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Abstract 

 

In this paper introduce the concept of fuzzy edge-vertex graceful labelling. 

Fuzzy edge-vertex graceful labelling extends to graphs such as star graph and 

helm graph. It is proved that all fuzzy star graph with at most 49 edges 

(vertices) are fuzzy graceful. 
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INTRODUCTION 

Fuzzy is a newly emerging mathematical framework to exemplify the phenomenon of 

uncertainty in real life tribulations. It was introduced by Zadeh in 1965[3], and the 

concepts were pioneered by various independent researchers, namely, Rosenfeld, 

Kauffmann, etc. 

A fuzzy set is defined mathematically by assigning to each possible individual in the 

universe of discourse a value, representing its grade of membership, which 

corresponds to the degree, to which that individual is similar or compatible with the 

concept represented by the fuzzy set. Based on Sade’s fuzzy relation the first 

definition of a fuzzy graph was introduced by Kaufmann in 1973[4]. The concept of a 

graceful labeling has been introduced by Rosa in 1967[7]. This note is a further 

contribution on fuzzy graceful labeling. 

Fuzzy graceful labeling for fuzzy star graph and fuzzy helm graph are called a fuzzy 

graceful labeling star graph and fuzzy graceful labeling helm graph respectively. 
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PRELIMINARIES AND MAIN RESULTS 

Definition:1  

Let U and V be two sets. Then ρ is said to be a fuzzy relation from U into V if ρ is a 

fuzzy set of UxV. 

 

Definition: 2  

A fuzzy graph G = ( σ, µ)    is a pair of functions σ :V→ [0,1] and µ : VxV → [0,1],  

where for all u,v ϵ V, we have µ (u,v) ≤  σ(u) ᴧ σ(v). 

 

Definition: 3 

A labelling of a graph is an assignment of values to the vertices and edges of a graph. 

 

Definition:4  

A graceful labelling of a graph G with q edges is an injection f: V(G) → {0,1,2,…,q} 

such that when each edge xy ϵ E(G) is assigned the label |f(x) – f(y)| , all of the edge 

labels are distinct. 

 

Definition:5 

A  graph G =( σ, µ)    is said to be  a fuzzy  labeling graph if σ :V→ [0,1] and µ : VxV 

→ [0,1] is bijective such that the membership value of edges and vertices are distinct 

and   µ (u,v) ˂  σ(u) ᴧ σ(v) for all u,v ϵ V. 

 

Definition:6 

A fuzzy star graph  S 1,n  consists of two node sets V and U with |V| =1 and |U| ˃ 1, 

such that   µ(v,u i) ˃ 0 and µ(u i,u i+1) = 0,    1 ≤ i ≤ n. 

 

Definition:7 

In a fuzzy labelling star graph if all edge (vertex) values are distinct then it is called 

fuzzy graceful labelling star graph. 

 

Example : 

Consider a fuzzy star graph  S 1,n . 

Let  σ(v) ϵ (0,1]  and σ(v j) = j/10 , where j = 1,2,...10. 

Also σ(u i) ϵ (0,1] and σ(u i) = σ(v) - µ(v,u i) , i = 1,2,3,...,n. 

 µ(v,u i) = σ(v) - σ(u i), where i = 1,2,3,...,n. 

Here  µ(v,u i) = i/100 , where i = 1,2,3,...,n 

 and n = 4j + k , where j = 1,2,...10, k = 0 to 9  respectively. 

If the fuzzy star graph is a fuzzy graceful labelling star graph then  

µ(v,u i)  ˂  σ(v)  ᴧ σ(u i)  for all i = 1 to n 

and the membership function of edges and vertices are all distinct only  

when n = 4j + k ,  

where j = 1,2,...10, k = 0 to 9  respectively. 
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Definition:8 

The Helm Hn is a graph obtained from a wheel graph, by attaching a pendent edge at 

each vertex of the n-cycle.  

 

Definition:9 

In a fuzzy labelling helm graph if all edge (vertex) values are distinct then it is called 

fuzzy graceful labelling helm graph. 

 

Theorem: 1 

All fuzzy star graph with at most 49 edges (vertices - u i) are fuzzy graceful. 

Proof: 

Let S 1,n be a fuzzy star graph consists of two node sets V and U with |V| =1 and |U| ˃ 

1, such that  

   µ(v,u i) ˃ 0 and µ(u i,u i+1) = 0,    1 ≤ i ≤ n. 

Let σ(v) ϵ (0,1]  and σ(v j) = j/10 , where j = 1,2,...10. 

Also σ(u i) ϵ (0,1] and σ(u i) = σ(v) - µ(v,u i) , i = 1,2,3,...,n. 

 µ(v,u i) = σ(v) - σ(u i), where i = 1,2,3,...,n. 

Here  µ(v,u i) = i/100 , where i = 1,2,3,...,n 

 and n = 4j + k , where j = 1,2,...10, k = 0 to 9  respectively. 

     When j = 1, ie, σ(v j) = 0.1 then n, the number of edges (vertices - u i ) which 

satisfy the conditions of  the fuzzy graceful labelling star graph are only four.   

ie,   µ(v,u i)  ˂  σ(v)  ᴧ σ(u i)  for all i = 1 to n 

and the membership function of edges and vertices are all distinct only when n = 4j + 

k ,  

where j = 1,2,...10, k = 0 to 9  respectively. 

When j = 2, ie, σ(v j) = 0.2 then the number of edges (vertices) which satisfy the 

conditions of  the fuzzy graceful  labelling star graph are nine. ie,  n = 4x2 + 1 = 9. 

Similarly, when j =10, ie, σ(v j) = 1, then the number of edges (vertices) which satisfy 

the fuzzy graceful labelling  star graph are at most  forty nine. ie,  n = 4x10 + 9 = 49. 

The star graph  S 1,n  will be fuzzy graceful when n = 4j + k ,  

where j = 1,2,...10, k = 0 to 9  respectively, and the membership function of edges and 

vertices are all distinct. 

 

Then the star graph will be fuzzy graceful. 

Case (i):when j = 1, σ(v) = 1/10 = 0.1 

µ(v,u 1) = σ(v) - σ(u 1) = 0.1 – 0.09 = 0.01 = 1/100 

µ(v,u 2) = σ(v) - σ(u 2) = 0.1 – 0.08 = 0.02 = 2/100 
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µ(v,u 3) = σ(v) - σ(u 3) = 0.1 – 0.07 = 0.03 = 3/100 

µ(v,u 4) = σ(v) - σ(u 4) = 0.1 – 0.06 = 0.04 = 4/100 

Since the membership function of edges and vertices are all distinct as well as  

   µ(v,u i)  ˂  σ(v)  ᴧ σ(u i)  for all i = 1 to 4, 

the graph is a fuzzy graceful labelling graph. 

Here the number of edges (vertices) which satisfy the fuzzy graceful labelling are 

only four. 

ie, n = 4x1+0; where j=1 and k=0. 

Therefore, when σ(v) =  0.1,  S 1,4  will be the fuzzy graceful labelling star graph. 

 

Example:              

                                                  

                                                     v 0.1 

                                                             

                                     0.01         

                                              0.02                   0.04    

               U10.09                                0.03                        

                                                                                         u40.06                  

                                     u2 0.08              u3 0.07    

                                                            S 1,4 

 

 

 

Case(ii): when j = 2, σ(v) = 2/10 = 0.2 

µ(v,u 1) = σ(v) - σ(u 1) = 0.2 – 0.19 = 0.01 = 1/100 

µ(v,u 2) = σ(v) - σ(u 2) = 0.2 – 0.18 = 0.02 = 2/100 

µ(v,u 3) = σ(v) - σ(u 3) = 0.2 – 0.17 = 0.03 = 3/100 

µ(v,u 4) = σ(v) - σ(u 4) = 0.2 – 0.16 = 0.04 = 4/100 

µ(v,u 5) = σ(v) - σ(u 5) = 0.2 – 0.15 = 0.05 = 5/100 

µ(v,u 6) = σ(v) - σ(u 6) = 0.2 – 0.14 = 0.06 = 6/100 

µ(v,u 7) = σ(v) - σ(u 7) = 0.2 – 0.13 = 0.07 = 7/100 

µ(v,u 8) = σ(v) - σ(u 8) = 0.2 – 0.12 = 0.08 =8/100 

µ(v,u 9) = σ(v) - σ(u 9) = 0.2 – 0.11 = 0.09 = 9/100 

Since the membership function of edges and vertices are all distinct as well as  

   µ(v,u i)  ˂  σ(v)  ᴧ σ(u i)  for all i = 1 to 9 

the star graph   S 1,9  is the fuzzy graceful labelling star graph. 

Here the numbers of edges (vertices) which satisfy the fuzzy graceful labelling are 

only nine. 

ie, n = 4x2+1; where j=2 and k=1.  

Therefore, when σ(v) =  0.2,  S 1,9  will be the fuzzy graceful labelling star graph. 
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Example :  

                                                          v 0.2 

                                                                                              0.09                   

                           0.01                                                        0.08               u9   0.11 

u1 0.19                       0.02                                0.06     0.07             u8 0.12 

                 u2 0.18               0.03      0.04    0.05                                                 

                                u3 0.17                                                 u7 0.13 

                                                 u4 0.16    u5 0.15    u6 0.14  

                                                          S1,9 

 

 

 

 

Similarly,  

When σ(v) =  0.3,  n = 4x3+2; here j=3 and k=2 

then  S 1,14  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.4,  n = 4x4+3; here j=4 and k=3 

then  S 1,19  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.5,  n = 4x5+4 here j=5 and k=4 

then  S 1,24  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.6,  n = 4x6+5; here j=6 and k=5 

then  S 1,29  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.7,  n = 4x7+6 here j=7 and k=6 

then  S 1,34  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.8,  n = 4x8+7; here j=8 and k=7 

then  S 1,39  will be the fuzzy graceful labelling star graph. 

When σ(v) =  0.9,  n = 4x9+8; here j=9 and k=8 

then  S 1,44  will be the fuzzy graceful labelling star graph. 

When σ(v) =  1,  n = 4x10+9; here j=10 and k=9 

then  S 1,49  will be the fuzzy graceful labelling star graph. 

 

Theorem :2 

Prove that H3 is fuzzy graceful labelling helm graph. 

Case : (i) 

In a Helm graph H3, all edge values in the outer cycle are multiples of 2, when v is to 

be assigned the values from 0.4 to 1 . ie, 0.4≤ v ≤ 1, and the graph is fuzzy graceful 

labelling helm graph. 

Proof:      

In a Helm graph H3,   the centre vertex is denoted by v, other vertices in the outer 

cycle are denoted by vi (i = 1,2,3) and the pendent vertices are denoted by ui (i = 

4,5,6). 

     In this cycle,   

   µ(vi,v i+1) = i x 0.02 
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and  

   µ(ui,v i) = i x 0.02 , where ui    (i = 4,5,6) and v i    (i = 1,2,3). 

 

Example: 

 
 

    In  this figure, 

    µ(v1,v 2) = 1 x 0.02 = 0.02   

    µ(v2,v 3) =  2 x 0.02  = 0.04 

    µ(v3,v 1) =  3 x 0.02  = 0.06 

and    µ(u4,v 1) = 4 x 0.02 = 0.08 

          µ(u5,v 2) =  5 x 0.02 = 0.10 

          µ(u6,v 3) =   6 x 0.02 = 0.12 

Here all  edge and vertex values are distinct and the edges are multiples of 2. 

 

Case : (ii)  

In a Helm graph H3, all edge values in the outer cycle are multiples of 3, when v is to 

be assigned the values from 0.5 to 1 . ie, 0.5≤ v ≤ 1, and the graph is fuzzy graceful 

labelling helm graph. 

Proof: 

In a Helm graph H3,   the centre vertex is denoted by v, other vertices in the outer 

cycle are denoted by vi (i = 1,2,3) and the pendent vertices are denoted by ui (i = 

4,5,6). 

     In this cycle,   

   µ(vi,v i+1) = i x 0.03 

and  

   µ(ui,v i) = i x 0.03 , where ui    (i = 4,5,6) and v i    (i = 1,2,3). 
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Example: 

In this cycle, 

    µ(v1,v 2) = 1 x 0.03 = 0.03   

    µ(v2,v 3) =  2 x 0.03  = 0.06 

    µ(v3,v 1) =  3 x 0.03  = 0.09 

   and   µ(u4,v 1) = 4 x 0.03 = 0.12 

           µ(u5,v 2) =  5 x 0.03 = 0.15 

           µ(u6,v 3) =   6 x 0.03 = 0.18 

Here all edge and vertex values are distinct and the edges are multiples of 3. 

 

 

RESULT 

The above conditions will not be satisfied for Hn where n≥4. 

But it satisfies fuzzy edge( vertex) graceful labelling.  

 

 

CONCLUSION 

In this paper the concept of fuzzy edge( vertex) graceful labelling for star graph and 

helm graph has been introduced. We plan to extend our research work to fuzzy edge( 

vertex) graceful labelling for bistar graph and friendship graph. 
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