below;

f(t) =
exp(ct)

t1
[
1

2
f (c) + <(

N∑
1

f (c+
ikπ

t1
exp(

ikπ

t1
)], 0 < t1 < 2t, (32)

where < is the real part, i is imaginary number unit and N is a sufficiently large integer
representing the number of terms in the truncated Fourier series chosen such that;

exp(ct)<
[
f (c+

iNπ

t1
) exp(

iNπt

t1
)

]
≤ ε1, (33)
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where ε1 is a small positive number that represents the degree of accuracy required.
The parameter c is a positive free parameter that must be greater than the real part of
all the singularities of f(s) . The optimal choice of c was obtained according to the
criteria described in Honig and Hirdes [23]. Details about the analysis of the formula
(32) can be found in [24].

7. DISCUSSION OF THE RESULTS

For numerical computations, we used the physical constants of the Copper material
used in [21]. We investigate the distributions of the field functions ϕ, σ and e with the
variation of the values of the parameters β, τ1 and t. The results are collected in groups
of figures; each group presents the effect of one of the mentioned parameters on the
physical quantities.
Figure (1) illustrates the effects of the fractional-order parameter β on the field
functions. Fig.1 (a) illustrates the effects of the variation of the fractional order
parameter β on the distribution of the field functions. It is noticed that there is a direct
variation between β and the amplitude of the heat conduction ϕ. An asymptotic stability
in the heat conduction curve can also be noticed. Figure 1(b) represents the stress with
different values of β. It is noticed that the amplitude changed its sign from positive to
negative at x ' 1.35. The absolute vale of the magnitude of the stress distribution is in
inversely proportional to the increasing value of the fractional order parameter. Figure
1(c) represents the variation of the strain distribution with the variance of β. It shows
that the strain resembles the behaviour of the stress up to the point x ' 2.0 but for
x ' 2 the effect of the fractional order on the distribution curve of the strain disappear.
The strain attains its equilibrium point faster than the other than the physical quantities.
Figure (2) represents the effect of the second relaxation time τ1 on the functions ϕ, σ
and e. It is seen that there is no changes on the distribution curve of the heat conduction
ϕ with different values of τ1. Figure 2(b) illustrates the behaviour of the stress with the
variance of the second relaxation time τ1. A very slight change in the amplitude of the
stress near the point where we apply the thermal shock is seen up to the point x ' 1.0.
Changes of the amplitude of the stress have been noticed at x > 1.0. The stress
distribution has an asymptotic stability. Unlike the behaviour of the stress, the strain
distribution curve changes its absolute value of the amplitude near the point of the heat
source and the effect of the second relaxation time starts to disappear at x = 1.0. Strain
distribution curve has an asymptotic stability like the stress.
Figure (3) shows the variation of the field functions with the variation of time t. The
variation of the heat conduction ϕ with the variation of time t resemble its behaviour
with the variation of the fractional order parameter β. In fig.3(b) the stress distribution
curves show an inverse variation with change in time. It is also noticed that the peak
positions of the stress curve move away from the point of the heat source. The stress
distribution curve has an asymptotic stability during the variation of time.
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FIGURE 1: Effect of fractional-order parameter β on ϕ, σ and e at t = 0.05, τo =
0.2, τ1 = 0.25
(a)Distribution of hyperbolic conductive temperature ϕ; (b) Distribution of Stress σ; (c)
Distribution of Strain
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FIGURE 2: Effect of the Second Relaxation Time τ1 on ϕ, σ and e at t = 0.5, τo =
0.01, β = 0.6
(a) Distribution of hyperbolic conductive temperature ϕ; (b) Distribution of Stress σ;
(c) Distribution of Strain
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FIGURE 3: Variation of Physical field functions with Time t on ϕ, σ and e at
t = 0.5, τo = 0.01, β = 0.6
(a) Distribution of hyperbolic conductive temperature ϕ; (b) Distribution of Stress σ;
(c) Distribution of Strain
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8. CONCLUSION

We noticed that the distributions of the field function ϕ, σ and e has an asymptotic
stability with the variation of all parameters β, τ1 and time t. We also noticed that the
second relaxation time τ1 has no effect on the heat conduction ϕ. The amplitude of the
distribution curve of the stress changes its sign at the same point with the variation of
all parameters. The figures of the heat conduction and the stress are coincident with the
boundary conditions.
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[12] M. Caputo, Elasticitá e dissipazione (Elasticity and anelastic dissipation),
Zanichelli, Bologna, 1969.

[13] M. Caputo and F. Mainardi, ”A new dissipation model based on memory
mechanism,” Pure and applied Geophysics 91, no. 1, pp. 134-147, 1971.

[14] M. Caputo, ”Vibrations of an infinite viscoelastic layer with a dissipative
memory,” The Journal of the Acoustical Society of America 56, no. 3, pp. 897-
904, 1974.

[15] I. Podlubny, ”Geometric and Physical Interpretation of Fractional Integration and
Fractional Differentiation,” Fractional Calculus and Applied Analysis, vol.5, no.4,
pp. 367-386, 2002.

[16] R. Hilfer, Applications of fractional calculus in physics World Scientific Publ. Co.,
Singapore, 2000.

[17] H. H. Sherief , A. El-Said, and A. Abd El-Latief, ”fractiona- ordere theory of
thermoelasticity,” Int. J. Solids Struct., vol. 47, no. 2, pp. 269-27, 2010.

[18] M. A. Ezzat and A. S. El-Karamany, ”On the fractional Thermo- elasticity,”
Mathematics and Mechanics of Solid, vol. 16 , pp. 334-346, 2011.

[19] Y. Z. Povstenko, ”Theories of thermal stresses based on space-time-fractional
telegraph equations,” Computers and Mathematics with Applications, vol. 64, pp.
3321-3328, 2012.

[20] H. M. Youssef, ”Theory of generalized thermoelasticity with fractiona- ordere
strain,” Journal of Vibration and Control, vol. 22, no. 18, pp. 3840-3857, 2016.

[21] E. Bassiouny, Zeinab Abouelnaga, and M. Hamdy Youssef,”One-dimensional
thermoelastic problem of a laser pulse under fractiona- ordere equation of motion,”
Canadian Journal of Physics, vol. 95, no. 5, pp. 464-471, 2017.

[22] E. Bassiouny , Zeinab Abouelnaga and M. Hamdy Youssef, ”Sandwich Structure
Panel Subjected to Thermal Loading using fractiona- ordere Equation of Motion
and Moving Heat Source,” Canadian Journal of Physics, vol.96, no.2, pp. 174-182,
2018.

[23] G. Honig, and U. Hirdes, ”A method for the numerical inversion of Laplace
transforms,” Journal of Computational and Applied Mathematics 10, no. 1, pp.
113-132, 1984.



Hyperbolic Two Temperature Fractional-Order Thermoelastic Mode... 229

[24] H. Hany Sherief, ”State Space Approach to Thermoelasticity with Two Relaxation
Times,” International Journal of Engineering Sciences, vol. 31, no. 8, pp. 1179-
1189, 1984.



 


	Introduction
	One Dimensional Thermoelastic Model
	Dimensionless System of Equations in Laplace Domain
	The Solutions in the Laplace Domain
	Determination of the Parameters
	Numerical Form of the Inversion of the Laplace Transform
	Discussion of The Results
	Conclusion



