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Abstract 

 

The study presents a numerical simulation of processes of high-frequency 

waves' changes in acceleration sections of linear electron accelerators of vari-

ous types. Both running wave type linear electron accelerators and standing 

wave type linear electron accelerators based on a biperiodic slow-wave struc-

ture are discussed. Errors of various methods of measurement are evaluated 

and comparison analysis of those methods is carried out. It is demonstrated 

that an application of small resonance perturbances method is unreasonable in 

a case quality factors of an accelerating section and excited resonator are quite 

small. 
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Introduction 
The most important system of any resonance electron accelerator is its accelerating 

system [1], which includes a number of accelerating sections. Depending on a purpose 
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of an accelerator [2] accelerating sections with running wave are implemented, as 

well as standing wave type accelerating sections [3, 4, 5], i.e. accelerating resonators. 

An integral part of a creation of accelerating sections is a process of their tuning, 

which necessarily includes a process of a measuring of intensity of an accelerating 

field in a drift tube of accelerating section [6, 7]. In some cases, in addition to a meas-

urement of an accelerating field it is required to measure fields of higher modes, 

which can be excited in accelerating sections. 

A measurement of fields in high-frequency systems in a whole and, in particular, in 

accelerating section of particle accelerators is based on so-called small perturbances 

methods. Those methods essentially comprise an obtainment of information on a cer-

tain component of electromagnetic field in a certain point of radio-frequency system 

via changes of a corresponding integral characteristic of a studied radio-frequency 

system in a case of an introduction of a small perturbing body in a certain point of that 

system. In a case of a measurement of an accelerating field in a drift tube of an accel-

erating section a small perturbing body usually has cylinder shape with a very small 

diameter (needle shape) and is positioned along axis of a drift tube of a section. At the 

same time, complex reflection coefficient, complex transmission coefficient and rela-

tive resonance frequency shift are measured; they are used for a determination of an 

accelerating field's value in a given point of a drift tube of a studied accelerating sec-

tion. 

There are two small perturbances methods: methods of non-resonance and resonance 

small perturbances, which were theoretically justified in the studies of Steele and 

Nakamura [8, 9]. In particular, in the study of Nakamura [9] the following fundamen-

tal relationships for methods of non-resonance and resonance small perturbances are 

obtained: 

∆𝑆2,1 =
1

4√𝑃1𝑃2
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Where 𝑗 − is imaginary unit, coefficients 𝐾𝑖
(𝐸), 𝐾𝑖

(𝐵)
 and 𝐾𝑖

(𝜎)
 in the equations (1) and 

(2)  are called small perturbing body form-factors by corresponding components 
(𝑖 = 𝑥, 𝑦, 𝑧) of intensity of electric field (𝐸𝑖) and magnetic induction (𝐵𝑖) in a posi-

tion of a small perturbing body. 

A perturbing body's form factors (𝑝. 𝑏. ) depend on a shape and sizes of a body; they 

determine magnetization, polarization and electrical current conduction capability of a 

perturbing body's material (𝜎) in a case it is subjected to an external electromagnetic 

field. It worth mentioning, that form factors of a perturbing body in the equations (1) 
and (2) have the same values 

The equation (1) is the equation of non resonance perturbances; it is generally used 

for a measurement of fields in acceleration sections with running wave; however they 

can be applied for a measurement of fields in accelerating sections with standing 

wave. In that equation the values ∆𝑆2,1 = ∆𝑆1,2 = 𝑆2,1
(𝑝.𝑏.)

− 𝑆2,1 = 𝑆1,2
(𝑝.𝑏.)

− 𝑆1,2 are 

changes of a complex transmission coefficient from a certain reference plane of 1 − 
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arm to a certain reference plane of 2 − arm of a studied multiple arm electrodynamic 

system in a case of an introduction of a perturbing body in it, at the same time, the 

studied electrodynamic system is considered symmetric and 𝜔 = 2𝜋𝑓 − is angular 

frequency, at which measurements are carried out. Where 𝑆2,1 = 𝑆1,2 − a complex 

transmission coefficient in a case a small perturbing body is positioned outside a stud-

ied electrodynamic system and 𝑆2,1
(𝑝.𝑏.)

= 𝑆1,2
(𝑝.𝑏.)

− the same complex transmission co-

efficient, in a case perturbing body is introduced into a studied system. 

In the equation (1) 𝐸𝑖
(1), 𝐵𝑖

(1) − complex amplitudes of components of electric field's 

intensity and magnetic induction of not perturbed electromagnetic field, which is cre-

ated in a studied electrodynamic system in a case it is excited through 1 − arm and 

matched 2 −  arm. In turn, 𝐸𝑖
(2), 𝐵𝑖

(2) −  are complex amplitudes of components of 

electric field's intensity and magnetic induction of not perturbed electromagnetic field, 

which is created in a studied electrodynamic system in a case it is excited through 2 − 

arm and matched 1 − arm. At the same time 𝑃1 − is incident power in a reference 

plane of 1 − arm and 𝑃2 − is incident power in a reference plane of 2 − arm. In gen-

eral, remaining arms, if they exist, can be terminated by matched and unmatched 

loads. 

In a case of a measurement of fields in an accelerating section, it can be connected 

into a measuring circuit using quadrapole or dipole scheme. In the first case complex 

transmission coefficient 𝑆2,1 = 𝑆1,2 is measured in a case there is no perturbing body 

in a drift tube of an accelerating section, complex transmission coefficient 𝑆2,1
(𝑝.𝑏.)

=

𝑆1,2
(𝑝.𝑏.)

 is also measured in a case a perturbing body is introduced into a drift tube. In 

general, complex amplitudes of components of electromagnetic field in a drift tube of 

an accelerating section in a case of an excitement through 1 −arm and 2 − arms are 

different, i.e. 𝐸𝑖
(1)
≠ 𝐸𝑖

(2)
, 𝐵𝑖

(1)
≠ 𝐵𝑖

(2)
 even if 𝑃1 = 𝑃2. 

In the second case 𝑃1 = 𝑃2 = 𝑃 , 𝐸𝑖
(1)𝐸𝑖

(1) = (𝐸𝑖
(1))

2

 and 𝐵𝑖
(1)𝐵𝑖

(1) = (𝐵𝑖
(1))

2

 are 

squares of complex amplitudes of components of not perturbed electromagnetic field 

created in a studied electrodynamic system in a case it is excited through 1 − arm and 

incident power in that arm equal to 𝑃. At that, remaining arms, if they exist, can be 

terminated by matched and unmatched loads. In that case ∆𝑆1,1 = ∆𝐺1 = 𝐺1
(𝑝.𝑏.)

− 𝐺1 
is a change of complex reflection coefficient in a certain reference plane of 1 − arm, 

through which a section's electromagnetic field is excited. The method of non-

resonance small perturbances exactly in that form is the most frequently used for a 

measurement of fields in accelerating sections both with running and standing waves. 

Scattering parameters can be determined experimentally us-

ing 𝐻𝑃 𝑁𝑒𝑡𝑤𝑜𝑟𝑘 𝐴𝑛𝑎𝑙𝑦𝑧𝑒𝑟. 

Because at axis of a drift tube in accelerating sections of linear electron accelerators, 

in the majority of cases, there is only one component of electromagnetic field, which 

is longitudinal component of electric field's intensity, let's define its complex ampli-

tude as 𝐸𝑧, and then the equation (1) will have the following form 

 ∆𝐺1 = −
𝑗𝜔

4𝑃
𝐾𝑧
(𝐸)𝐸𝑧

2.        (1.1) 
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The equations (1) and (1.1) show that the method of non resonance perturbances al-

lows to obtain information both about absolute value and phase of components of un-

perturbed electromagnetic field of forced oscillations created in a studied electrody-

namic system in a case it is excited on a given frequency 𝜔 = 2𝜋𝑓 and under given 

conditions. 

The equation (2) is the equation of small resonance perturbances and it is used for 

measuring fields in accelerating sections with standing wave, i.e. in acceleration reso-

nators. In that equation (𝑓0 − 𝑓0
(𝑝.𝑏.)

) /𝑓0 − relative shift of resonance frequency of a 

studied mode of resonator in a case of an introduction of a small perturbing body into 

a drift tube and 𝑓0
(𝑝.𝑏.)

, 𝑓0 − resonance oscillation frequencies of a studied mode of a 

resonator in a case of an introduction of a perturbing body into a resonator or without 

it. 

𝐸𝑖 , 𝐵𝑖 − complex amplitudes of components of intensity of electric filed and magnetic 

induction of unperturbed oscillations of a resonator at a position of a perturbing body 

and 𝑊− total energy of electromagnetic field, which is stored in a resonator during 

its excitation at resonance frequency 𝑓0 of a studied mode without a perturbing body. 

A derivation of the equations (2) is based on a discussion of free oscillations of a 

studied mode of an accelerating resonator. At the same time it is accepted that that 

mode of a resonator has negligibly small losses and its quality factor 𝑄 is high in a 

case there is no perturbing body. A perturbing body is of very small sizes and intro-

duces very small additional losses into a resonator, i.e. quality factor of a studied 

mode of a resonator 𝑄(𝑝.𝑏.), in a case a perturbing body is introduced, is also small. In 

a single-wave approximation unperturbed and perturbed free oscillations of a studied 

mode of a resonator attenuate with time according to the law 𝑒𝑥𝑝{−[𝜋𝑓0/𝑄]𝑡} and 

𝑒𝑥𝑝 {− [𝜋𝑓0
(𝑝.𝑏.)

/𝑄(𝑝.𝑏.)] 𝑡} respectively. In a case of high quality factors of a resona-

tor's mode 𝑄 and 𝑄(𝑝.𝑏.), unperturbed and perturbed frequency of free oscillations of 

the studied mode of a resonator (𝑓𝑓𝑟𝑒𝑒 , 𝑓𝑓𝑟𝑒𝑒
(𝑝.𝑏.)

) doesn't considerably differ from unper-

turbed and perturbed resonance frequency of that mode. (𝑓0, 𝑓0
(𝑝.𝑏.)

) 

𝑓𝑓𝑟𝑒𝑒 = 𝑓0√1 − [1/(2𝑄)]2 ≈ 𝑓0, 𝑓𝑓𝑟𝑒𝑒
(𝑝.𝑏.)

= 𝑓0
(𝑝.𝑏.)√1− [1/(2𝑄(𝑝.𝑏.))]2 ≈ 𝑓0

(𝑝.𝑏.)
. 

Thus, we are transferring from free oscillations of a studied mode of a resonator to 

forced harmonic oscillations of that mode, which is excited at its resonance frequen-

cies 𝑓0 and 𝑓0
(𝑝.𝑏.)

. In addition, we presume that a relatively small shift of resonance 

frequency of that mode of a resonator, caused by a small perturbing body, is negligi-

bly small, i.e (𝑓0 − 𝑓0
(𝑝.𝑏.)

) /𝑓0 ≪ 1. 

For a measurement of a longitudinal component of intensity of electric field in a drift 

tube of an accelerating resonator we can use the equation of resonance perturbances in 

the following form 
  

𝑓0 − 𝑓0
(𝑝.𝑏.)

𝑓0
=
∆𝑓0
𝑓0

=
𝐾𝑧
(𝐸)|𝐸𝑧|

2

4𝑊
 .                                                                                      (2.1) 
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In particular, the equation (2.1) shows that |𝐸𝑧|~√∆𝑓0/𝑓0 in a case of movement of a 

small cylinder-shape perturbing body (needle) along axis of a drift tube of an acceler-

ating resonator. The method of small resonance perturbances allows to evaluate only 

modulus of complex amplitude of a longitudinal component of electric field and 

doesn't allow to evaluate its phase. 

It is worth mentioning that an experimental determination of resonance frequencies of 

a studied mode of resonator 𝑓0 and 𝑓0
(𝑝.𝑏.)

 also can be carried out using results of a 

measurement of scattering parameters 𝑆2,1(𝑓) = 𝑆1,2(𝑓) and 𝑆2,1
(𝑝.𝑏.)(𝑓) = 𝑆1,2

(𝑝.𝑏.)(𝑓) or 

𝑆1,1(𝑓) and 𝑆1,1
(𝑝.𝑏.)(𝑓) as a function of frequency. 

In the following part of the study numerical simulation of a measurement of an accel-

erating field in a drift tubes of accelerating sections of various type is presented. De-

termination of scattering parameters of accelerating sections with and without a per-

turbing body is also carried out using numerical simulation. On the basis of that mod-

eling method measurement error will be evaluated. 

 

 

Methodology 
Let's consider that accelerating sections are chains of connected cells [10, 11]. It is 

reasonable to use equivalent circuit, which is presented in figure 1 for a calculation of 

complex amplitudes of accelerating stresses in cells of those sections [12, 13, 14, 15]. 

 

 
 

Figure 1:  Equivalent circuit of accelerating section of linear electron accelerator. 

 

 

A longitudinal accelerating component of electric field in the circuit is presented by a 

longitudinal capacitive element 𝐶𝑘 and an azimuthal component of magnetic field is 

presented by means of inductive elements 𝐿𝑘. Inherent losses in each cell are present-

ed by means of resistance element 𝑅𝑘 . Where 𝑘 = 1,2,3, … , 𝑁 − number of a cell and 

𝑁 − number of cells in an accelerating section. Cells are connected both via electric 

field at a section's axis (capacitive coupling) and via magnetic field, e.g. by means of 

peripheral coupling slots (inductive coupling). Both of those types of coupling be-

tween cells are presented in a figure by means of transversal capacitive elements with 

capacitance 𝐶𝑘,𝑘+1 and inductive coupling between inductive elements 𝐿𝑘  and 𝐿𝑘+1, 

which is characterized by mutual inductance 𝑀𝑘,𝑘+1. 
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An excitation of electromagnetic field in accelerating sections is carried out via a cell 

with the number 𝑔, which is presented in the circuit by means of an introduced into 

that cell voltage source with complex amplitude �̇�𝑔  and an introduced wave resistance 

of supply waveguide line 𝑍𝑊𝑔, through which electromagnetic field in an accelerating 

section is excited. In order to model connection of an accelerating section into circuit 

using quadrapole scheme there is a waveguide line connected with 𝑛 − cell, which is 

presented in the circuit by means of 𝑛 − cell of an introduced wave resistance of that 

waveguide line 𝑍𝑊𝑛. Loop currents are also presented in the circuit, their are complex 

amplitudes are equal to 𝐼�̇� . 

For the purposes of the further analysis it is convenient to pass from electrical engi-

neering parameters of cells 𝐿𝑘, 𝐶𝑘 , 𝑅𝑘 , 𝐶𝑘.𝑘+1,𝑀𝑘,𝑘+1 radio engineering parameters: 

𝑓𝑐𝑘 = 1/(2𝜋√𝐿𝑘𝐶𝛴𝑘) − frequency of 𝑘 − cell; 𝐶𝛴𝑘 = (𝐶𝑘
−1 + 𝐶𝑘−1,𝑘

−1 + 𝐶𝑘,𝑘+1
−1 )

−1
; 

𝑘 ≠ 1,𝑁; 𝐶𝛴1 = (𝐶1
−1 + 𝐶1,2

−1)
−1
; 𝐶𝛴𝑁 = (𝐶𝑁

−1 + 𝐶𝑁−1,𝑁
−1 )

−1
; 𝐾𝑐𝑘,𝑘+1/2 =

√𝐶𝛴𝑘𝐶𝛴𝑘+1/𝐶𝑘,𝑘+1 − coefficient of capacitive coupling between cells with the num-

bers 𝑘 and 𝑘 + 1 (𝐾𝑐𝑁,𝑁+1/2 = 0); 

𝐾𝐿𝑘,𝑘+1/2 = 𝑀𝑘,𝑘+1/√𝐿𝑘𝐿𝑘+1 − coefficient of inductive coupling between the same 

cells (𝐾𝐿𝑁,𝑁+1/2 = 0); 𝑟𝑠ℎ𝑘/𝑄0𝑘 − ratio of shunt resistance of 𝑘 − cell to its quality 

factor 𝑄0𝑘 = √𝐿𝑘/𝐶𝛴𝑘/𝑅𝑘; 𝜒𝑔 = 𝑍𝑊𝑔/𝑅𝑔  and 𝜒𝑛 = 𝑍𝑊𝑛/𝑅𝑛 − coupling coefficients 

of cells with the numbers 𝑔 and 𝑛 with corresponding waveguide lines. 

Considering that an accelerating section consists of similar cells with the same inher-

ent quality factors 𝑄0, coefficients of capacitive and inductive coupling between adja-

cent cells (𝐾𝑐/2,𝐾𝐿/2) and 𝑟𝑠ℎ/𝑄0, it is possible to obtain a complete system of equa-

tions relatively to complex amplitudes of loop currents 

(1 −
𝑓2

𝑓𝑐1
2 + 𝑗

𝑓

𝑓𝑐1

1

𝑄0
) 𝐼1̇ − (

𝐾𝑐
2
+
𝑓2

𝑓𝑐1
2

𝐾𝐿
2
) 𝐼2̇ = 0;

=============================================

−(
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑔2
𝐾𝐿
2
) 𝐼�̇�−1 + (1 −

𝑓2

𝑓𝑐𝑔2
+ 𝑗

𝑓

𝑓𝑐𝑔

1 + 𝜒𝑔
𝑄0

) 𝐼�̇� − (
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑔2
𝐾𝐿
2
) 𝐼�̇�+1 =

= 𝑗2
𝑓

𝑓𝑐𝑔

𝜒𝑔
𝑄0
(
�̇�𝑔
2𝑍𝑊𝑔

) ;

=============================================

−(
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑛2
𝐾𝐿
2
) 𝐼�̇�−1 + (1 −

𝑓2

𝑓𝑐𝑛2
+ 𝑗

𝑓

𝑓𝑐𝑛

1 + 𝜒𝑛
𝑄0

) 𝐼�̇� − (
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑛2
𝐾𝐿
2
) 𝐼�̇�+1 = 0;

=============================================

−(
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑘
2

𝐾𝐿
2
) 𝐼�̇�−1 + (1 −

𝑓2

𝑓𝑐𝑘
2 + 𝑗

𝑓

𝑓𝑐𝑘

1

𝑄0
) 𝐼�̇� − (

𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑘
2

𝐾𝐿
2
) 𝐼�̇�+1 = 0;

𝑘 ≠ 1, 𝑔, 𝑛, 𝑁
=============================================

−(
𝐾𝑐
2
+
𝑓2

𝑓𝑐𝑁
2

𝐾𝐿
2
) 𝐼�̇�−1 + (1 −

𝑓2

𝑓𝑐𝑁
2 + 𝑗

𝑓

𝑓𝑐𝑁

1

𝑄0
) 𝐼�̇� = 0.

}
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

(3) 
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It is worth mentioning that coefficients of capacitive coupling between cells are al-

ways positive, but coefficient of inductive coupling can be both positive and negative. 

In a case of a connection of a studied accelerating section into a measuring circuit us-

ing dipole scheme, complex reflection coefficient is measured in a certain cross-

section of a supply waveguide line, which is connected to 𝑔 − cell of an accelerating 

section. By means of equivalent scheme of an accelerating section and the system of 

equation (3), it is possible to obtain the following expression for a complex reflection 

coefficient in a certain cross-section of a supply waveguide line 

𝐺𝑖𝑛𝑝(𝑓) = −[(�̇�𝑔/𝐼�̇� − 𝑍𝑊𝑔) − 𝑍𝑊𝑔]/[(�̇�𝑔/𝐼�̇� − 𝑍𝑊𝑔) + 𝑍𝑊𝑔] =
2𝐼�̇�𝑍𝑊𝑔

�̇�𝑔
− 1.            (4) 

That complex reflection coefficient can be calculated as follows. Setting generator 

parameters �̇�𝑔/(2𝑍𝑊𝑔), e.g. equal to 1 (𝐴) and calculating, using the system of equa-

tions (3), complex amplitudes of all loop currents. Then, according to the expression 
(4) calculating a value of reflection coefficient. At the same time generator frequency 

𝑓, frequencies of all cells 𝑓𝑐𝑘 , coefficients of coupling between adjacent cells 𝐾𝑐/2 

and 𝐾𝐿/2, inherent quality factors of cells 𝑄0, as well as coupling coefficient 𝜒𝑔 𝑔 − 

of a cell with a supply waveguide are considered known (𝜒𝑛 = 0). 
After connection of an accelerating section using quadrapole scheme a measurement 

of complex coupling coefficient (𝑆𝑛,𝑔 = 𝑆𝑔,𝑛) is carried out from a certain cross-

section of a supply waveguide line connected with 𝑔 − cell, to a certain cross-section 

of waveguide line connected with 𝑛 − cell and terminated by matched load. Using the 

equivalent circuit of an accelerating section presented in figure 1 and the system of 

the equations (3), it is possible to obtain the following equation for complex coupling 

coefficient 𝜒𝑛 ≠ 0) 

 𝑆𝑛,𝑔(𝑓) =
𝐼�̇�

𝐼�̇�
×
𝜒𝑛

𝜒𝑔
×
1+𝐺𝑖𝑛𝑝(𝑓)

1−𝐺𝑖𝑛𝑝(𝑓)
.                                                                          (5) 

Thus, we can calculate complex amplitudes for all loop currents 𝐼�̇�(𝑓), complex re-

flection coefficient 𝐺𝑖𝑛𝑝(𝑓) and complex transmission coefficient 𝑆𝑛,𝑔(𝑓) as functions 

of frequency 𝑓. 

Absence of presence of a perturbing body in a certain cell of an accelerating section is 

simulated by the frequency of each cell can become equal 𝑓𝑐𝑘  (frequency of unper-

turbed cell) and 𝑓𝑐𝑘
(𝑝.𝑏.)

 (frequency of perturbed cell). At the same time, a relative de-

tuning of a cell caused by a perturbing body is the same for all cells and quite small, 

i.e. (𝑓𝑐𝑘 − 𝑓𝑐𝑘
(𝑝.𝑏.)

) /𝑓𝑐𝑘 = (∆𝑓𝑐/𝑓𝑐)𝑝.𝑏. ≪ 1. 

 

 

Results 
Simulation of a measurement of high-frequency field in an accelerating section 

with running wave: 

An excitation of electromagnetic field in an accelerating section with running wave is 

carried out using supply waveguide line connected with the first cell (Kalyuzhny and 

Kalyuzhny, 2008). In order to measure an accelerating field at axis of a drift tube a 

section if connected using dipole scheme, reflection coefficient is measured in a refer-

ence plane of that supply waveguide line (𝑔 = 1). 
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In order to provide pure running wave propagation in an uniform accelerating section 

and absence of reflections in a waveguide line it is necessary that frequencies of cells, 

loaded quality factor of the last cell relatively to a matched waveguide line, connected 

with that cell, and coupling coefficient of the first cell with a supply waveguide line 

are equal to: 

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑓𝑐1 = 𝑓𝑜𝑝√
1+

𝐾𝐿
2 𝑒𝑥𝑝

(−𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)

1 −
𝐾𝑐
2 𝑒𝑥𝑝

(−𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)
,

𝑓𝑐𝑛 = 𝑓𝑜𝑝√
1+ 𝐾𝐿𝑐ℎ(𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)

1 − 𝐾𝑐𝑐ℎ(𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)
, 𝑛 = 2,3,4, , 𝑁 − 1,

𝑓𝑐𝑁 = 𝑓𝑜𝑝√
1 +

𝐾𝐿
2 𝑒𝑥𝑝

(𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)

1 −
𝐾𝑐
2 𝑒𝑥𝑝

(𝛼𝑜𝑝𝐷)𝑐𝑜𝑠(𝜑𝑜𝑝)
,

𝜒1 = 1 + 𝑄0 |
𝑓𝑐1
𝑓𝑜𝑝

𝐾𝑐
2
+
𝑓𝑜𝑝
𝑓𝑐1

𝐾𝐿
2
| 𝑒𝑥𝑝(−𝛼𝑜𝑝𝐷)𝑠𝑖𝑛(𝜑𝑜𝑝),

𝑄0
1 + 𝜒𝑁

=
1

|
𝑓𝑐𝑁
𝑓𝑜𝑝

𝐾𝑐
2 +

𝑓𝑜𝑝
𝑓𝑐𝑁

𝐾𝐿
2 | 𝑒𝑥𝑝

(𝛼𝑜𝑝𝐷)𝑠𝑖𝑛(𝜑𝑜𝑝)

.

.

                           (6) 

In those expression 𝑁 − is a number of cells in a uniform sections 𝜒𝑁 − is coupling 

coefficient of the last cell with a withdraw waveguide line, 𝑓𝑜𝑝 − is a working fre-

quency, with which running wave is propagating with working type of oscillations 

𝜑𝑜𝑝 and working attenuation 𝑒𝑥𝑝(−𝛼𝑜𝑝𝐷) on one cell (𝐷 − geometry period of an 

accelerating section). 

Working type of oscillations and working attenuation on one cell are connected with 

each other via the following relationship: 

𝑄0
2𝑠𝑖𝑛2(𝜑𝑜𝑝)[𝑐ℎ

2(𝛼𝑜𝑝𝐷) − 1]

{
  
 

  
 𝐾𝑐

2[1 + 𝐾𝐿𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷)]
2
+

+2𝐾𝑐𝐾𝐿 [

1 − 𝐾𝑐𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷) +

+𝐾𝐿𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷) −

−𝐾𝑐𝐾𝐿𝑐𝑜𝑠
2(𝜑𝑜𝑝)𝑐ℎ

2(𝛼𝑜𝑝𝐷)

] +

+𝐾𝐿
2[1 − 𝐾𝑐𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷)]

2
}
  
 

  
 

− 

−[

1 − 𝐾𝑐𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷) +

+𝐾𝐿𝑐𝑜𝑠(𝜑𝑜𝑝)𝑐ℎ(𝛼𝑜𝑝𝐷) −

−𝐾𝑐𝐾𝐿𝑐𝑜𝑠
2(𝜑𝑜𝑝)𝑐ℎ

2(𝛼𝑜𝑝𝐷)

] = 0.       (7) 

In the expression (7) 𝑐ℎ(𝛼𝑜𝑝𝐷) − hyperbolic cosine of argument (𝛼𝑜𝑝𝐷). An analo-

gous equation is connecting unconditioned type of oscillations 𝜑 (0 < 𝜑 < 𝜋) and 

corresponding attenuation on one cell 𝑒𝑥𝑝(−𝛼𝐷). 
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Numerical simulations calculations were carried out for an accelerating section with 

opposite running wave having the following parameters 𝑓𝑜𝑝 = 3  GHz, 𝜑𝑜𝑝 =

1200, 𝑄0 = 15000,𝐾𝑐/2 = 0.01,𝐾𝐿/2 = −0.02. 

Frequencies of cells, for which attenuating opposite running wave is propagating in a 

structure at working frequency, are equal to 𝑓𝑐 = 3.014815 GHz and attenuation on 

one cell at working frequency is equal to 𝑒𝑥𝑝(−𝛼𝑜𝑝𝐷) = 0.9961. Figure 2 shows 

results of calculation of phase voltage distribution on a section's cells (о) and results 

of simulation of a measurement of those values (×). Number of cells in a section 𝑁 =
40, ideally tuned cells must have the following parameters: 

𝑓𝑐1 = 3.007425, 𝑓𝑐2 = ⋯ = 𝑓𝑐𝑁−1 = 3,014815,𝑓𝑐𝑁 = 3,007482 𝐺ℎ𝑧 
𝜒1 = 129.438173, 𝜒𝑁 = 128.438115 

 

 
 

Figure 2: Distribution of accelerating voltage's phase: о – without perturbing body; ×
− simulation of changes. 

 

 

Complete attenuation at working frequency 𝑓𝑜𝑝  for ideally tuned section is equal 

to 𝑒𝑥𝑝[−(𝑁 − 1)𝛼𝑜𝑝𝐷] = 0.858679. For the conducted calculation frequencies of 

cells have random relative scattering with uniform distribution in the range (𝛿𝑓𝑐/
𝑓𝑐)𝑟𝑎𝑛𝑑𝑜𝑚 = ±10−4  and relative detuning of cells cause by a perturbing body is 

(∆𝑓𝑐/𝑓𝑐)𝑝.𝑏. = 10
−4. 

The analysis demonstrated that a maximum difference of calculated relative amplitude 

of voltage and its phase and relative amplitude of voltage and its phase obtained as a 

result of simulation their measurements is 0.76 − 0.82 % and 0.960 − 1.000 respec-

tively,depending on sample of random scattering of cells' frequencies. 

In the figure 2 the value ∆𝜑𝑛 is phase difference on a cell with the number 𝑛 and the 

phase, which must correspond to that voltage in a case of ideal tuning of all cells of a 

section. Because dispersion of ideal structure, on which basis the discussed section 

was created, is negative, then voltage phase on each cell for ideally tuned section is 

equal to 𝜑𝑖𝑑𝑒𝑎𝑙 𝑛 = +(𝑛 − 1)1200. 

 

Simulation of a measurement of high-frequency field in an accelerating section 

with standing wave:  

Cells of accelerating resonators and resonators themselves generally have high inher-

ent quality factor. For a measurement of accelerating field at axis of a drift tube the 
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most used method is the method of small resonance perturbances. At that, it is neces-

sary to carry out measurements of resonance frequencies of studied resonator mode 𝑓0 

and 𝑓0
(𝑝.𝑏.)

. In the major part of cases resonance frequencies of a studied mode of a 

resonator are determined as frequencies, for which reflection in a supply waveguide 

line 𝐺(𝑓), 𝐺𝑖𝑛𝑝
(𝑝.𝑏.)(𝑓) are minimal by modulus (resonator is set up using dipole 

scheme) or as frequencies, for which coupling coefficients 𝑆𝑛,𝑔(𝑓), 𝑆𝑛,𝑔
(𝑝.𝑏.)(𝑓)  are 

maximum by module. 

The presented study is limited only for discussion of resonators with working 𝝅 −type 

of oscillations [17, 18]. For that kind of ideally tuned resonator without losses cells' 

frequencies must be equal to: 

𝑓𝑐1 = 𝑓𝑐𝑁 = 𝑓𝑜𝑝√
1−

𝐾𝐿
2

1+
𝐾𝑐
2

; 𝑓𝑐𝑘 = 𝑓𝑜𝑝√
1−𝐾𝐿

1+𝐾𝑐
, 𝑘 ≠ 1,𝑁, 𝑔.     (8) 

However, due to losses difference of voltage phases on adjacent cells will not be ex-

actly equal to 1800. 

The value of frequency 𝑓𝑐𝑔  and coupling coefficient 𝜒𝑔 will be selected in such a way 

in order that reflection coefficient 𝐺𝑖𝑛𝑝(𝑓𝑜𝑝) at working frequency will be minimal 

(equal to zero). Let's presume that coupling coefficient is𝜒𝑛 ≪ 1, while coupling co-

efficient 𝜒𝑔 has comparatively big value. In a case of high quality factor 𝜒𝑔 has a val-

ue, which is close to a number of cells 𝑁. With a decrease of quality factor of cells 𝜒𝑔 

is decreasing. 

Using a system of the equations (3) and the equations (4) and (5) for reflection coef-

ficient 𝐺𝑖𝑛𝑝(𝑓), 𝐺𝑖𝑛𝑝
(𝑝.𝑏.)(𝑓) and transmission coefficient 𝑆𝑛,𝑔(𝑓), 𝑆𝑛,𝑔

(𝑝.𝑏.)(𝑓) we can de-

termine resonance frequencies of a studied mode of a resonator 𝑓0 and 𝑓0
(𝑝.𝑏.)

 as fre-

quencies, for which modulus of those values having, correspondingly, minimum and 

maximum. Moreover we can simulate measurements also by means of the method of 

small non resonance perturbances. 

A calculation of such simulation was carried out for a resonator with the following 

parameters: 𝑓𝑜𝑝 = 3,0  GHz, = 19, 𝑔 = 10,𝑛 = 1,𝑄0 = 15000,𝐾𝑐/2 = 0.01,
𝐾𝐿

2
=

−0.02, 𝜒𝑛 = 10
−3. For an ideally tuned resonator cells' frequencies must be equal to: 

𝑓𝑐1 = 𝑓𝑐19 = 3.014815, 𝑓𝑐2 = ⋯ = 𝑓𝑐9 = 3.029269, 𝑓𝑐10 = 3.028909,  𝑓𝑐11 = ⋯ =
𝑓𝑐18 = 3.029269 GHz and for matching at a working frequency it is necessary that 

𝜒𝑔 = 18.069638. In that case 𝐺𝑖𝑛𝑝(𝑓𝑜𝑝) = 0 and |𝑆𝑛,𝑔(𝑓𝑜𝑝)| = 5.365 · 10
−5. 

Frequencies of cells have random relative scattering with uniform distribution in the 

range (𝛿𝑓𝑐/𝑓𝑐)𝑟𝑎𝑛𝑑𝑜𝑚 = ±5 · 10−5 and relative detuning of cells cause by a perturb-

ing body is (∆𝑓𝑐/𝑓𝑐)𝑝.𝑏. = 10
−5. Distribution ofphase is obtained using the method of 

non-resonance small perturbances. 

Calculation results show that the best results is achieved using the method of non-

resonance small perturbances, which have the lowest systematic error for changes of 

amplitude (in our case 0.2%), in a case of a change of phase a perturbance can be 

lower than 0.50. 
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Discussion 
A comparative analysis of the discussed methods for a measurement of accelerating 

field in a drift tube of accelerating sections demonstrate that the least systematic error 

is obtained using the method of non-resonance small perturbances, which can be suc-

cessfully used both in sections with running wave and standing wave. However, re-

quirements for a perturbing body in the second case are stricter. Relative detuning of 

frequency of cells of an accelerating sections with standing wave cause by a perturb-

ing body in that case should not exceed (∆𝑓𝑐/𝑓𝑐)𝑝.𝑏. = 10
−5. In the first case relative 

detuning of frequency of cells of an accelerating section with running wave cause by a 

perturbing body can be greater by order of magnitude. It related with a fact that simi-

lar relative detuning of frequency of a cell leads to a different perturbance of field in a 

resonator and in a section with running wave with the same cell parameters (close fre-

quencies of cells and coefficients of coupling between cells). 

If a number of a cell, through which a resonator is excited, and a number of a cell, 

which is connected with a second arm, are not equal to (𝑔 ≠ 𝑛), then an implementa-

tion of small resonance perturbances method with use of a measurement of coupling 

coefficient 𝑆𝑛,𝑔 is unreasonable, because measurement error in that case may be unac-

ceptably big. In a case of 𝑔 = 𝑛 both methods of a measurement of a resonance fre-

quency of a studied mode of a resonator produce approximately the same result. 

An implementation of the small resonance perturbances method is unreasonable also 

in the case, when quality factor of a cell and a resonator are small. 

 

 

Conclusion 
The results of a simulation of a measurement of an accelerating field in linear electron 

accelerators in a section with running wave demonstrated good conformity. The max-

imum value of measured and calculated relative amplitude of voltage is equal to 

0.76 − 0.82 %, and phase 0.960 − 1.000 depending on a sample of random scattering 

of cells' frequencies. 

For accelerating sections with standing wave the results of a simulation of a resonator 

with parameters 𝑓𝑜𝑝 = 3,0  GHz, 𝑁 = 19, 𝑔 = 10, 𝑛 = 1, 𝑄0 = 15000,𝐾𝑐/2 =

0.01,
𝐾𝐿

2
= −0.02, 𝜒𝑛 = 10

−3 demonstrated that for an ideally tuned resonator cells' 

frequencies must be equal to 𝑓𝑐1 = 𝑓𝑐19 = 3.014815,𝑓𝑐2 = ⋯ = 𝑓𝑐9 =
3.029269, 𝑓𝑐10 = 3.028909, 𝑓𝑐11 = ⋯ = 𝑓𝑐18 = 3.029269  GHz. For matching at 

working frequency it is necessary that 𝜒𝑔 = 18.069638 , then 𝐺𝑖𝑛𝑝(𝑓𝑜𝑝) = 0  and 

|𝑆𝑛,𝑔(𝑓𝑜𝑝)| = 5.365 · 10
−5. In the discussed example frequencies of cells have ran-

dom relative scattering with uniform distribution in the range (𝛿𝑓𝑐/𝑓𝑐)𝑟𝑎𝑛𝑑𝑜𝑚 = ±5 ·
10−5 and relative detuning of cells cause by a perturbing body is (∆𝑓𝑐/𝑓𝑐)𝑝.𝑏. = 10

−5. 

An implementation of small resonance frequencies method is reasonable, when cells 

and a resonator have high quality factor. 

The authors propose the further application of the discussed methodology for meas-

urement of high-frequency fields: 
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-  irregular sections of linear electron accelerator designed for grouping of parti-

cles in bunches for increased efficiency of acceleration; 

-  field of higher modes, which can be excited in accelerating sections. 
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