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Abstract

In this paper, the neighborhood critical vertex of an M-strong fuzzy graph is defined.
Theorems related to these critical vertices are stated and proved.
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1. Introduction

The notion of fuzzy graph and several fuzzy analogs of graph theoretical concepts such
as path, cycle and connectedness are introduced by Rosenfeld in the year 1975 [5].
Mordeson and Peng introduced the concept of fuzzy line graph and developed its basic
properties in the year 1993 [4]. The neighborhood numbers (n0) of various known fuzzy
graphs are introduced by S. Ismail Mohideen and A. Mohamed Ismayil in the year 2010
[3]. Neighborhood critical vertex in crisp graph is introduced by E. Sambathkumar and
Prabha S. Neeralagi in the year 1992 [6]. In this paper, Neighborhood critical vertices
of an M-strong fuzzy graph are discussed. Theorems related to these critcal vertices are
stated and proved.
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2. Preliminaries

Definition 2.1. Let V be a finite non empty set and E be the collection of two element
subsets of V . A fuzzy graph G = (σ , μ) is a set with two functions σ : V → [0, 1] and
μ : E → [0, 1] such that μ(u, v) ≤ σ (u) ∧ σ (v)for all u, v ∈ V.

Definition 2.2. Let G = (σ , μ) be a fuzzy graph on V and S ⊂ V . Then the scalar
cardinality of S is defined by

∑

u∈S

σ (u). The order (p) and size (q) of a fuzzy graph

G = (σ , μ) are the scalar cardinality of V and E respectively.

Definition 2.3. A fuzzy graph G1 = (σ1, μ1) is called the fuzzy sub graph induced by
V1 if σ1(u) ≤ σ (u) for all u ∈ V1 and μ1(u, v) ≤ σ1(u) ∧ σ1(v) ∧ μ(u, v) for all u, v ∈ V1
and is denoted by 〈V1〉. A fuzzy graph G1 = (σ1, μ1) is called the full fuzzy sub graph
induced by V1 if σ1(u) = σ (u) for all u ∈ V1 and μ1(u, v) = σ1(u) ∧ σ1(v) ∧ μ(u, v) for
all u, v ∈ V1 and is denoted by 〈〈V1〉〉.
Definition 2.4. A vertex u of a fuzzy graph G = (σ , μ) is said to be isolated vertex if
μ(u, v) < σ (u) ∧ σ (v) for all v ∈ V \u. An edge e = (u, v) of a fuzzy graph is called an
effective edge if μ(u, v) = σ (u) ∧ σ (v). Here the vertex u is adjacent to v and the edge e

is incident to u and v. A fuzzy graph G = (σ , μ) is said to be M-strong fuzzy graph [1]
if μ(u, v) = σ (u) ∧ σ (v) for all (u, v) ∈ E.

Definition 2.5. Let u, v ∈ V and e = (u, v) then N (u) = {v ∈ V : μ(u, v) = σ (u)∧σ (v)}
is called open neighborhood of u and N [u] = N (u) ∪ {u} is called closed neighborhood
of u.

Definition 2.6. Let G = (σ , μ) be a fuzzy graph on V and let u, v ∈ V . If μ(u, v) =
σ (u) ∧ σ (v) then u dominates v (or v is dominated by u) in G. A subset D of V is
called a dominating set in G if for every v ∈ V − D then there exist u ∈ D such that
u dominates v.The minimum fuzzy cardinality of a dominating set of G is called the
domination number of G and is denoted by γ (G) or γ .

Definition 2.7. Let G = (σ , μ) be an M-strong fuzzy graph. A set S ∈ V is a neigh-
borhood set of G if G = ∪u∈S 〈〈N [u]〉〉 and is denoted by n − set . The neighborhood
number of G is the minimium scalar cardinality taken over all n-set and is denoted by
n0. n0-set is a neighborhood set of G with minimium scalar cardinality.

In a fuzzy graph G, the beighborhood number may increase or decrcease or remain
unaltered if a vertex is removed from G.

3. Neighborhood critical vertices

Definition 3.1. The vertex v of G is

(i) λ − critical if λ(G − v) 
= λ(G)
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(ii) λ+ − critical if λ(G − v) > λ(G)

(iii) λ− − critical if λ(G − v) < λ(G)

(iv) λ − f ixed if v belongs to every λ-set

(v) λ − f ree if v belongs to some λ-set but not all

(vi) λ − totallyf ree if v belongs to no λ-set.

Here the parameter λ is used as a common symbol for neighborhood number n0 and
domination number γ .

Definition 3.2. The set of all λ − critical (λ+ − critical, λ− − critical, λ − f ixed,
λ − f ree, λ − totallyf ree) vertices are called λc − set(λ+,λ−

c , λf x ,λf r ,λtf − set).

Example 3.3.

0.5 0.2 0.4 0.4 0.6 0.5 0.7 0.3
.————.———–.————. .———–.———–. .

v1 v2 v3 v4 v5 v6 v7 v8

Figure: 3.1

Consider the fuzzy graph given in figure 3.1. Let us take the λ−set be {v2, v4, v6, v8}.
(i) {v1, v2, v4, v6, v8} is λc-set

(ii) {v2, v6} is λ+
c -set

(iii) {v1, v4, v8} is λ−
c -set

(iv) {v2, v6, v8} is λf x-set

(v) {v3, v4} is λf r -set

(vi) {v1, v5, v7} is λtf -set.

Observation 3.4.

1. If the vertex v is isolated then λ(G−v) < λ(G), that is v ∈ λ−
c -set and v ∈ λf x-set.

2. λ+
c -set and λ−

c -set are always subsets of λc-set.

3. The union of λf x-set,λf r -set and λtf -set is V, that is
∣∣λf x − set

∣∣ + ∣∣λf r − set
∣∣ +∣∣λtf − set

∣∣ = p.

4. Every vertex of λ-set is λ − critical. Coverse is not true, for example, the figure
given in example 3.3, v1 is λ − critical but not in λ-set.
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Theorem 3.5. λ+
c − set ⊆ λf x − set .

Proof. Let v ∈ λ+
c − set . Hence v is

λ+ − critical ⇒ λ(G − v) > λ(G) (1)

If v /∈ λf x − set , that is v is not a λ-fixed vertex. Therefore, v is not an element of atleast
one λ-set. Without loss generality , let S is dominateing set or neighorhood set of G− v.
Hence λ(G − v) ≤ λ(G), which is a contradiction to (1). Therefore v ∈ λf x − set . �

Remark 3.6. Converse of the Theorem 3.5 need not be true. For example, the figure
given in Example 3.3 v8 is λ − f ixed but not λ+ − critical.

Theorem 3.7. Let G be a fuzzy graph, if λ-set is unique in G, then every vertex of V

is either in λf x-set or λtf -set. In this case the union of λf x-set and λtf -set is V. That is∣∣λf x − set
∣∣ + ∣∣λf r − set

∣∣ = p.

Proof. case (i) let v ∈ V be the vertex not in λf x-set. We claim that v is in λtf -set.
Suppose v is not in λtf -set. Then v must be in λf r -set(Observation 3.4. 3). Since λ-set
is unique, hence v must be in λf x-set, which is a contradiction. case(ii) similar we can
prove this case. �

Remark 3.8. If λ-set is unique, then

1. λf r -set is empty.

2. Intersection of λf x-set andλtf -set is empty.

Theorem 3.9. Every vertex of V not in λ − critical is either in λf r -set and λtf -set.

Proof. Let v ∈ V not in λ − critical

case (i) If v is not in λf r -set. We claim that v is in λtf -set. Suppose v is not in λtf -set,
then v must be in λf x-set. Hence v is λ − critical,which is a contradiction.
case (ii) similar we can prove this case. �

Theorem 3.10.

1. A vertex v is γ − − critical if and only if N (u) ⊂ ∪u∈D−{v}N (u) for some γ -set
D containing v.

2. v is n0 − critical if and only if 〈〈N (v)〉〉 is a full induced fuzzy subgraph of
∪u∈D−{v} 〈〈N (u)〉〉 for n0-set D containing v.

Proof.

1. let v be γ − − critical and S be a γ -set of G − v. Then D = S ∪ {v}is a γ -set of
G. If S contains a vertex of N (v), then S will be a dominating set of G, which is a
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contradiction. Thus no vervex of N (v) belong to S. Hence N (v) ⊂ ∪u∈D−{v}N (u).
Conversely, if N (v) ⊂ ∪u∈D−{v}N (u) for some γ -set D containing v, then D −{v}
is a dominaing set of G − v. Hence v is γ − − critical.

2. similarly we can prove this part. �

References

[1] K.R. Bhutani and A. Battou, On M-strong fuzzy graphs, Information Sciences 155,
pp. 103–109 (2003).

[2] George J.Klir and Bo Yuan, Fuzzy sets and Fuzzy logic-Theory and Application,
Prentice Hall of India, 2005

[3] S. Ismail Mohideen and A. Mohamed Ismayil, The vertex neighborhood number of
a fuzzy graph, Int. Jour. Mathematics Research, vol.2, Number 3, pp. 71–76 (2010).

[4] J.N. Mordeson, C.S. Peng, Operations on fuzzy graphs, Information Sciences, 79,
159–170 (1994).

[5] A. Rosenfeld, Fuzzy graphs, in: L.A. Zedeh, K.S. Fu, K. Tanaka, M. Shimura (Eds.),
Fuzzy sets and Their Applications to Cognitive and Decision Processes, Academic
Press, NewYork, 1975, pp 77–95.

[6] Sampathkumar, E and Prabha S. Neeralagi, Domination and neighborhood critical,
fixed, free and totally free points, Indian J. of Statistics, Special Vol. 54, pp. 403–407
(1992).

[7] Zimmermann,H.J, Fuzzy Set Theory and its Application, Springer International Edi-
tion, Fourth Edition (2001).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


