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Abstract 

 

The aim of this paper is to introduce fuzzy tree transducer with 𝜀 rule and 

their properties. The concepts and results are fuzzification of their crisp 

counterparts. In addition we discuss few definitions and results on normalized 

FTT, reduction of fuzzy rule in FTT and fuzzy reduction system. We also 

discussed some closure properties of fuzzy tree transducer. 
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1 Introduction 

Models of automata that are generally considered in the Theory of Computations 

reads finite strings of alphabets for acceptance and models of transducers produces an 

output string of alphabet against reading a given string of alphabet. Various 

capabilities, complexities and applications of these models ranges from designing 

electronic circuits, vending machines, compiler of computers, syntax checking and 

correction programs etc. Due to limitations of finite transducers for natural language 

processing which are generally vague particularly for machine translation, question 

answering and summarization, Doner [6] and Thatcher and Wright[28] discovered 

finite-state automata that read finite labeled trees; either from the leaves toward the 

root or from the root toward the leaves. Doner; Thatcher and Wright have established 

some closer properties of tree automation. Rounds [24, 25] and Thatcher [26] 

extended tree automata to tree transducers to model transformations of trees for 

natural languages processing and compilation of computer programs. These 

transducers were initially motivated from transformational grammars of linguistics 

and syntax-directed semantics[32], but were later on successfully applied to problems 

in functional programming [12]; analysis of cryptographic protocols[14]; and 

decidability of the Second order logic [29] etc. 

Due to different approaches and applications the field of tree automata and 

transducers was studied by many researchers in different directions few of them are as 

follows: bottom-up tree transducers [28] and attributed tree transducers [31], macro 
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tree transducers [7] and modular tree transducers [8], tree bimorphisms [1], and 

various models with synchronization [28]. They are also studied in many applications 

such as XML manipulation, natural language processing and formal verification etc. 

[32, 27]. 

Fuzzy version of finite automaton extended the capabilities of finite automaton for 

accepting vague but valid sentences of natural language [13, 20, 21, 30]. Fuzzy tree 

automata also extends tree automata in the sense acceptance of trees with a fuzzy 

membership degree [2, 9, 15, 18] and useful for dealing with vague trees. As an 

application of fuzzy tree automaton one can refer Lee [17] and Moghari et. al [19]. 

For other applications see [9, 10, 18, 22, 23]. For algebraic study of fuzzy automaton 

we refer to Zoltan and Liu [33] and Chaudhari and Joshi [4]. Since trees can describe 

more complex patterns than strings do, it is necessary to investigate various issues of 

fuzzy tree transducers. Therefore, in this paper we introduce fuzzy tree transducers 

and discuss their properties. These concepts and results reduces to their crisp counter 

parts discussed in [16]. We refer to Baker [3] for basic terms and terminologies to for 

tree transducer and its languages. 

The paper is arranged in two sections as follows: Section 2 contains preliminaries 

related to fuzzy tree transducer and we have obtained an algorithm on abstract fuzzy 

reduction system. Section 3 contains closure properties like restricted direct product, 

direct product, composition and more results. 

 

 

2 Preliminaries 

Let 𝑁0 be the set of non-negative integers and 𝑁0
∗ a set of finite strings over 𝑁0 

including empty string, 𝜖. A ranked alphabet is a couple(𝐹, 𝐴𝑟𝑖𝑡𝑦), where 𝐹 is non-

empty finite set and 𝐴𝑟𝑖𝑡𝑦: 𝐹 → 𝑁0is a function. If 𝐴𝑟𝑖𝑡𝑦(𝑓) = 𝑛 then we say that the 

arity of a symbol 𝑓 ∈ 𝐹 is 𝑛 which is the number of arguments of the function 𝑓. 

Elements of arity 0, 1, 2, … , 𝑛 are respectively called constants, unary, binary, …, 𝑛-

ary symbols. For the sake of notational ease, throughout this paper, we use F for the 

ranked alphabet (𝐹, 𝐴𝑟𝑖𝑡𝑦). Here  𝐹𝑛 denotes the set of all symbols of arity 𝑛 ≥
0.  We assume that F contain at least one constant. The set 𝑌 is disjoint with the set 

𝐹0 and is called the set of variables. 

 

Definition 2.1: Let 𝐹 be the ranked alphabet and 𝑌 the set of variables. The smallest 

set 𝑇(𝐹; 𝑌) containing 𝑌 is the set of terms over 𝐹 and 𝑌, iff ∈𝐹𝑛(𝑛 ≥ 1) and 

𝑡1, 𝑡2, . . . , 𝑡𝑛 ∈ 𝑇(𝐹; 𝑌) implies that 𝑓(𝑡1, 𝑡2 , . . . , 𝑡𝑛) ∈  𝑇(𝐹; 𝑌). If 𝑌 = 𝜑,  then the 

set 𝑇(𝐹; 𝑌) is called the set of all ground terms over 𝐹. In this case we shall denote it 

by 𝑇(𝐹). A term 𝑡 ∈ 𝑇(𝐹; 𝑌) is linear if each variable occurs at most once in it. 

 

Example 2.2: Let F = {𝑔( ), 𝑓(, ), 𝑎, 𝑏}and 𝑌 =  {𝑥, 𝑦}. Then g is a unary symbol, 𝑓  
is a binary symbol and 𝑎, 𝑏  are constants. Here, 𝑔(𝑓(𝑥, 𝑎)) and 𝑓(𝑥, 𝑏) are just the 

terms over T(F;Y), the term 𝑓(𝑥, 𝑔(𝑦)) is linear whereas 𝑓(𝑥, 𝑥)is nonlinear. Note 

that f(a, g(f(b, a)) and 𝑔(𝑔(𝑓(𝑏, 𝑎))) are the ground terms over F. 
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Definition 2.3: A finite subset 𝑈 𝑜𝑓 𝑁0 
∗  is called a finite tree domain, if the following 

conditions hold 

1.  𝑤 ∈ 𝑈 𝑎𝑛𝑑 𝑤 = 𝑢𝑣 ⇒ 𝑢 ∈ 𝑈, where 𝑢, 𝑣, 𝑤 ∈ 𝑁0
∗ − {ɛ} (i. e. 𝑈 is prefix 

closed). 

2.  𝑤𝑛 ∈ 𝑈 and 𝑚 ≤ 𝑛 ⇒ 𝑤𝑚 ∈ 𝑈, where 𝑤 ∈ 𝑁0
∗ − {ɛ} and m, n ∈ N0 

 

Let 𝑈 be a finite tree domain. Then �̅� = {𝑤 ∈ 𝑈/𝑤. 1 ∈/𝑈} is called the leaf node 

set. 

 

Example 2.4: Let 𝑈 = {, 0, 1, 2, 11, 12, 21, 22, 23} be a finite tree domain. Then �̅� =
{0, 11, 12, 21, 22, 23} is the set of leaf nodes. (Note that 0 1 is not the same as 1) 

 

Definition 2.5: A (rooted) tree on a ranked alphabet 𝐹 and a set of variables 𝑌 is a 

function 𝑡: 𝑈 → 𝐹 ∪ 𝑌 such that 𝑡(𝑤) ∈ 𝐹(𝑎𝑟𝑖𝑡𝑦 > 0), for 𝑤 ∈ t(w) ∈ F∪Y, for   𝑤 ∈
𝑈. Thus elements of finite tree domain are positions of the tree. We sometimes denote 

it by 𝑃𝑜𝑠𝐹(𝑡) instead of U. 

 

Remark 2.6: Every term over 𝐹 and 𝑌 is treated as a rooted tree whose vertices are 

labeled by symbols of the term from left to right and whose descendants  equal to the 

arity of the symbol. 

 

Example 2.7: A term 𝑓(𝑦, 𝑔(ℎ(𝑏, 𝑥))) is a rooted tree with the root. We have 

diagrammatically shown it below without and with positions in the following figure 1. 

 
Figure 1: 

 

It is assumed that the position of a root is always zero. 
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0 

Definition 2.8: A depth of a tree 𝑡, 𝑑(𝑡), with tree domain 𝑈 is defined by 𝑑(𝑡) =
⋁{|𝑤|/𝑤 ∈ 𝑈}, where |𝑤| is the length of position w. For above example|211| = 3 =
|212|.  Hence, the depth of the tree 𝑡  is 3. 

 

Definition 2.9: Let 𝑌 be a set of variables. A linear term 

𝐶[𝑦1, 𝑦2, . . . , 𝑦𝑛] ∈  𝑇(𝐹; 𝑌) is called a context for the expression 

𝐶[𝑡1, 𝑡2, . . . , 𝑡𝑛], where𝑡1, 𝑡2, . . . , 𝑡𝑛 ∈  𝑇(𝐹), if it is obtained from 𝐶[𝑦1, 𝑦2, . . . , 𝑦𝑛] by 

replacing 𝑦𝑖 by 𝑡𝑖 ,  for each 1 ≤ 𝑖 ≤ 𝑛. i.e. 𝐶[𝑡1, 𝑡2, . . . , 𝑡𝑛] = 𝐶[𝑦1  ← 𝑡1, . . . , 𝑦𝑛 ←
𝑡𝑛] 
 

Example 2.10: Let 𝐶[𝑦1, 𝑦2]  = 𝑓(𝑦1, 𝑦2)  ∈ 𝑇(𝐹; 𝑌) be a linear term. If 𝑡1 = 𝑎, 𝑡2 =

𝑔(𝑏), then 𝐶[𝑡1, 𝑡2] = 𝐶{𝑦1 ← 𝑡1, 𝑦2 ← 𝑡2} = 𝑓(𝑎, 𝑔(𝑏)). Hence, f(x, y) is the context 

for f(a, g(b)). 
 

Definition 2.11: A fuzzy tree transducer with rule (in short FTT) is a 5-tuple 𝑇 =
(𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0), where 

•  𝑋 is a finite set called the set of non-terminal node symbols. 

•  𝐹 is called the finite input ranked alphabet. 

•  𝐹′ is called the finite output ranked alphabet. 

•  𝑥0 ∈ 𝑋 is called the initial non-terminal node 

•  P is a set of fuzzy production rules which are generally of the form. 

1) (𝑥, 𝑡(𝑦1, 𝑦2, … , 𝑦𝑛))
𝑐
→𝑡′, where 𝑥 ∈ 𝑋, 𝑡 ∈ 𝑇(𝐹 ∪ 𝑌; 𝑋), 𝑡′ ∈  𝑇(𝐹′ ∪ 𝑌; 𝑋), 

𝑦𝑖 ∈ 𝑌, 𝑖 = 1, 2, … , 𝑛 is a set of variable and 𝑐 ∈ [0, 1]. 

2) (𝑥, 𝑦1)
1
→ 𝑡′, where 𝑡′ ∈ 𝑇(𝐹′ ∪ 𝑌: 𝑋), 𝑥 ∈ 𝑋 and 𝑦𝑖 ∈ 𝑌. 

 

Any rule of the form (1) is generally called an input-consuming rule whereas any of 

the form (2) is called an 𝜖 − rule. 

 

Note: FTT_𝜖 without any 𝜖 −rule is just called a fuzzy tree transducer. We shall 

denote it by FTT. 

 

Definition 2.12: An expression 

(𝑥0, 𝑡)
𝑐1
→ 𝑡1

𝑐2
→ 𝑡2…

𝑐𝑛
→𝑡𝑛 = 𝑡

′ is called a derivation chain from 𝑡 𝑡𝑜 𝑡′, where 𝑡′ ∈

𝑇(𝐹′), 𝑡𝑖 ∈ 𝑇(𝐹
′ ∪ 𝐹; 𝑋). The degree of derivability of 𝑡′from 𝑡 denoted by 𝑑(𝑡 ⇒ 𝑡′) 

and will be defined as 𝑑 (𝑡 ⇒ 𝑡′) = ⋁  {⋀(𝑐1, 𝑐2 , … , 𝑐𝑛)} 

 

Definition 2.13: The fuzzy tree transformation computed by 𝑇, denoted by 𝐿(𝑇) is the 

set 𝐿(𝑇) = {(𝑡, 𝑡′𝑐)|(𝑥0, 𝑡)
𝑐∗
→𝑡′, 𝑡 ∈ 𝑇(𝐹), 𝑡′ ∈ 𝑇(𝐹′), 𝑐 ∈ [0, 1]} 

 

Example 2.14: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a FTT, where 𝑋 = {𝑥0, 𝑥1, 𝑥2, 𝑥3}, 𝐹 =
{𝑓(, , ), 𝑔(), 𝑎}, 𝐹′ = {ℎ(, ), 𝑘(), 𝑏}, 𝑌 = {𝑦1, 𝑦2, 𝑦3} and the set of fuzzy production 



Fuzzy Tree Transducers 103 

 

rules 𝑃 is: {𝑟1: (𝑥0, 𝑓(𝑦1, 𝑦2, 𝑦3))
0.6
→ ℎ (ℎ((𝑥1, 𝑦1), (𝑥2, 𝑦2)), (𝑥3, 𝑦3)) ; 𝑟2: (𝑥3, 𝑦3)

1
→ 𝑘((𝑥1, 𝑦3)); 𝑟3: (𝑥1, 𝑎)

0.6
→ 𝑏; 𝑟4: (𝑥2, 𝑔(𝑦2))

0.7
→ (𝑥1, 𝑦2)} 

We now illustrate an expression as follows: 

(𝑥0, 𝑓(𝑎, 𝑔(𝑎), 𝑎))
0.6
→ ℎ(ℎ ((𝑥1, 𝑎), (𝑥2, 𝑔(𝑎))) , (𝑥3, 𝑎)

1
→ ℎ(ℎ ((𝑥1, 𝑎), (𝑥2, 𝑔(𝑎))), 

𝑘((𝑥1, 𝑎)))  
0.6
→ ℎ(ℎ (𝑏, (𝑥2, 𝑔(𝑎))) , 𝑘(𝑏))

0.7
→ ℎ(ℎ(𝑏, (𝑥1, 𝑎), 𝑘(𝑏))

0.6
→ ℎ(ℎ(𝑏, 𝑏), 𝑘(𝑏)). 

Thus 𝐿(𝑇) = {((𝑓(𝑎, 𝑔(𝑎), 𝑎), ℎ(ℎ(𝑏, 𝑏), 𝑘(𝑏), 0. 6))}.  Diagrammatically this 

expression is represented as below 

 

 
Figure 2: 

 

 

Definition 2.15: Yield of a fuzzy tree transducer is a sentence or word formed by 

concatenating the leaves symbols of tree from left to right. For the tree 𝑡, we shall 

denote the yield of tree by 𝑌𝑖𝑒𝑙𝑑(𝑡). 
 

Example 2.16: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a FTT, where 𝑋 = {𝑥0, 𝑥1, 𝑥2}, 

𝐹 = {मी,मुलगी,आहे, f(, ), g(, )}, 𝐹′ = {𝑓′(, ), ℎ(, ), 𝑗(), 𝐼, 𝑎𝑚, 𝑎, 𝑔𝑖𝑟𝑙}, 𝑌 = {𝑦1, 𝑦2} 
And 𝑃 = {𝑟1: (𝑥0, 𝑓(𝑦1, 𝑦2))

1
→ 𝑓′((𝑥1, 𝑦1), (𝑥2, 𝑦2)); 

 𝑟2: (𝑥2, 𝑔(𝑦1, 𝑦2))
1
→ ℎ((𝑥2, 𝑦2), (𝑥2, 𝑦1)); 

𝑟3: (𝑥2, 𝑔(𝑦1, 𝑦2))
0.3
→ ℎ((𝑥2, 𝑦1), (𝑥2, 𝑦2)); 

𝑟4: (𝑥1,मी)
1
→ 𝐼; 

𝑟5: (𝑥2,आहे) 1→ 𝑎𝑚; 
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𝑟6: (𝑥2,मुलगी)
1
→  𝑗(𝑎, 𝑔𝑖𝑟𝑙)}. Consider the expression 

(𝑥0, 𝑓 (मी, g(मुलगी,आहे))) 1
→ 𝑓′ ((𝑥1,मी), (x2, g(,मुलगी,आहे)))

1
→ 𝑓′((𝑥1,मी), h((x2,आहे), (x2,मुलगी)
1
→ 𝑓′(𝐼, ℎ ((𝑥2,आहे), (x2,मुलगी)))

1
→ 

𝑓′ (𝐼, ℎ(𝑎𝑚, 𝑗(𝑎, 𝑔𝑖𝑟𝑙))). In this example the 𝑌𝑖𝑒𝑙𝑑(𝑡) = मी मुलगी आहे, whereas 

𝑌𝑖𝑒𝑙𝑑(𝑡′) is I am a girl. Hence, we have a transformation of Marathi sentence to 

English sentence with a degree 1. But if we use a rule 𝑟3instead of 𝑟2, then we get 

𝑌𝑖𝑒𝑙𝑑(𝑡) = मी मुलगी आहे and the 𝑌𝑖𝑒𝑙𝑑(𝑡′) = 𝐼 𝑎 𝑔𝑖𝑟𝑙 𝑎𝑚, which is again a 

transformation from Marathi sentence to English sentence with fuzzy degree 0. 3, as it 

is not grammatically correct. 

Thus 𝐿(𝑇) = {(मी मुलगी आहे, I am a girl, 1); (मी मुलगी आहे, I a girl am, 0. 3)} 
 

Definition 2.17: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a 𝐹𝑇𝑇𝜖. A rule (𝑥, 𝑡)
𝑐
→ 𝑡′ is called linear 

(in short ‘𝑙 − 𝐹𝑇𝑇𝜖’), if every variable in 𝑡 occurs at most once in 𝑡′. Otherwise it is 

called non-linear. The 𝐹𝑇𝑇𝜖 𝑇 = (𝑋, 𝐹, 𝐹
′, 𝑃, 𝑥0) is called linear, if each of its fuzzy 

rule is linear. 

 

Definition 2.18: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a 𝐹𝑇𝑇𝜖. A fuzzy rule (𝑥, 𝑡)
𝑐
→ 𝑡′ of 𝑃 is 

called non-deleting (in short ‘ 𝑛 − 𝐹𝑇𝑇𝜖’ ), if every variable in 𝑡 occurs at least once 

in 𝑡′. Otherwise it is called deleting. The 𝐹𝑇𝑇𝜖 𝑇 = (𝑋, 𝐹, 𝐹^′, 𝑃, 𝑥_0 ) is called non-

deleting, if each of its fuzzy rule is non-deleting. 

If a 𝐹𝑇𝑇𝜖 is both linear and non-deleting, then we shall denote it by ‘𝑙𝑛 − 𝐹𝑇𝑇𝜖. 
 

Definition 2.19: A FTT 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) is said to be deterministic (respectively 

non-deterministic), if for every 𝑥 ∈ 𝑋 and 𝑓 ∈ 𝐹𝑛 there is exactly one (respectively, at 

least) rule such that (𝑥, 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛))
𝑐
→ 𝑡′, where 𝑡′ ∈ 𝑇(𝐹′ ∪ 𝑌; 𝑋), 𝑥, 𝑥1, … , 𝑥𝑛 ∈

𝑋, 𝑓 ∈ 𝐹. 
Note that every deterministic 𝐹𝑇𝑇𝜖is a non-deterministic 𝐹𝑇𝑇𝜖. 
 

Example 2.20: Let 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) be a 𝐹𝑇𝑇𝜖 , where 𝑋 = {𝑥0, 𝑥1, 𝑥2}, 𝐹 =
{𝑓(, ), 𝑎}, 𝐹′ = {𝑔(, ), ℎ( ), 𝑏}and the set of fuzzy production rules 𝑃 is 

(𝑥0, 𝑓(𝑦1, 𝑦2))
0.5
→ 𝑔 ((𝑥0, 𝑦1), ℎ((𝑥1, 𝑦2))) ; (𝑥1, 𝑎)

0.5
→ 𝑏.  All these rules are 

deterministic. Hence 𝑇 is deterministic 𝐹𝑇𝑇𝜖 whereas the 𝐹𝑇𝑇𝜖 in example 2. 16 is 

non-deterministic. 

 

Definition 2.21: Two 𝐹𝑇𝑇𝜖𝑇1 𝑎𝑛𝑑 𝑇2 are equivalent if their computed fuzzy tree 

transformation coincide. i. e. 𝐿(𝑇1) = 𝐿(𝑇2) 
 



Fuzzy Tree Transducers 105 

 

Definition 2.22: A FTT 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) is said to be complete, if for every 𝑥 ∈ 𝑋 

there is at least one fuzzy rewriting rule of the form (𝑥, 𝑡)
𝑐
→ 𝑡′, for some 𝑡 ∈

𝑇(𝐹 ∪ 𝑌; 𝑋), 𝑡′ ∈ 𝑇(𝐹′ ∪ 𝑌; 𝑋) and 𝑐 ∈ [0, 1]. 
The FTT 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) defined in Example 2. 16 is complete, whereas Example 

2. 20 is incomplete. 

 

Theorem 2.23: Let 𝐿(𝑇) be a fuzzy tree language of a FTT 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0). Then 

there exists a complete FTT 𝑇′that generates 𝐿(𝑇). 
 

Proof: Let 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) be an incomplete FTT. For each 𝑥 ∈ 𝑋, for which no 

fuzzy production rule is exists in 𝑃, add an extra non-terminal node 𝜋𝑧, a node symbol 

𝐶𝑧 and fuzzy production rules (exactly two ) namely (𝑧, 𝐶𝑧(𝑦))
𝑐
→ 𝐶𝑧((𝜋𝑧, 𝑦)), (𝜋𝑧 , 𝑦)

1
→ 𝐶𝑧((𝜋𝑧 , 𝑦)), for some 𝑐 ∈ [0, 1]. Now construct a FTT 𝑇′ = (𝑋1, 𝐹, 𝐹

′𝑃′𝑥0), where 

 𝑋1 = 𝑋 ∪ {𝜋}, 𝑃
′ = 𝑃 ∪ {(𝑧, 𝐶𝑧(𝑦))

𝑐
→ 𝐶𝑧((𝜋𝑧, 𝑦)), (𝜋𝑧, 𝑦)

1
→ 𝐶𝑧((𝜋𝑧, 𝑦))}. Clearly 

𝑇′is complete and 𝐿(𝑇) = 𝐿(𝑇′). 
 

Definition 2.24: A non-terminal node 𝑥 ∈ 𝑋 is said to be accessible, if 𝑥 is one of the 

non-terminal node of a term that is derivable from the initial non-terminal node. 

 

Definition 2.25: A non-terminal node 𝑥 ∈ 𝑋 is said to be co-accessible, if there exists 

a ground term 𝑡′ ∈ 𝑇(𝐹′) such that (𝑥, 𝑡)
𝑐
→ 𝑡′, 𝑐 ∈ [0, 1]. 

 

Example 2.26: Let 𝑇 = (𝑋, 𝐹. 𝐹′𝑃, 𝑥0) be a, where 𝑋 = {𝑥0, 𝑥1, 𝑥2, 𝑥3}, 
𝐹 = {𝐴(, ), 𝐵(, ), 𝑎}, 𝐹′ = {𝐶(, ), 𝐷( ), 𝑏} and the set of fuzzy production rules 

𝑃: (𝑥0, 𝐴(𝑦1, 𝑦2))
0.5
→ 𝐶((𝑥1, 𝑦1), (𝑥2, 𝑦2)), (𝑥0, 𝐵(𝑦1, 𝑦2))

0.6
→ 𝐷(𝐶 ((𝑥1, 𝑦1), 𝐷((𝑥2, 𝑦2))), 

(𝑥3, 𝐴(𝑦1, 𝑦2))
0.4
→ 𝐶 (𝐷((𝑥1, 𝑦1)), (𝑥2, 𝑦2)) , (𝑥1, 𝑎)

0.8
→ (𝑥1, 𝑏) and (𝑥2, 𝑎)

0.7
→ (𝑥2, 𝑏). 

In this example 𝑥0, 𝑥1, 𝑥2 are accessible and co-accessible and 𝑥3is co-accessible. 

 

Notations: 

1.  Nass = Non accessible non-terminals. 

2.  NCoass = Non co-accessible non-terminals. 

3.  NAss(y) = Set of all non-accessible nodes from non-terminal nodes y. 

4.  PNAss = Set of fuzzy production rules begin with non-accessible non-terminal 

nodes 

5.  PNCoass = Set of fuzzy production rules begin with non co-accessible non-

terminal nodes. 

 

Definition 2.27: A fuzzy tree transducer 𝑇 = (𝑋, 𝐹, 𝐹’, 𝑃, 𝑥0) is said to be reduced, if 

its every non-terminal node is accessible as well as co-accessible. 
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Example 2.28: Let 𝑇 = (𝑋, 𝐹, 𝐹’, 𝑃, 𝑥0) be a FTT, where 𝑋 = {𝑥0, 𝑥1𝑥2, 𝑥3}, 𝐹 =
{𝐴(, ), 𝐵(, ), 𝑎}, 𝐹′ = {𝐶(, ), 𝐷( ), 𝑏} and the set of fuzzy production rules 

𝑃: (𝑥0, 𝐴(𝑦1, 𝑦2))
0.5
→ 𝐶((𝑥1, 𝑦1), (𝑥3, 𝑦2)), (𝑥0, 𝐵((𝑦1, 𝑦2))

0.6
→ 𝐷 (𝐶 ((𝑥1, 𝑦1), 𝐷((𝑥2, 𝑦2)))) , (𝑥3, 𝐴(𝑦1, 𝑦2))

0.4
→ 𝐶(𝐷((𝑥1, 𝑦1)), ((𝑥2, 𝑦2)), (𝑥1, 𝑎)

0.8
→ (𝑥1, 𝑏), (𝑥2, 𝑎)

0.7
→ (𝑥2, 𝑏) and (𝑥3𝑎)

0.7
→ (𝑥2, 𝑏). Then 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0)is a 

reduced FTT. 

 

Theorem 2.29: Let 𝐿(𝑇) be a fuzzy tree language of a fuzzy tree transducer 𝑇 =
(𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0). Then there exists a reduced fuzzy tree transducer 𝑇′ that accepts 

𝐿(𝑇). 
 

Proof: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a fuzzy tree transducer. Define 𝑇′ =
(𝑋′, 𝐹, 𝐹′, 𝑃′, 𝑥0) a reduced fuzzy tree transducer, where 𝑋′ = 𝑋 − {𝑁𝐴𝑠𝑠 ∪
𝑁𝐶𝑜𝑎𝑠𝑠}, 𝑥 ∈ 𝑁𝐴𝑠𝑠 ∪ 𝑁𝐶𝑜𝑎𝑠𝑠 and 𝑃1 = 𝑃 − {𝑃𝑁𝐴𝑠𝑠 ∪ 𝑃𝑁𝐶𝑜𝑎𝑠𝑠}. If (𝑡, 𝑡′, 𝑒) ∈

𝐿(𝑇′), then (𝑡, 𝑡′, 𝑒) ∈ 𝐿(𝑇), since all the fuzzy production rules used in the derivation 

of (𝑡, 𝑡′, 𝑒) ∈ 𝐿(𝑇′) are present in T. Conversely 𝑡1, 𝑡2, … , 𝑡𝑟 contains only accessible 

non-terminal nodes which is in 𝑃1
′. Therefore (𝑡, 𝑡′, 𝑒) ∈ 𝐿(∈ 𝑇′). Hence, 𝐿(𝑇′) =

𝐿(𝑇). 
 

Result: A reduced FTT, is always complete but a Complete FTT, it may or may not 

be reduced. 

 

Definition 2.30: The 𝑙𝑛 − 𝐹𝑇𝑇𝜖𝑇 = (𝑋, 𝐹, 𝐹
′, 𝑃, 𝑥0) is said to be normalized if every 

rule 𝑟 is in the form of (𝑥, 𝑓(𝑦1, 𝑦2, … , 𝑦𝑛))  
𝑐
→ 𝑓′((𝑥1, 𝑦1), (𝑥2, 𝑦2), .  .  .  ,

(𝑥𝑛, 𝑦𝑛)),   where 𝑦1, 𝑦2, … , 𝑦𝑛 ∈ 𝑌, 𝑥1, 𝑥2, … . , 𝑥𝑛 ∈ 𝑋and𝑓 ∈ 𝐹, 𝑓′ ∈ 𝐹′ or (𝑥, 𝑎)
𝑐
→ (𝑥′, 𝑏), where 𝑎 ∈ 𝐹0 and 𝑏 ∈ 𝐹0

′. 

 

Example 2.31: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a 𝑇𝜖, where 𝑋 = {𝑥0, 𝑥1} 

𝐹 = {𝑓(, ), 𝑔( ), 𝑎}, 𝐹′ = {ℎ(, ), 𝑘( ), 𝑏} and 𝑃 = {(𝑥0, 𝑓(𝑦1, 𝑦2))
0.6
→  ℎ((𝑥1, 𝑦1), (𝑥0, 𝑦2)); (𝑥1, 𝑔(𝑦1))

0.7
→ 𝑘((𝑥0, 𝑦1)); (𝑥0, 𝑎)

0.5
→ 𝑏; (𝑥1, 𝑎)

0.5
→ 𝑏}.  All 

these rules are normalized, hence 𝑇 is normalized. 

 

Definition 2.32: A fuzzy rule 𝑟: (𝑥, 𝑡)
𝑐
→ 𝑡′ is reducible if 

 𝑡′ = 𝐶[𝐶′(𝑡′′)], 𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0
′ ∪ 𝑌; 𝑋). 

 𝑡′ = 𝐶[𝑡′′], 𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0
′ ∪ 𝑌; 𝑋). 

 

Example 2.33: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be the −𝐹𝑇𝑇𝜖, where 𝑋 =  {𝑥0, 𝑥1}, 𝐹 =
𝑓(, ), 𝑓′(), 𝑎}, 𝐹′ = {ℎ(), 𝑔(, ), 𝑏} and 
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𝑃: {(𝑥0, 𝑓(𝑦1, 𝑦2))
0.5
→ ℎ (𝑔 ((𝑥0𝑦1), ℎ((𝑥1, 𝑦2)))) ; (𝑥0, 𝑓(𝑦1, 𝑦2))

0.7
→ 𝑔 ((𝑥0, 𝑦1), ℎ((𝑥1, 𝑦2))) ; (𝑥1𝑓

′(𝑦1))
0.7
→ 𝑔((𝑥1, 𝑦1), (𝑥2, 𝑏))} 

For first rule, 𝐶′(𝑡1, 𝑡2) = 𝑔(𝑡1, 𝑡2), where 𝑡1 = (𝑥0, 𝑦1), 𝑡2 = ℎ((𝑥1, 𝑦2)) and for 

second rule 𝐶(𝑡1, 𝑡2) = 𝑔(𝑡1, 𝑡2), 𝑡1 = (𝑥0, 𝑦1), 𝑡2 = ℎ((𝑥1, 𝑦2)) and in third rule 

𝐶(𝑡1, 𝑡2) = 𝑔(𝑡1, 𝑡2), 𝑡1 = (𝑥1, 𝑦1), 𝑡2 = (𝑥2, 𝑏). 
 

Theorem 2.34: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be a 𝑙𝑛 − 𝐹𝑇𝑇𝜖 . Then 𝑇 is normalized iff 

there is no rule of 𝑇 which is reducible. 

 

Algorithm 2.35: Algorithm for finding 𝑙𝑛 − 𝐹𝑇𝑇𝜖𝑇2 which is abstract fuzzy 

reduction of 𝑙𝑛 − 𝐹𝑇𝑇𝜖𝑇1 

 

 

The collection 𝑅 of all such pair (𝑇1, 𝑇2) is called abstract fuzzy reduction system. 

 

Theorem 2.36: If (𝑇1, 𝑇2) ∈ 𝑅, then 𝐿(𝑇1) = 𝐿(𝑇2) 
 

Proof: Follows due to the Algorithm 2. 35 

 

Theorem 2.37: If (𝑇1, 𝑇2) ∈ 𝑅, 𝑡ℎ𝑒𝑛 𝑇2 is always normalized. 

 

Proof: If 𝑇2 is abstract fuzzy reduction of  𝑇1, then there is no reducible rule in 𝑇2. 
Thus by theorem 2. 36, 𝑇2 is normalized. 

 

Step 1 : Let 𝑇1 = (𝑋1, 𝐹, 𝐹
′, 𝑃1, 𝑥1) be 𝑙𝑛 − 𝐹𝑇𝑇𝜖 

Step 2: 𝑃2 = 𝑃1, 𝑃 = 𝜙, 𝑋2 = 𝑋1 

Step 3: 𝑟: (𝑥, 𝑡)
𝑐
→ 𝑡′ is reducible rule in 𝑃2 

Step 4: 𝑡′ = 𝐶[𝐶′(𝑡′′)],  𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0
′ ∪ 𝑌; 𝑋), then goto step 7 

Step 5: 𝑡′ = 𝐶[(𝑡′′)], 𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0
′ ∪ 𝑌; 𝑋), then go to step 9 

Step 6: Go to step 13 

Step 7: Add (𝑥, 𝑦)
1
→ 𝐶[(𝑥′, 𝑦)] and (𝑥′, 𝑡)

𝑐
→ 𝐶′[(𝑥𝑖, 𝑦𝑖)] 𝑖𝑛 𝑃, where 𝑥′ is dummy 

non-terminal node symbol and 𝑦 ∉ 𝑋1 is any one of the variable in 𝑡′ 
Step 8: Go to step 10 

Step 9: Add (𝑥, 𝑡)
𝑐
→ 𝐶[(𝑥′, 𝑦)] and (𝑥′, 𝑦)

1
→ 𝑡𝑖 𝑖𝑛 𝑃, where 𝑡𝑖 ∈ 𝑇(𝐹

′ ∪ 𝐹0 ∪ 𝑌; 𝑋) 
where 𝑥′ is dummy non-terminal node symbol and 𝑦 ∉ 𝑋1 is any one of the variable 

in 𝑡′ 
Step 10: 𝑃1 = (𝑃1 − {𝑟}) ∪ 𝑃, 𝑋1 = 𝑋2 ∪ {𝑥

′} 
Step 11: Go to step 2 

Step 12: 𝑇2 = (𝑋2, 𝐹, 𝐹
′, 𝑃2𝑥1) is a 𝑙𝑛 − 𝐹𝑇𝑇𝜖 which is abstract fuzzy reduction of 𝑇1. 

Step 13: END. 
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Example 2.38: Let 𝑇1 = (𝑋1, 𝐹, 𝐹
′, 𝑃1, 𝑥1) be the −𝐹𝑇𝑇𝜖, where 𝑋1 = {𝑥1, 𝑥2}, 𝐹 =

{𝑓(, ), 𝑎}, 𝐹′ = {𝑔(), ℎ(, ), 𝑘(), 𝑏} and production rules are 𝑃1: (𝑥1, 𝑓(𝑦1, 𝑦2))
0.5
→ 𝑔 (ℎ((𝑥1, 𝑦1), 𝑘(𝑥2, 𝑦2))) ; (𝑥1, 𝑎)

0.6
→ 𝑏; (𝑥2, 𝑎)

0.7
→ 𝑏. The first fuzzy rule is 

reducible. Now, we use the abstract fuzzy reduction system for the first fuzzy rule. 

 So we construct the 𝑙𝑛 − 𝐹𝑇𝑇𝜖𝑇1
′ = (𝑋1

′ , 𝐹, 𝐹′𝑃1
′, 𝑥1), where 𝑋2 = 𝑋1 ∪ {𝑥

′} 

and fuzzy production rules 𝑃2: (𝑥1, 𝑦1)
1
→ 𝑔((𝑥′, 𝑦1)); (𝑥

′, 𝑓(𝑦1, 𝑦2))
0.5
→ ℎ ((𝑥1, 𝑦1), 𝑘((𝑥2, 𝑦2))) ; (𝑥1, 𝑎)

0.6
→ 𝑏; (𝑥2, 𝑎)

0.7
→ 𝑏. The𝑙𝑛 − 𝐹𝑇𝑇𝜖 is still 

not normalized. Now the second rule is reducible because there is a position 

𝑤 = 2 and a context 𝐶 = [𝑘(𝑥)]. 
 So we construct 𝑇2 = (𝑋2, 𝐹, 𝐹

′, 𝑃2, 𝑥1), where 𝑋2 = {𝑥1, 𝑥2, 𝑥
′, 𝑥′′} and 

𝑃2: (𝑥1, 𝑦1)
1
→ 𝑔((𝑥′, 𝑦1)); (𝑥

′, 𝑓(𝑦1, 𝑦2))
0.5
→ ℎ((𝑥1, 𝑦1), (𝑥

′′, 𝑦2)); (𝑥′′, 𝑦2)
1
→ 𝑘((𝑥2, 𝑦2)); (𝑥1, 𝑎)

0.6
→ 𝑏; (𝑥2, 𝑎)

0.7
→ 𝑏. Finally 𝑇2 is the abstract fuzzy 

reduction of 𝑇1 which is a normalized 𝑙𝑛 − 𝐹𝑇𝑇𝜖 . 
 

Theorem 2.39: For every 𝐹𝑇𝑇𝜖 , there is an equivalent normalized 𝐹𝑇𝑇𝜖 . 
 

Proof: Let 𝑇 = (𝑋, 𝐹, 𝐹′, 𝑃, 𝑥0) be 𝐹𝑇𝑇𝜖 not in normalized form. Then there is a 

reducible rule 𝑟′: (𝑥, 𝑡)
𝑐
→ 𝑡′ of the form 𝑡′ = 𝐶[𝐶′(𝑡′′)], 𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0

′ ∪
𝑌; 𝑋) 𝑜𝑟 𝑡′ = 𝐶[(𝑡′′)], 𝑡′′ ∈ 𝑇(𝐹′ ∪ 𝐹0

′ ∪ 𝑌; 𝑋). Now we construct 𝑇′ =

(𝑋′, 𝐹, 𝐹′, 𝑃′𝑥0), where 𝑠1 = (𝑥, 𝑡)
𝑐
→ 𝐶((𝑥1

′ , 𝑦1), (𝑥2
′ , 𝑦2),… , (𝑥𝑘

′ , 𝑦𝑘)), 𝑠2 = (𝑥1
′ , 𝑦1)

1
→ 𝑡1

′ ,  𝑠3 = (𝑥2
′ , 𝑦2)

1
→ 𝑡2

′ , … so on., where 𝑡1
′ , 𝑡2

′ , … contain either single node symbol 

or terminal symbol. Thus 𝐹𝑇𝑇𝜖𝑇
′ is in normalized form. Our aim is to prove 𝐿(𝑇) =

𝐿(𝑇′). Let (𝑠, 𝑠′, 𝑒)  ∈  𝐿(𝑇),          i. e. (𝑥, 𝑠)
𝑒
→ 𝑠′ 𝑖. 𝑒. (𝑥, 𝑠)

𝑐1
→ 𝑠1

𝑐2
→ 𝑠2…

𝑐𝑟
→ 𝑠𝑟 = 𝑠

′,
𝑤ℎ𝑒𝑟𝑒 𝑐1  ⋀  𝑐2  ⋀… ⋀  𝑐𝑟 = 𝑒. 

Suppose in nth step reducible rule 𝑟′ is used. That is 𝑠𝑛
𝑐{𝑛+1}
→   𝑠{𝑛+1}, 𝑠𝑛 =

𝐶[(𝑥, 𝑡)] 𝑎𝑛𝑑 𝑠{𝑛+1} = 𝐶[𝐶(𝑡
′′)], 𝑤ℎ𝑒𝑟𝑒 𝑡′′ = 𝐶[(𝑥, 𝑠′′)].  But in 𝑇′, (𝑥, 𝑠)

𝑐1
→ 𝑠1

𝑐2
→…

𝑐𝑛
→ 𝑠𝑛

𝑐{𝑛+1}
→   𝑠𝑛

′
1
→ 𝑠′{𝑛+1}

1
→ 𝑠{𝑛+1}

𝑐{𝑛+2}
→   …

𝑐𝑟
→ 𝑠′, where𝑠𝑛 = 𝐶[(𝑥, 𝑠

′′)]𝑠𝑛
′ = 𝐶[(𝑥′, 𝑦)] 

and 𝑠{𝑛+1}
′ = 𝐶[𝐶[(𝑥′′, 𝑦)]] and 𝑠{𝑛+1} = 𝐶[𝐶[𝐶(𝑥, 𝑠

′′)]] This shows that 𝐿(𝑇) ⊆

𝐿(𝑇′). Similarly converse part can be proved. 

 

Note: In a 𝐹𝑇𝑇𝜖 𝑇 = (𝑋, 𝑃, 𝐹, 𝐹
′, 𝑥), 𝑖𝑓 (𝑥, 𝑡)

𝑐
→ 𝑡′ ∈ 𝑃, 𝑐 ∈ [0, 1], then we shall write 

it as 𝑃(𝑥, 𝑡, 𝑡′) = 𝑐 throughout this section. 

 

 

3  Closure properties of fuzzy tree transducer 

Definition 3.1: Let T1 = (X, F, F
′, P1x0) and T2 = (X, F, F

′, P2, x0) be two FTTϵ. Then 

the restricted direct product of T1 and T2,  denoted by  T1⋀T2 = (X, P1⋀P2 , F, F
′, x0) 

is Tϵ, where P1⋀P2 (x, t, t
′) = P1(x, t, t

′) ⋀P2(x, t, t
′). 
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Example 3.2: Let T1 = (X, F, F
′, P1x0) be a FTT, where X = {x0, x1}, F =

{A(, ), B(), a}, F′ = {C(, ), D(), b} and 

P1: (x0, A(y1, y2))
0.5
→ C((x1, y1), (x0, y2)) ; (x0B(y1))

0.6
→ D((x1, y1)); 

(x0, A(y1, y2))
0.6
→ D(C((x1, y1), (x0, y2))) ; (x0, a)

0.7
→ b; (x1, a)

0.7
→ b 

Now T1 ⋀T2 = (X, P1⋀P2 , F, F
′, x0),  where P1⋀P2 : (x0, A(y1, y2))

0.5
→ C((x1, y1), (x0, y2)); (x0, B(y1))

0.6
→ D((x1, y1)); (x0, a)

0.7
→ b; (x1, a)

0.7
→ b. 

 

Theorem 3.3: Let T1 = (X, F, F
′, P1x0) and T2 = (X, F, F

′, P2, x0) be ln − FTTϵ. Then 

L(T1⋀T2) = L(T1) ∩ L(T2). 
 

Proof: Let  (t, t′, e) ∈ L(T1⋀T2), i. e. (x0, t)
e
→t′ in P1⋀P2 

Thus (x0, t)
c1
→t1

c2
→t2

c3
→…

cn
→t′, where b1 ⋀d1 = c1, b2 ⋀d2 = c2, … , bn ⋀dn =

cn.Thus (t, t′, e) ∈ L(T1) ∩ L(T2). Therefore L(T1 ⋀T2) ⊆ L(T1) ∩ L(T2).   Similarly 

L(T1) ∩ L(T2) ⊆ L(T1 ⋀T2). 
 

Following theorem shows that linearity and non-deleting are preserved. 

 

Theorem 3.4: If T1 = (X, F, F
′, P, x0) and T2 = (X, F, F

′P′, x0) be two linear 

(respectively non-deleting, normalized) FTTϵ, then T1 ⋀T2 is also linear (respectively 

non-deleting, normalized) FTTϵ. 
 

Definition 3.5: Let T1 = (X1, F1, F1
′ , P1, x1) and T2 = (X2, F2, F2

′ , P2, x2) be two FTTϵ. 

Then the direct product of T1and T2, denoted by T1 × T2 = (X1 × X2, P1 × P2, F1 ×

F2, F1
′ × F2

′ , (x1, x2)) is FTTϵ, where P1 × P2((x1, x2), (t1, t2), (t1
′ , t2

′ )) =

P1(x1, t1, t1
′ ) ⋀P2(x2, t2, t2

′ ) 
 

Theorem 3.6: Let T1 = (X1, F1, F1
′ , P1, x1) and T2 = (X2, F2, F2

′P2, x2) be two 

FTTϵ. Then L(T1 × T2) = L(T1) × L(T2). 
 

Proof: Let ((t, s), (t′, s′), e) ∈ L(T1 × T2) i. e. ((x1, x2), (t, s))
e
→ (t′, s′). Then 

((x1, x2), (t, s))
c1
→ (t1, s1)

c2
→ (t2, s2)… 

cn
→ (t′, s′), where c1 ⋀c2 ⋀…⋀cn = e. Now in 

T1, (x1, t)
b1
→ t1

b2
→ t2

b3
→… 

bn
→ t′, where b1 ⋀b2⋀…⋀bn = b and in T2, (x2, s)

d1
→ s1

d2
→… 

dn
→ s′, where d1 ⋀d2 ⋀… ⋀dn = d. Thus (t, t′, b) ∈ L(T1) and (s, s

′, d) ∈
L(T2), where b1⋀d1 = c1, b2⋀d2 = c2, … , bn ⋀dn = cn. That is L(T1 × T2) ⊆
L(T1) × L(T2). Converse is similar. 

 

Definition 3.7: Let T1 = (X, F1, F1
′ , P1, x0) and T2 = (X2, F1

′ , F2
′ , P2, x0) be two FTTϵ. 

Then the composition of T1 and T2, denoted by T1oT2, is the FTTϵ. T1oT2 =
(X, P, F1, F2

′ , x0), 
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where P: {(x, t)
e
→ t′′|

(x, t)
c
→ t′ ∈ P1, t

′ ∈ T(F1
′ , X),

(x, t′)
d
→ t′′ ∈ P2, t

′′ ∈ T(F2
′ ) 𝑎𝑛𝑑 𝑐 ⋀ 𝑑 =  𝑒

} 

 

Definition 3.8: Let T1 = (X, F1, F1
′ , P1, x0) and T2 = (X2, F1

′ , F2
′ , P2, x0) be two ln −

FTTϵ. Then L(T1)oL(T2) = {(t, t
′′, e)|(t, t′, c) ∈ L(T1), (t

′, t′′, d) ∈ L(T2), c ⋀ d = e} 
 

Theorem 3.9: Let T1 = (X, F1, F1
′ , P1, x0) and T2 = (X2, F1

′ , F2
′ , P2, x0) be two 

FTTϵ. Then L(T1oT2) = L(T1)oL(T2). 
 

Example 3.10: Let T1 = (X, F1, F1
′ , P1, x1)be ln − FTTϵ, where X = {x1, x2}, F1 =

{f(, ), k(), a},  F1
′ = {g(, ), h(), b} and the production rules P1 are as follows: 

(x1, f(y1, y2))
0.6
→ g((x1, y1), (x2, y2)); (x1, y1)

0.7
→ h((x1, y1)); (x1, a)

0.7
→ b; (x2, a)

0.8
→ b.  Therefore L(T1) = {(f(a, a), g(b, b), 0. 6); (f(a, a), g(h(b), b), 0. 6); (a, b, 0. 7)} 
Let T2 = (X, F1

′ , F2
′P2x2) be ln − FTTϵ, where F2

′ = {k(, ), B(), f ′(), b} and the set of 

production rules P2 is as follows: (x1, g(y1, y2))
0.7
→ k((x1, y2), f

′(x2, y2)); (x1h(y1))
0.8
→ B((x1, y1)); (x1, b)

0.7
→ c; (x2, b)

0.7
→ c. 

Then L(T2) = {(g(b, b), k(c, f
′(c)), 0. 7); (g(h(b), b), k(B(c), f ′(c)), 0. 7); 

(b, c, 0. 7)}    Now    T1oT2 = (X, F1, F2
′ , P1, x1), where P: (x1, f(y1, y2))

0.6
→ k((x1, y1), f

′(x2, y2)); (x1, y1)
0.7
→ B((x1, y1)); (x1, a)

0.7
→ c; 

(x2, a)
0.7
→ c 

Then L(T1oT2) = {(f(a, a), k(c, f
′(c)), 0. 6); (f(a, a), k(B(c), f ′(c)), 0. 6); (a, c, 0. 7)}. 

 

Theorem 3.11: If T1 = (X, F1, F1
′ , P1, x0) and T2 = (X, F1

′ , F2
′ , P2, x0) be two FTTϵ, then 

T1oT2 is also a FTTϵ. 
 

 

Conclusion: 

In this paper we have discussed fuzzy tree transducer with an ϵ − rule and normalized 

FTT. In regard to them we obtained following conclusion 

1. FTT is normalized iff there is no rule of FTT which is reducible. 

2. We can convert any ln − FTTϵinto an abstract fuzzy reduction of itself. 

3. For every FTTϵ, there is an equivalent normalized FTTϵ. 
4. Closure properties of restricted direct product, direct product and composition 

are established. 
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