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Abstract 

 

In this paper, an asymptotic semi-analytical method for solving a class of 

third-order singularly perturbed boundary value problems in which the highest 

order derivative is multiplied by a small parameter is presented. The method is 

distinguished by the following facts: first, the given problem is transformed 

into an equivalent system of two ODEs and a zeroth-order asymptotic 

expansion for the solution of the transformed system is constructed. Then, the 

reduced terminal value system is solved analytically using Differential 

Transform Method. The method results in approximate analytical solution for 

the considered problems. Some illustrating examples are given to demonstrate 

the accuracy and efficiency of the method. Numerical results obtained by the 

method are compared with the exact solution and its derivatives and are found 

to be in good agreement with each other not only in the boundary layer, but 

also away from the layer. 

 

Keywords: Differential Transform Method, Singularly perturbed third-order 

boundary-value problems; Asymptotic expansions. 

 

 

Introduction 
Singularly perturbed boundary-value problems (SPBVPs) occur frequently in many 

areas of applied science and engineering, e.g., fluid dynamics, quantum mechanics, 

elasticity, optimal control and chemical reactor theory, etc. These problems have 

received a significant amount of attention in past and recent years due to the fact that 

the solution exhibits a multiscale character, i.e., there are thin transition layer(s) where 
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the solution varies rapidly, and while away from the layers (s) the solution behaves 

regularly and varies slowly. Therefore, the numerical treatment of singularly 

perturbed problems presents some major computational difficulties. Thus, more 

efficient and simpler computational techniques are required to solve these problems. 

For the past two decades, many numerical methods have appeared in the literature 

which cover mostly second order SPBVPs [1, 2]. Most notable among these are 

collocation methods [3, 4], finite-difference methods [5, 6, 15], finite-element 

methods [7], boundary-value techniques [8], initial-value techniques [9, 10] spline 

techniques [11, 12] and linearization techniques [13, 14]. But, only few results are 

reported in the case of third-order SPBVPs. In fact, Cui and Geng [16] presented a 

new computational method for solving a class of linear third order SPBVPs in the 

reproducing kernel space. Valanarasu and Ramanujam [17] presented an asymptotic 

numerical method for a class of third order SPBVPs with weak interior layers using 

fitted mesh finite difference (FD) method. Valarmathi and Ramanujam [18] presented 

a suitable numerical method for parallel computing for solving third order SPBVPs 

using an exponentially fitted FD scheme in the boundary layer and a classical FD 

scheme in the outer region. Babu and Ramanujam [19] presented an asymptotic 

numerical method for solving third and fourth order SPBVPs with discontinuous 

source term using fitted finite element method. Kumar and Tiwari [20] present an 

initial-value method for a class of third-order reaction–diffusion SPBVPs where the 

original problem is reduced to three approximate unperturbed initial-value problems 

and solved using fourth order Runge-Kutta method. 

The aim of our study is to employ the differential transform method as an alternative 

to existing methods for solving third order SPBVPs. The Differential Transform 

Method (DTM) was first introduced by Zhou [21] and its main application concern 

with both linear and nonlinear initial value problems in electrical circuit analysis. This 

method constructs a semi-analytical numerical technique that uses Taylor series for 

the solution of differential equations in the form of a polynomial. However, it is 

different from traditional higher order Taylor series method, which requires symbolic 

computation of the necessary derivatives of the data function. Thus, DTM is capable 

of greatly reducing the size of computational work while still accurately providing the 

series solution with fast convergence rate. Different applications of DTM can be 

found in [22-34]. In this paper, an asymptotic semi-analytical method for solving a 

class of third-order singularly perturbed boundary value problems in which the 

highest order derivative is multiplied by a small parameter is presented. The method is 

distinguished by the following facts: first, the given problem is transformed into an 

equivalent system of two ODEs and a zeroth-order asymptotic expansion for the 

solution of the transformed system is constructed. Then, the reduced terminal value 

system is solved analytically using Differential Transform Method. The method 

results in approximate analytical solution for the considered problems. Some 

illustrating examples are given to demonstrate the accuracy and efficiency of the 

method. Numerical results obtained by the method are compared with the exact 

solution and its derivatives and are found to be in good agreement with each other not 

only in the boundary layer, but also away from the layer. 
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Basic Concepts of DTM 
The DTM that has been developed for the analytical solution of ODEs is presented in 

this section for the systems of ODEs. For this purpose, we consider the following 

system of ODEs [27, 29, 29, 34] 

𝑦′1(𝑡) = 𝑓1(𝑥, 𝑦1, 𝑦2, . . . . , 𝑦𝑛),

𝑦′2(𝑡) = 𝑓2(𝑥, 𝑦1, 𝑦2, . . . . , 𝑦𝑛),
 ⋮
𝑦′𝑛(𝑡) = 𝑓𝑛(𝑥, 𝑦1, 𝑦2, . . . . , 𝑦𝑛),

}, (1) 

subject to initial conditions 

𝑦𝑖(0) = 𝑐𝑖 , 𝑖 = 1,2, . . . , 𝑛. (2) 

Let [0, 𝑋] be the interval over which we want to find the solution of the ODE system 

(1)-(2). In actual applications of the DTM, the Nth-order approximate solution of the 

ODE system (1)-(2) can be expressed by the finite series 

𝑦𝑖(𝑥) = ∑ 𝑌𝑖(𝑘) 𝑥𝑘,𝑁
𝑘=0  𝑡 ∈ [0, X], 𝑖 = 1,2, . . . , 𝑛, (3) 

where 

𝑌𝑖(𝑘) =
1

𝑘!
[

𝑑𝑘𝑦𝑖(𝑥)

𝑑𝑥𝑘
]

 𝑥=0
, 𝑖 = 1,2, . . . , 𝑛. (4) 

which implies that ∑ 𝑌𝑖(𝑘) 𝑥𝑘∞
𝑘=𝑁+1  is negligibly small. Using some fundamental 

properties of the DTM, (Table 1), the ODE system (1)-(2) can be transformed into the 

following recurrence relations 

𝑌𝑖(𝑘 + 1) = (𝐹𝑖(𝑘, 𝑌1, 𝑌2, . . . , 𝑌𝑛))/(𝑘 + 1), 𝑌𝑖(0) = 𝑐𝑖, 𝑖 = 1,2, . . . , 𝑛, (5) 

where 𝐹𝑖(𝑘, 𝑌1, 𝑌2, . . . , 𝑌𝑛)is the differential transform of the function 

𝑓𝑖(𝑥, 𝑦1, 𝑦2, . . . . , 𝑦𝑛),for 𝑖 = 1,2, . . . , 𝑛. Solving the recurrence relation (5), the 

differential transform 𝑌𝑖(𝑘), 𝑘 > 0 can be easily obtained. 

 

Table 1: Fundamental operations of DTM. 

 

Original function Transformed function 

𝑦(𝑥) = 𝛽(𝑢(𝑥) ± 𝑣(𝑥)) 𝑌(𝑘) = 𝛽 𝑈(𝑘) ± 𝛽 𝑉(𝑘) 

𝑦(𝑥) = 𝑢(𝑥) 𝑣(𝑥) 𝑌(𝑘) = ∑ 𝑈(ℓ)𝑘
ℓ=0  𝑉(𝑘 − ℓ)  

𝑦(𝑥) =
𝑑𝑚𝑢(𝑥)

𝑑𝑥𝑚
 𝑌(𝑘) =

(𝑘 + 𝑚)!

𝑘!
𝑈(𝑘 + 𝑚) 

𝑦(𝑥) = 𝑥𝑚 
𝑌(𝑘) = 𝛿(𝑘 − 𝑚) = {

 1 ;  𝑖𝑓 𝑘 = 𝑚 
 0 ;  𝑖𝑓 𝑘 ≠ 𝑚

 

𝑦(𝑥) = 𝑒𝜆 𝑥
 𝑌(𝑘) =

𝜆𝑘

𝑘! 
𝑦(𝑥) = sin(𝜔𝑥) 

𝑌(𝑘) =
𝜔𝑘

𝑘!
sin(

𝑘𝐵

2
) = {

0 ;  𝑘 is even

𝜔𝑘(−1)
𝑘−1

2

𝑘!
;  𝑘 is odd 

𝑦(𝑥) = cos(𝜔𝑥) 
𝑌(𝑘) =

𝜔𝑘

𝑘!
cos(

𝑘𝜋

2
) = {

𝜔𝑘(−1)
𝑘

2

𝑘!
;  𝑘 is even

 0;  𝑘 is odd
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Description of the Method 
Consider the third order SPBVP given by: 

ε 𝑦′′′(𝑥)  + 𝑎(𝑥) 𝑦′′(𝑥) + 𝑏(𝑥)𝑦′(𝑥) + 𝑐(𝑥)𝑦(𝑥) = 𝑓(𝑥), 𝑥 ∈ 𝐷, (6) 

𝑦(1) = 𝑝, 𝑦′(0) = 𝑞, 𝑦′(1) = 𝐵, (7) 

where ε > 0 is a small positive parameter, 𝑎(𝑥) > 0, 𝑎(𝑥), 𝑏(𝑥), 𝑐(𝑥), and 𝑓(𝑥) are 

sufficiently smooth functions that guarantee existence and uniqueness of the solution 

𝑦(𝑥) such that 𝑦(𝑥) ∈ 𝐶(3)(𝐷), 𝐷 = (0,1). 

The SPBVP (6)-(7) can be transformed into an equivalent system of two ODEs of the 

form 

Ay =  F ⇔ {

𝑦′1(𝑥) − 𝑦2(𝑥) = 0,

ε 𝑦′′2(𝑥) + 𝑎(𝑥)𝑦′2(𝑥) + 𝑏(𝑥)𝑦2(𝑥) + 𝑐(𝑥)𝑦1(𝑥)  = 𝑓(𝑥), 𝑥 ∈ 𝐷 
𝑦1(1) = 𝑝, 𝑦2(0) = 𝑞, 𝑦2(1) = 𝑟

, (8) 

where y = (𝑦1, 𝑦2)𝑇. 

 

Asymptotic Expansion Solution: 

One can look for the asymptotic expansion solution of (8) in the form 

y(x, ε) = (u0 + v0) + ε(u1 + v1) + 𝑂(ε2) 

By the method of stretching variable ([27], [35]), one can obtain easily the zeroth-

order asymptotic expansion yas = u0 + v0 where u0 = ( 𝑢01, 𝑢02) is a solution of the 

reduced system of (8) given by 

𝑢′01(𝑥) − 𝑢02(𝑥) = 0, 𝑢01(1) = 𝑝, 𝑥 ∈ 𝐷

𝑎(𝑥) 𝑢′02(𝑥) + 𝑏(𝑥) 𝑢02(𝑥) + 𝑐(𝑥) 𝑢01(𝑥)  = 𝑓(𝑥), 𝑢02(1) = 𝑟 
}, (9) 

and v0 = ( 𝑣01, 𝑣02) is the layer correction solution given by 

𝑣01 =
−휀

𝑎(0)
(𝑞 − 𝑢2(0))(𝑒−𝑎(0)𝑥/𝜀)

𝑣02 = (𝑞 − 𝑢2(0))(𝑒−𝑎(0)𝑥/𝜀).

 

Now, in order to obtain the approximate solution yas, we only need to obtain the 

solution u0 to the terminal value problem (TVP) (9). 

 

The Solution of TVP (9) by DTM: 

In this section, the DTM is applied to solve the TVP (9). Taking differential 

transformation to (9) by using the related definitions in Table 1 results in the 

following recurrence relation: 
(𝑘 + 1)𝑈1(𝑘 + 1) =  𝑈2(𝑘),

∑ 𝐴(ℓ)(𝑘 − ℓ + 1) 𝑘
ℓ=0  𝑈2(𝑘 − ℓ + 1)  = 𝐹(𝑘) − ∑ 𝐵(ℓ)𝑘

ℓ=0  𝑈2(𝑘 − ℓ) − ∑ 𝐶(ℓ)𝑘
ℓ=0  𝑈1(𝑘 − ℓ)

},  (10) 

with transformed boundary conditions: 

𝑈1(0) = 𝛼0, 𝑈2(0) = 𝛽0, (11) 

and 

∑ 𝑈1(𝑘) = 𝑝𝑁
𝑘=0 , ∑ 𝑈2(𝑘) = 𝑟𝑁

𝑘=0 , (12) 

where 𝑈1(𝑘), 𝑈2(𝑘), 𝐴(𝑘), 𝐵(𝑘), 𝐶(𝑘)and 𝐹(𝑘) are the transformed functions of 

𝑢01(𝑥), 𝑢02(𝑥), 𝑎(𝑥), 𝑏(𝑥), 𝑐(𝑥) and 𝑓(𝑥) respectively, and according to (9) 𝛼0 =
𝑢01(0) and 𝛽0 = 𝑢02(0). 

Solving the recurrence relation (10) with the initial conditions (11), results in a series 

solution in the unknowns 𝛼0, 𝛽0.The values of 𝛼0, 𝛽0 can be determined easily from 
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the transformed boundary conditions (12). Then, the differential transform series 

solution for u0is obtained as u̅0 = ( �̅�01, �̅�02), where 

�̅�01(𝑥) = ∑ 𝑈1(𝑘)𝑥𝑘 𝑁
𝑘=0

�̅�02(𝑥) = ∑ 𝑈2(𝑘)𝑥𝑘𝑁
𝑘=0

}. (13) 

And thus, the approximate analytical solution of (8) is given by 

𝑦1,𝑎𝑝(𝑥) = �̅�01(𝑥) +
−𝜀

𝑎(0)
(𝑞 − �̅�02(0))(𝑒−𝑎(0)𝑥/𝜀) + O(ε)

𝑦2,𝑎𝑝(𝑥) = �̅�02(𝑥) + ( 𝑞 − �̅�02(0) )𝑒−𝑎(0)/𝜀 + O(ε) 
}. (14) 

 

 

Illustrating Examples 
In this section, two examples are given to demonstrate the accuracy and efficiency of 

the present method. All calculations are carried out by MAPLE 14 software in a PC 

with a Pentium 2 GHz and 512 MB of RAM 

 

Example 1. Consider the following third order SPBVP 

휀 𝑦′′′(𝑥) + (1 − 𝑥)𝑦′′(𝑥) − 𝑦′(𝑥) + 𝑥𝑦(𝑥) = 𝑓(𝑥), 𝑥 ∈ [0,1], (15) 

𝑦(1) = 0, 𝑦′(0) =
1

ε𝑒−1/ε−𝜀
− 2, 𝑦′(1) =

−1

εe1/ε−ε
, (16) 

where 

𝑓(𝑥) =
−𝑥𝑒−𝑥/ε

ε2(1−𝑒−1/𝜀)
− 4𝑥 + 4 +

𝑒−𝑥/ε

ε(1−𝑒−1/𝜀)
+ 𝑥 (1 + (𝑥 − 1)2 −

1−𝑒−𝑥/ε

1−𝑒−1/ε). 

The exact solution of (15)-(16) is given by 

𝑦(𝑥) = 1 + (1 − 𝑥)2 −
1−𝑒−𝑥/ε

1−𝑒−1/ε. 

The equivalent system of (15)-(16) is given by 
𝑦′1(𝑥) − 𝑦2(𝑥) = 0, 𝑦1(1) = 0

ε𝑦′′2(𝑥) + (1 − 𝑥)𝑦′2(𝑥) − 𝑦2(𝑥) + 𝑥𝑦1(𝑥) = 𝑓(𝑥), 𝑦2(0) =
1

ε𝑒−1/ε−𝜀
− 2, 𝑦2(1) =

−1

εe1/ε−ε

}  (17) 

The reduced system of (17) is given by 
𝑢′01(𝑥) − 𝑢02(𝑥) = 0, 𝑢01(1) = 0

(1 − 𝑥)𝑢′02(𝑥) − 𝑢02 + 𝑥 𝑢01 = 4 − 3𝑥 − 2𝑥2 + 𝑥3, 𝑢02(1) = 0.
}. (18) 

Taking differential transformation to (18), results in the following recurrence relation 
𝑈1(𝑘 + 1) = 𝑈2(𝑘)/(𝑘 + 1), 𝑈1(0) = 𝛼0

∑ (𝛿(ℓ) − 𝛿(ℓ − 1))(𝑘 − ℓ + 1)𝑈2(𝑘 − ℓ + 1)𝑘
ℓ=0 = 𝑈2(𝑘) + 4𝛿(𝑘) − 𝛿(𝑘 − 1)(𝑈1(𝑘) + 3)

 −2𝛿(𝑘 − 2) + 𝛿(𝑘 − 3), 𝑈2(0) = 𝛽0

} (19) 

with transformed boundary conditions: 

∑ 𝑈1(𝑘) = 0𝑁
𝑘=0 , ∑ 𝑈2(𝑘) = 0𝑁

𝑘=0 , (20) 

Solving the recurrence relation (19) results in 

𝑈1(1) = 𝛽0, 𝑈1(2) = (2 +
𝛽0

2
) , 𝑈1(3) = (

5

6
+

𝛽0

3
−

𝛼0

6
) , 𝑈1(4) = (

11

24
+

𝛽0

6
−

𝛼0

8
) 

𝑈2(1) = 4 + 𝛽0 , 𝑈2(2) = (
5

2
+ 𝛽0 −

𝛼0

2
) , 𝑈2(3) = (

11

6
+

2𝛽0

3
−

𝛼0

2
) , 𝑈2(4) = (

19

12
+

13𝛽0

24
−

𝛼0

2
)

}. (21) 

Using (20) we get 𝛼0 = 1, 𝛽0 = −2. 

And thus, the approximate analytical solution of (17) is obtained and given by 

𝑦𝑎𝑝(𝑥) = 𝑦1,𝑎𝑝(𝑥) = 1 − 2𝑥 + 𝑥2 − ε (
1

ε𝑒−1/𝜀−ε
) 𝑒−𝑥/ε

𝑦′𝑎𝑝(𝑥) = 𝑦2,𝑎𝑝(𝑥) = −2 + 2𝑥 + (
1

ε𝑒−1/ε−ε
) 𝑒−𝑥/𝜀  

}. (22) 
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The results obtained using (22) compare very well with the exact solutions as shown 

in Fig 1. 

 

Example 2. Consider the following third order SPBVP 

ε 𝑦′′′(𝑥)  +  𝑦′′(𝑥) = −sin(𝑥) − ε os(𝑥), 𝑥 ∈ [0,1], (23) 

𝑦(1) = sin(1), 𝑦′(0) = 1 −
1

ε
, 𝑦′(1) = cos(1). (24) 

The exact solution is given by 

𝑦(𝑥) = sin(𝑥) +
(1−𝑥+𝜀)𝑒−1/ε−𝜀𝑒−𝑥/ε

ε(𝑒−1/𝜀−1)
. 

The equivalent system of (23)-(24) is given by 

𝑦′1(𝑥) − 𝑦2(𝑥) = 0, 𝑦1(1) = sin(1)

ε𝑦′′2(𝑥) + 𝑦′2(𝑥) = −sin(𝑥) − εcos(𝑥), 𝑦2(0) = 1 −
1

ε
, 𝑦2(1) = cos(1)

}, (25) 

and the reduced system of (25) is given by 
𝑢′01(𝑥) − 𝑢02(𝑥) = 0, 𝑢01(1) = 0

𝑢′02(𝑥) + 𝑢02 = −sin(𝑥), 𝑢02(1) = cos(1).
}. (26) 

Applying differential transform to (26), result in 

𝑈1(𝑘 + 1) = 𝑈2(𝑘)/(𝑘 + 1), ∑ 𝑈1(𝑘) = 0𝑁
𝑘=0  

𝑈2(𝑘 + 1) = (−sin(𝑘𝜋/2) − 𝑘! 𝑈2(𝑘))/(𝑘! (𝑘 + 1)! ), ∑ 𝑈2(𝑘) = cos(1)𝑁
𝑘=0

}. (27) 

Solving (27) using the same procedure as in Example1, we obtain the following 

approximate analytical solutions 

𝑦𝑎𝑝(𝑥) = −2.7e − 08 + 1.000000002𝑥 −
𝑥3

6
+

𝑥5

120
−

𝑥7

5040
+

𝑥9

362880
+ ε (2e − 09 +

1

𝜀
) 𝑒−𝑥/ε

𝑦′𝑎𝑝(𝑥) = 1.000000002 −
𝑥2

2
+

𝑥4

24
−

𝑥6

720
+

𝑥8

40320
 −

𝑥10

3628800
− (2e − 09 +

1

ε
) 𝑒−𝑥/ε

}. (28) 

The results obtained using (28) compare very well with the exact solutions as shown 

in Fig 2. 

 

 
 

Figure 1: Solution comparison, exact solution (solid line) and (22) solution  

(doted line) at 휀 = 0.01 
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Figure 2: Solution comparison, exact solution (solid line) and (28) solution  

(doted line) at 휀 = 0.01. 

 

Table 2: Numerical results of Example 1 at ε = 10−4 

 

𝑥  𝑦(𝑥) 𝑦𝑎𝑝(𝑥) Error  𝑦′(𝑥) 𝑦′
𝑎𝑝

(𝑥) Error 

1.0E-06 1.9900e+00 1.9900e+00 2.2204e-16 -9.9025e+03 -9.9025e+03 0.0000e-16 

1.0E-05 1.9048e+00 1.9048e+00 0.0000e-16  -9.0504e+03 -9.0504e+03 0.0000e-16 

1.0E-04 1.3677e+00 1.3677e+00 0.0000e-14  -3.6808e+03 -3.6808e+03 4.5475e-13 

1.0E-03 9.9805e-01 9.9805e-01 1.1102e-14  -2.4520e+00 -2.4520e+00 0.0000e-16 

1.0E-02 9.8010e-01 9.8010e-01 0.0000e-15  -1.9800e+00 -1.9800e+00 0.0000e-14 

1.0E-01 8.1000e-01 8.1000e-01 0.0000e-16  -1.8000e+00 -1.8000e+00 0.0000e-15 

3.0E-01 4.9000e-01 4.9000e-01 5.5511e-16  -1.4000e+00 -1.4000e+00 0.0000e-16 

5.0E-01 2.5000e-01 2.5000e-01 0.0000e-16  -1.0000e+00 -1.0000e+00 0.0000e-16 

7.0E-01 9.0000e-02 9.0000e-02 5.5511e-16  -6.0000e-01 -6.0000e-01 0.0000e-16 

9.0E-01 1.0000e-02 1.0000e-02 1.3878e-16  -2.0000e-01 -2.0000e-01 0.0000e-16 

1.0E+00 0.0000e+00 0.0000e+00 0.0000e+00  0.0000e+00 0.0000e+00 0.0000e+00 

 

Table 3: Numerical results of Example 2 at ε = 10−4 

 

𝑥  𝑦(𝑥) 𝑦𝑎𝑝(𝑥) Error  𝑦′(𝑥) 𝑦′
𝑎𝑝

(𝑥) Error 

1.0E-06 9.9005e-01 9.9005e-01 2.7000e-08  -9.8995e+03 -9.8995e+03 1.8190e-11 

1.0E-05 9.0485e-01 9.0485e-01 2.7000e-08  -9.0474e+03 -9.0474e+03 1.8917e-10 

1.0E-04 3.6798e-01 3.6798e-01 2.7000e-08  -3.6778e+03 -3.6778e+03 1.2633e-09 

1.0E-03 1.0454e-03 1.0454e-03 2.6998e-08  5.4600e-01 5.4600e-01 1.9999e-09 

1.0E-02 9.9998e-03 9.9998e-03 2.6980e-08  9.9995e-01 9.9995e-01 2.0000e-09 

1.0E-01 9.9833e-02 9.9833e-02 2.6800e-08  9.9500e-01 9.9500e-01 2.0000e-09 

3.0E-01 2.9552e-01 2.9552e-01 2.6400e-08  9.5534e-01 9.5534e-01 2.0000e-09 

5.0E-01 4.7943e-01 4.7943e-01 2.5988e-08  8.7758e-01 8.7758e-01 1.9995e-09 

7.0E-01 6.4422e-01 6.4422e-01 2.5106e-08  7.6484e-01 7.6484e-01 1.9712e-09 

9.0E-01 7.8333e-01 7.8333e-01 1.7379e-08  6.2161e-01 6.2161e-01 1.4130e-09 

1.0E+00 8.4147e-01 8.4147e-01 1.0772e-10  5.4030e-01 5.4030e-01 7.6253e-11 
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Numerical solutions obtained by the present method are compared with the exact ones 

and its derivatives and the results are listed in Tables 2 and 3. The results show that 

the obtained approximate analytical solutions and its derivatives are in good 

agreement with the exact ones not only in the boundary layer, but also away from the 

layer. 

 
 

Conclusions 
In this paper, we have presented an asymptotic semi-analytical method for solving a 

class of third-order SPBVPs in which the highest order derivative is multiplied by a 

small parameter. In this method, the given third order SPBVPs is transformed into a 

system of two ODEs with suitable initial and boundary conditions and a zeroth-order 

asymptotic expansion for the solution of the given problem is constructed. Then, the 

DTM is applied to solve the terminal value system analytically. The method provides 

the solutions in terms of convergent series with easily computable components. The 

method is simple in applicability as it does not require linearization, discretization or 

symbolic integration as peer semi-analytical methods. We have applied it on two 

problems and the approximate analytical solutions are presented for each one and the 

numerical results are presented in figures and tables. Results obtained by the method 

are compared with the exact solution of each example and are found to be in a good 

agreement with each other not only in the boundary layer, but also away from the 

layer. The method works successfully in handling third order SPBVPs with a 

minimum size of computations and a high accuracy. This emphasizes the fact that the 

present method is applicable to many other high order SPBVPs. 
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