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Abstract 

In this paper, a new class of continuous functions namely δsg* -continuous 

function using δsg*-closed sets is introduced. Some relationships like 

dependency, independency and composition of functions regarding             

δsg* -continuous functions are analysed. Additionally separation axioms are 

used to modify some properties of δsg*-continuous functions.  
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1. INTRODUCTION 

Levine [15] initiated the idea of continuous functions in 1970. The concept of 

generalized continuous functions was introduced and studied by Balachandran [4] in 

1991. By using these sets many authors introduced and studied various types of 

generalized of continuity. Munshi [18] introduced the notion of super continuous 

function in 1982. In 2003, Noiri [20] has also introduced δ-semi continuity. In 1963, 

Levine [16] introduced the concept of semi open sets in topological spaces which is a 

weaker form of open sets. Veliko [29] introduced a stronger form of closed sets 

namely δ-open sets in 1968. The study of generalizations on closed sets was initiated 

by Levine [15] in 1970. The idea of δ-semi open sets was initiated by Park [13] in 

1997 and Lee [14] studied its applications. Dontchev [6], Sudha [24] and Meena [17] 

introduced various generalizations using δ-closed sets. Park [11, 12] studied two other 

concepts namely gδs-closed and δgs-closed sets using δ-semi closed sets in 2007. A 

new class of generalized closed sets called δsg*-closed sets in topological spaces 

using δ-semi closed sets was introduced by Geethagnanaselvi [7, 8] in 2016. The 
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purpose of this paper is to introduce and study the concept of a new class of 

continuous functions called δsg* -continuous function in topological spaces. The study 

of dependency, independency of the δsg* -continuous functions with other functions 

in the literature is done. Its properties under composition of mappings are analysed. It 

is shown that separation axioms are helpful to modify some relations of δsg* -

continuous functions. 

 

2. PRELIMINARIES 

Throughout this paper, (P, λ), (Q, μ) and (R, ν) represent non-empty topological 

spaces on which no separation axioms are mentioned unless otherwise specified. For a 

subset A of (P, λ), the interior of A and the closure of A are denoted by int(A) and 

cl(A) respectively. 

 

Definition 2.1 A subset A of a topological space (P, λ) is called a 

1) Regular open set [23] if A = int(cl(A))   

2) Semi open set [16] if A  cl(int(A))   

3) Semi pre open set [1] if A  cl(int(cl(A)))   

4) δ-open set [29] if it is the union of regular open sets.  

5) δ-semi open [13] if A  cl(δ-int(A))  

6) π-open set [30] if it is the finite union of regular open sets. 

The complements of the above mentioned sets are called regular closed, semi closed, 

semi pre closed, δ-closed, δ-semi closed and π-closed sets respectively. The 

intersection of all regular closed (resp. semi closed, semi pre closed, δ-closed, δ-semi 

closed and π -closed) subsets of (P, λ) containing A is called the regular closure (resp. 

semi closure, semi pre closure, δ-closure, δ-semi closure and π-closure) of A and is 

denoted by rcl(A) (resp. scl(A), spcl(A), δ-cl(A), δ-scl(A) and πcl(A)). 

 

Definition 2.2 A subset A of a topological space (P, λ)is called 

1) g-closed [15] if cl(A)  U  whenever A  U and U is open in (P, λ). 

2) δsg*-closed [7] if δ-scl(A)  U whenever A  U and U is g-open in (P, λ). 

3) gs-closed [2] if scl(A)  U whenever A  U and U is open in (P, λ). 

4) sg-closed [5] if scl(A)  U whenever A  U and U is semi open in (P, λ). 

5) *g-closed [10] if cl(A)  U whenever A  U and U is ĝ -open in (P, λ). 

6) ĝ -closed [27] if cl(A)  U whenever A  U and U is semi open in (P, λ). 
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7) δgs-closed [12] if δ-scl(A)  U whenever A  U and U is δ-open in (P, λ). 

8) gδs-closed [11] if δ-scl(A)  U whenever A  U and U is open in (P, λ). 

9) δg*-closed [24] if clδ(A)  U whenever A  U and U is g-open in (P, λ). 

10) gsp-closed [6] if spcl(A)  U whenever A  U and U is open in (P, λ). 

11) gspr-closed [19] if spcl(A)  U whenever A  U and U is regular open in (P, λ). 

12) πgs-closed [3] if scl(A)  U whenever A  U and U is π-open in (P, λ). 

13) πgsp-closed [22] if spcl(A)  U whenever A  U and U is π-open in (P, λ). 

14) g*s -closed [21] if scl(A)  U whenever A  U and U is gs-open in (P, λ). 

15) g#s -closed [26] if scl(A)  U whenever A  U and U is αg-open in (P, λ). 

16) #gs-closed [28] if scl(A)  U whenever A  U and U is *g-open in (P, λ). 

17) �̃�𝑠 -closed [25] if scl(A)  U whenever A  U and U is #gs-open in (P, λ). 

The complement of the above mentioned closed sets are their respective open sets. 

 

Definition 2.2 [8] The δ semi generalized star -closure of A (briefly δsg* -cl(A)) of a 

topological space (P, λ) is defined as follows. 

δsg*cl(A) =  {F  P : A  F and Fδsg*C(P, λ)} 

where δsg*C(P, λ) is set of all δsg*-closed subsets of P. 

 

Definition 2.3 A space (P, λ) is said to be a   

1) δsg*Tδ -space [9] if every δsg*-closed subset of (P, λ) is δ-closed in (P, λ). 

2) δgsTδsg* -space [9] if every δgs-closed subset of (P, λ) is δsg*-closed in (P, λ). 

 

Definition 2.4 A function f : (P, λ) → (Q, μ) is called 

1) Continuous [15] if f-1(V) is a closed set in (P, λ) for every closed set V in (Q, μ). 

2) Super Continuous [18] if f-1(V) is a δ-closed set in (P, λ) for every closed set V in 

(Q, μ). 

3) δ-semi Continuous [20] if f-1(V) is a δ-semi closed set in (P, λ) for every closed 

set V in (Q, μ). 

4) δg* -Continuous [24] if f-1(V) is a δg* -closed set in (P, λ) for every closed set V 

in (Q, μ). 

5) δgs -Continuous [12] if f-1(V) is a δgs -closed set in (P, λ) for every closed set V 

in (Q, μ). 
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6) gδs -Continuous [11] if f-1(V) is a gδs -closed set in (P, λ) for every closed set V 

in (Q, μ). 

7) gs -Continuous [2] if f-1(V) is a gs -closed set in (P, λ) for every closed set V in 

(Q, μ). 

8) gsp -Continuous [6] if f-1(V) is a gsp -closed set in (P, λ) for every closed set V in 

(Q, μ). 

9) gspr -Continuous [19] if f-1(V) is a gspr -closed set in (P, λ) for every closed set 

V in (Q, μ). 

10) πgs -Continuous [3] if f-1(V) is a πgs -closed set in (P, λ) for every closed set V in 

(Q, μ). 

11) πgsp -Continuous [22] if f-1(V) is a πgsp -closed set in (P, λ) for every closed set 

V in (Q, μ). 

 

3. δsg* - CONTINUOUS FUNCTIONS 

Definition 3.1 A map f : (P, λ) → (Q, μ) is said to be δ semi generalized star -

continuous (briefly, δsg* -continuous) if f-1(V) is a δsg* -closed set in (P, λ) for every 

closed set V in (Q, μ). Equivalently, the inverse image of every closed set in (Q, μ) is 

δsg* -closed in (P, λ). 

 

Example 3.2 Let P = Q = {a,b,c,d} with λ = {P, ϕ, {a}, {b}, {a,b}, {a,b,c}, {a,b,d}} 

and μ = {Q, ϕ, {c},{a,b},{a,b,c}}. Let f : (P, λ) → (Q, μ) be the map defined by f(a) = 

b, f(b) = c, f(c) = a, f(d) = d. Then f is δsg* -continuous. 

 

Theorem 3.3 A map f : (P, λ) → (Q, μ) is δsg* -continuous if and only if the inverse 

image of every open set in (Q, μ) is δsg* -open in (P, λ).  

 

Proposition 3.4 (a) Every super continuous function is a δsg* -continuous function. 

(b) Every δ-semi continuous function is a δsg* -continuous function. 

(c) Every δg* -continuous function is a δsg* -continuous function. 

Proof: (a) Let f :(P, λ) → (Q, μ) be a super continuous map. Let V be any closed set 

in (Q, μ). Since f is a super continuous function, f-1(V) is δ-closed in (P, λ). By 

Proposition 3.6 [7], every δ-closed set is δsg* -closed which implies f-1(V) is δsg* -

closed in (P, λ). Therefore f is δsg* -continuous. 

(b) and (c) follow from the fact that every δ-semi closed set is δsg*-closed 

[Proposition 3.2 [7]] and every δg*-closed set is δsg*-closed [Proposition 3.8 [7]]. 
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Remark 3.5 The converse of Proposition 3.4 (a), (b), (c) don’t follow as seen from 

the following examples. 

 

Example 3.6 Let P = Q = {a,b,c,d} with λ = {P, ϕ, {a}, {c}, {a,b}, {a,c}, {a,b,c}, 

{a,c,d}} and μ = {Q, ϕ, {a}, {a,b}}. Let f : (P, λ) → (Q, μ) be the identity map. Then f 

is δsg* -continuous but not super continuous and δ-semi continuous, since for the only 

closed set {b,c,d} in (Q, μ), f-1({b,c,d}) = {b,c,d} is δsg* -closed but not δ-closed and 

δ-semi closed in (P, λ).  

 

Example 3.7 Let P = Q = {a, b, c} with λ = {P, ϕ, {a}, {b}, {a,b}} and μ = {Q, ϕ, 

{a}, {b}, {a,b}, {a,c}}. Let f : (P, λ) → (Q, μ) be the identity map. Then f is δsg*-

continuous but not δg* -continuous, since for the only closed set {b} in (Q, μ), f-1({b}) 

= {b} is δsg* -closed but not δg*-closed in (P, λ). 

The results proved in [7] are the basis for the following proposition. 

 

Proposition 3.8 (a)  Every δsg* -continuous function is δgs -continuous. 

(b)  Every δsg* -continuous function is gδs -continuous. 

(c)  Every δsg* -continuous function is gs -continuous. 

(d)  Every δsg* -continuous function is gsp -continuous. 

(e)  Every δsg* -continuous function is gspr -continuous. 

(f)  Every δsg* -continuous function is πgs -continuous. 

(g)  Every δsg* -continuous function is πgsp -continuous. 

The converse of the above Proposition is need not true which can be seen from the 

following example. 

 

Example 3.9 Let P = Q = {a,b,c} with λ = {P, ϕ, {a}} and μ = {Q, ϕ, {a}, {a,b}}. Let 

f : (P, λ) → (Q, μ) be the identity map. Then f is δgs-continuous, gδs-continuous,      

gs-continuous, gsp-continuous, gspr-continuous, πgs-continuous and πgsp-continuous 

but not δsg*-continuous, since for the only closed set {c} in (Q, μ), f-1({c}) = {c} is 

δgs -closed, gδs -closed, gs -closed, gsp -closed, gspr -closed, πgs -closed and πgsp -

closed but not δsg* -closed in (P, λ). 

 

Proposition 3.10 Let f : (P, λ) → (Q, μ) be a δsg* -continuous function and (P, λ) be a 

δsg*Tδ -space. Then f is super continuous. 
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Proof: Let V be a closed set in (Q, μ). Since f is δsg* -continuous, f-1(V) is            

δsg*-closed in (P, λ). Since (P, λ) is a δsg*Tδ -space in which every δsg* -closed set is 

δ-closed, f-1(V) is δ-closed in (P, λ). Hence f is super continuous. 

 

Proposition 3.11 Let f : (P, λ) → (Q, μ) be a gs-continuous function and (P, λ) be a 

δgsTδsg* -space. Then f is δsg*-continuous. 

Proof: Let V be a closed set in (Q, μ). Since f :(P, λ) → (Q, μ) is δgs-continuous,       

f-1(V) is δgs-closed in (P, λ). Since (P, λ) is a δgsTδsg* -space in which every δgs-closed 

set is δsg* -closed, f-1(V) is δsg* -closed in (P, λ). Hence f is δsg*-continuous. 

 

Remark 3.12 The following examples show that the notions of δsg*-continuity and 

semi (resp. sg, g*s, g#s, g̃s) continuity are independent. 

 

Example 3.13 Let P = Q = {a,b,c} with λ = {P, ϕ, {a},{a,b}} and μ = {Q, ϕ, {a,b}}. 

Let f :(P, λ) → (Q, μ) be define by f(a) = b, f(b) = c, f(c) = a. Then f is semi (resp. sg, 

g*s, g#s,  g̃s) continuous but not δsg* -continuous, since for the only closed set {c} in 

(Q, μ), f-1({c}) = {b} is semi (resp. sg, g*s, g#s, g̃s) closed but not δsg* -closed in     

(P, λ). 

 

Example 3.14 Let P = Q = {a,b,c} with λ = {P, ϕ, {a},{a,b}} and μ = {Q, ϕ, {a,b}}. 

Let f : (P, λ) → (Q, μ) be define by f(a) = c, f(b) = b, f(c) = c. Then f is δsg* -

continuous but not semi -(resp. sg, g*s, g#s, g̃s) continuous, since for the only closed 

set {c} in (Q, μ), f-1({c}) = {a,c} is δsg* -closed but not semi (resp. sg, g*s, g#s, g̃s) 

closed in (P, λ). 

 

Remark 3.15 The following diagram depicts the relations proved in this section. In 

this diagram, A → B represents A implies B but not reversible and A ↮ B represents 

A and B are independent. 
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Proposition 3.16 Let f : (P, λ) → (Q, μ) be a δsg* -continuous function. Then for 

every subset A of (P, λ), f(δsg*cl(A))  cl(f(A)). 

Proof: Let f : (P, λ) → (Q, μ) be a δsg* -continuous function and A be any subset of 

(P, λ). Then cl(f(A)) is closed set in (Q, μ). Since f is δsg* -continuous, f-1(cl(f(A))) is 

δsg* -closed in (P, λ). Since f(A)  cl(f(A)), A  f-1(cl(f(A))). Hence f-1(cl(f(A))) is a 

δsg* -closed set containing A. By the definition of δsg*-closure, δsg*cl(A)                   

 f-1(cl(f(A))) which implies that f(δsg*cl(A))   cl(f(A)). 

 

Corollary 3.17 Let f : (P, λ) → (Q, μ) be a super continuous function. Then for every 

subset A of (P, λ), f(δsg*cl(A))  cl(f(A)). 

Proof: The proof follows from the Proposition 3.4 and Proposition 3.16. 

 

Lemma3.18 For each pP, p  δsg*cl(A) if and only if U∩A ≠ ϕ for every δsg*-open 

set U in (P, λ) containing p. 

Proof: Necessity: Let p  δsg*cl(A). Suppose that there exists a δsg*-open set U in   

(P, λ) containing p such that U∩A = ϕ. Hence P \ U is δsg*-closed in (P, λ) containing 

A, which implies that δsg*cl(A)  P \ U. Hence pδsg*cl(A), which is a contradiction. 

Hence U∩A ≠ ϕ. 

Sufficiency: Let us assume that U∩A ≠ ϕ for every δsg*-open set U in (P, λ) 

containing p. Suppose that p  δsg*cl(A). By definition of δsg*-closure, there exists a 

δsg*-closed set G in (P, λ) containing A such that p  G. Hence P \ G is δsg*-open in 

(P, λ) containing p. Since A  G, we have (P \ G) ∩ A = ϕ, which is a contradiction. 

Hence p  δsg*cl(A). 

continuous semi continuous g*s-continuous 

super 

continuous δsg*-continuous gs-continuous 

δg*-continuous sg-continuous gδs-continuous 

δgs-continuous g#s-continuous g̃s-continuous 
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Proposition 3.19 Let f :(P, λ) → (Q, μ) be a map. If for each point pP and each open 

set V in (Q, μ) containing f(p), there exists a δsg* -open set U in (P, λ) containing p 

such that f(U)V, then for every subset A of (P, λ), f(δsg*cl(A))  cl(f(A)). 

Proof: Let A be any subset of (P, λ) and qf(δsg*cl(A)). Therefore q = f(p) for some 

pδsg*cl(A)  P. Let V be any open set in (Q, μ) such that f(p)V. Then by 

hypothesis, there exists a δsg* -open set U in (P, λ) containing p with f(U)   V. By 

Lemma 3.18, U∩A ≠ ϕ, then f(U∩A) ≠ ϕ which implies that V∩f(A) ≠ ϕ. Hence q
cl(f(A)). 

 

4. COMPOSITION OF MAPPINGS 

Remark 4.1 The composition of two δsg* -continuous functions need not be δsg* -

continuous as seen from the following example. 

 

Example 4.2 Let P = Q = R = {a,b,c} with λ = {P, ϕ, {a}, {b,c}}, μ = {Q, ϕ, {a,b}} 

and ν = {R, ϕ, {c}}. Let f : (P, λ) → (Q, μ) be defined by f(a) = c, f(b) = b, f(c) = a 

and g : (Q, μ) → (R, ν) be defined by g(a) = a, g(b) = c, g(c) = b. Then the functions f 

and g are δsg* -continuous but their composition g ◦ f : (P, λ) → (R, ν) is not δsg* -

continuous, since for the only closed set {a,b} in (R, ν), (g ◦ f)-1{a,b} = {a,c} is not 

δsg* -closed in (P, λ). 

 

Theorem 4.3 If f :(P, λ) → (Q, μ) is δsg* -continuous and g : (Q, μ) → (R, ν) is super 

continuous then g ◦ f : (P, λ) → (R, ν) is a δsg* -continuous. 

Proof: Let V be a closed set in (R, ν). Since g is super continuous, g-1(V) is δ -closed 

in (Q, μ). As every δ -closed set is closed, now g-1(V) is closed in (Q, μ). Since             

f : (P, λ) → (Q, μ) is δsg* -continuous, f-1(g-1(V)) = (g ◦ f)-1(V) is δsg* -closed in        

(P, λ). Hence g ◦ f :(P, λ) → (R, ν) is δsg* -continuous. 

 

Theorem 4.4 If f :(P, λ) → (Q, μ) is super continuous and g : (Q, μ) → (R, ν) is super 

continuous then g ◦ f : (P, λ) → (R, ν) is δsg* -continuous. 

Proof: Let V be closed in (R, ν). Since g is super continuous, g-1(V) is δ -closed in (Q, 

μ). As every δ -closed set is closed, now g-1(V) is closed in (Q, μ). Since f : (P, λ) → 

(Q, μ) is super continuous,  f-1(g-1(V)) = (g ◦ f)-1(V) is δ -closed in (P, λ). Since every 

δ-closed set is δsg* -closed, (g ◦ f)-1(V) is δsg* -closed. Hence g ◦ f : (P, λ) → (R, ν) is 

δsg* -continuous. 
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Proposition 4.5 Let (P, λ) be any topological space and (Q, μ) be a δsg*Tδ -space. If     

f : (P, λ) → (Q, μ) and g : (Q, μ) → (R, ν) are δsg* -continuous functions, then their 

composition g ◦ f : (P, λ) → (R, ν) is a δsg* -continuous function. 

Proof: Let V be a closed set in (R, ν). Since g : (Q, μ) → (R, ν) is δsg* -continuous,  

g-1(V) is δsg* -closed in (Q, μ). Since (Q, μ) is a δsg*Tδ -space, g-1(V) is δ -closed in 

(Q, μ). As every δ-closed set is closed, now g-1(V) is closed in (Q, μ). Since f : (P, λ) 

→ (Q, μ) is δsg*-continuous, f-1(g-1(V)) = (g ◦ f)-1(V) is δsg* -closed in (P, λ). Hence  

g ◦ f :(P, λ) → (R, ν) is δsg* -continuous. 

 

CONCLUSION  

The concept of δsg*-continuous functions is defined and many properties are 

analysed. By the use of separation axioms, the properties can be modified for reverse 

implications and composition of mappings. 
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