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Abstract
This paper presents the dynamics of species which release toxic substances
and having prey-predator interaction with delay in predation. Here both the
prey and predator species obey the law of logistic growth in the absence of the
other. The proposed model has delay in predation and the dynamics of the
model are discussed when both the species have allelopathic effects on each
other. Another key point of the discussion is that the natural growth rates of
both the species may vary in an interval. The bionomic equilibrium and its
stability aspects are discussed when both the species are harvested with
different harvesting efforts. The model shows that the increase in the growth
rates of the species results in loosing the stability quickly. The theoretical
results are validated by the numerical simulations using MATLAB.
Keywords: Bionomic equilibrium, Bio economic, Prey-Predator, Interval
number, Stability, Time-delay, Hopf-Bifurcation, Toxicant.
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INTRODUCTION
Population dynamics has attracted the various scientific communities such as
Mathematicians, Economists, Ecologists and Biologists. Owing to human needs, the
exploitation of resources and harvesting of biological populations are practiced
commonly in forestry, fishery and wild life management. For long term benefits of
humanity, conservation of resources is considered to gain insight into the scientific
management of renewable resources. There exists in length and breadth a vast
literature pertaining to the interaction of species such as competition, cooperation,
prey-predator, ammensalism and commensalism. Various interests such as delay,
allelopathy, stochasticity, harvesting etc., are also incorporated in the models with
each of these interactions.
Allelopathy can be defined as the direct or indirect harmful effect of one species on
another through the production of a toxic substance released into the environment.
Studies of eco toxicological effects in marine environment are a topic of research in
recent times. Chattopadhyay [1] developed a mathematical model and established
results like (i) toxin producing plankton may act as a biological control for planktonic
blooms, (ii) algae produce auxins which stimulate the growth of the other algae.
Hellebust [2] exhaustively reviewed many allelopathic problems on marine algae and
planktons. Maynard smith [3] proposed a two species Lotka-Volterra competitive
system where each species produces a substance toxic to the other only when the
other species is present. Shukla et al. [4] proposed and analysed a nonlinear
mathematical model to study the affect of a toxin released from external sources on
two biological species competing with each other. Chattopadhyay [5] proposed a
competition model in which the two phytoplankton populations compete with each
other in the presence of toxicity.
Mathematical modeling for harvesting is initiated in the works of Clark [6, 7]. Clark
[6] analyzed the problem of combined harvesting of two logistically growing and
ecologically independent fish species. Brauer and Soudack [8, 9] developed a preypredator system with constant harvesting of the prey and also noted that in the prey predator plane harvesting reduces the region of asymptotic stability.
Phytoplankton-Zooplankton harvesting model is studied by Yunfei et al [10] in which
both the species are considered to undergo commercial exploitation of food. Das et al.
[11] studied and proposed a prey-predator fishery model in which both the species are
harvested in the presence of a toxin released by some other source. Kar and
Chaudhuri [12] described a competition fish species model subjected to a combined
harvesting effort in the presence of toxicity. In ecosystem there are abundant classes
of aquatic species other than fish such as Algae and bacterial that produce toxic
substance which affect the other species while competing for food. There are
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instances where the toxic substance released by one species may not affect the other
species immediately, but with some delay in time.
It is a fact that time delay in biological systems is a reality and it can have complex
impact on the dynamics of the system namely loss of stability, induced oscillations
and periodic solutions. It is a known fact that in any prey-predator system, the
consumed prey does not contribute to the instant growth of the predator population,
but with a time lag. This is reflected in the works of Cushing [13], Kuang [14],
Gopalsammy[15] and some other authors have discussed models by incorporating
delay terms. Prey-predator models play a crucial role in the management of renewable
resources. Martin and Ruan [16] proposed a predator-prey model having delay in
functional response with constant-rate harvesting of the prey and observed that the
maximum sustainable yield depends on the environmental carrying capacity. In this
context it is worthy to mention the research on time delay carried out by May [17] in
which he analysed that if a biological or any other system has a potentially stabilizing
negative feedback mechanism, which, however, is applied with a time lag long
compared to the natural time scale of the system, the result is instability, not stability.
The analysis of Rosen [18] shows that the effect of time delay controls the
preservation of stability and has produced results on the oscillatory behavior of the
model due to increased delay. The study done by Gazi et al [19], Kuang et al [20]
extended the understanding the role of time delay in shaping the dynamics of
ecosystems. Mukhopadhyay et al [21] proposed a modified delay differential equation
model of the growth of two species of plankton having competitive and allelopathic
effects on each other. In that system it is established that their is a stable limit cycle
oscillation when the allelopathic effect is of a simulatory nature.
Researchers in addition to the above mentioned references consider their models in
precise environment, that is, they assumed all of the biological parameters that arise in
their models have definite value. Due to several reasons in nature all the biological
parameters may not take a definite value or some of the parameters can be controlled
by assigning any definite value in an interval. The impreciseness can happen in many
ways like as a part of experiment, in the process of data collection, the measurement
process and determining the initial conditions. Hence few biological parameters may
be very sensible and treated as imprecise parameters. Imprecise model is more
realistic in the field of mathematical biology. Recently, M.A.S.Srinivas et al [22]
studied the dynamics of a prey predator model having delay in predation when the
growth rates of the species and rate of decrease of the species due to insufficient food
supply have impreciseness.
As per the Knowledge of the authors, models of the species having prey- predator
interaction and each species having the effect of the toxic substance released by the
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other species are not considered so far in the literature. The detailed discussions in
this paper are as follows.
In section 2, a prey- predator model is proposed having delay in predation term and
the effect of delay on the stability of the system is studied in the subsequent sections.
In section 3 of this paper a successful attempt is made to study dynamics of the model
in which few biological parameters have impreciseness and delay in predation.
Moreover each species release toxic substance which effects the growth of the other
species. In section 5, the optimal harvesting strategy is proposed so as to attain
bionomic equilibrium. The numerical simulations are placed after the corresponding
theoretical result.
MATHEMATICAL MODEL
In this paper we propose a Prey-Predator model of two species z1  t  and z2  t 
respectively in which both the species are harvested. The harvesting efforts being H1
and H 2 and the corresponding catch ability coefficients of the two species being c1
and c2 . In this proposed dynamical model the two species obey law of logistic
growth with intrinsic growth rates r, s and have carrying capacities K, L respectively.
Both the species release toxic substances which affect the other with 1 and  2 as the
toxicity coefficients of prey and predator respectively. The rate of change in the prey
population depends on the consumption of the prey by the predator and also the
release of toxicant by the predator. Similarly rate of change in the predator population
is based on the rate of its predation and the rate of release of toxicant by the prey. All
these parameters are assumed to be positive.
The mathematical formulation of the prey-predator model is represented by
the following system of first order non linear ordinary differential equations:
dz1
 z 
(1)
 rz1 1  1   a1 z1 z2  1 z12 z2  c1H1 z1
dt
 K
dz2
 z 
 sz2 1  2   a2 z1  t  z2  t   2 z1 z2 2  c2 H 2 z2
dt
L


(2)

Basically the time delay parameter makes the mathematical model of ecosystems
more realistic in nature, because in any prey predator model the consumed prey
cannot contribute to the growth of predator population immediately, but after some
time lag. This time lag is the discrete time delay. Time delay is incorporated in the
beneficial term of predator growth equation to form a more realistic model. The
mathematical model with a time delay is represented by the following two non-linear
differential equations:
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dz1
 z 
 rz1 1  1   a1 z1 z2  1 z12 z2  c1H1 z1
dt
 K

(3)

dz2
 z 
 sz2 1  2   a2 z1  t    z2  t     2 z1 z2 2  c2 H 2 z2
dt
L


(4)

Where τ is the discrete time delay.

DELAY MODEL WITH INTERVAL PARAMETER
The idea of having imprecise value (any value in an interval) for biological
parameters like growth rates of the species, cost of effort in harvesting, price of the
harvested species etc are explored in this paper. A function of p   0,1 is defined, so
that for p = 0 the biological parameter takes its minimum value (lower limit) and
for p = 1 it takes its maximum value (upper limit) of that interval.
DEF: Interval Valued Function:
Consider the interval  al , au  where 0  al  au .We can represent this interval by the
interval valued function as define by aˆ  p   al1 p aup for p   0,1 .
For the model (1) and (2) we assume the natural growth rates of both the species are
imprecise, that is, the parameters r and s do not assume definite value in nature. We
assume that these two parameters may assume any value in interval  rl , ru  and  sl , su 
respectively. Let r̂ and ŝ be the interval counter parts of r and s respectively. By using
the above interval valued function r̂ and ŝ becomes
rˆ  p   rl1 p rup and sˆ  p   sl1 p sup
The equations (1) to (4) in interval parametric form becomes. In the absence of delay

dz1  t; p  1 p p  z1 
 rl ru z1 1    a1 z1 z2  1 z12 z2  c1H1 z1
dt
 K

(5)

dz2  t ; p  1 p p  z2 
 sl su z2 1    a2 z1 z2  2 z1 z2 2  c2 H 2 z2
dt
L


(6)

In presence of delay

dz1  t; p  1 p p  z1 
 rl ru z1 1    a1 z1 z2  1 z12 z2  c1H1 z1
dt
 K
dz2  t; p  1 p p  z2 
 sl su z2 1    a2 z1  t    z2  t     2 z1 z2 2  c2 H 2 z2
dt
L

for p  0,1 .

(7)
(8)
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STABILITY ANALYSIS
From biological point of view, we only interested on the interior equilibrium

E  z1* , z2*  which is the equilibrium point for both the systems (5) (6) and (7), (8).

Let

Z1  z1  z1* , Z 2  z2  z2* be the perturbed variables.

Linearaized system

corresponding to equations (7)-(8) as



dZ1  1 p p 2rl1 p rup *
  rl ru 
z 1  a1 z *2  21 z1* z2*  c1H1  Z1  a1 z1*  1 z *21  Z 2

dt 
K



 1 p p 2sl1 p sup *
dZ 2
*2
  *
* *
  * 
  2 z 2  a2 e z 2  Z1   sl su 
z 2  22 z 1 z 2  c2 H 2  a2e z 1  Z 2 
dt
L



The characteristic equation of the system (7)-(8) is given by

( , )  X     Y    e  0
2
Where X       P  R,

(9)

Y     Q  S
2rl1 p rup *
r 
z1  a1 z2*  21 z1* z2*  c1H1
K

1 p p
l
u

P=-A–D

A= r

Q = a2 z1*

B = a1z1* 1z1*2

R = AD – BC

C = 2 z*22
D = sl1 p sup 

S = ( Az1*  Bz2* )a2

2sl1 p sup *
z2  22 z1* z2*  c2 H 2
L

We discuss the stability of the system at the interior equilibrium E ( z1* , z2* ).
Case 1: When τ = 0
In the absence of discrete time delay we investigate the stability of the system (5)-(6)
around the interior equilibrium E( z1* , z2* ).The equations (5)-(6) becomes a system of
ordinary differential equations then the corresponding characteristic equation is

X   Y    0



2

 P  R    Q  S   0

 2   P  Q    R  S   0
Sum of the roots

= - (P+Q) < 0

Product of the roots =

R+S, R+S > 0 if

a1 L
1 rl1 p rup


sl1 p sup 2
Ka2

(10)
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We can say that both the roots of (10) are negative real numbers (or) complex
conjugates with negative real part if P+Q > 0 & R+S > 0. Hence, in the absence of

a1 L
1 rl1 p rup
is
time delay, the system is locally asymptotically stable when 1 p p  
sl su 2
Ka2
valid.



Theorem 1: The system (5)-(6) is locally asymptotically stable at E z1* , z2*



if the

equation (10) has both the roots with negative real parts.
The local stability is validated by the numerical simulations.
Example 1: consider the parameters of the system (5)-(6) as

r  rˆ  p  assumes on 3.45, 4.2 , s  sˆ  p  assumes on  4.6,5.3 for p  0,1 ,
a1  0.1, a2  0.9,1  0.008,2  0.005, c1  0.1, c2  0.2, H1  30, H 2  40, K  500, L  400.
z1 (0)  10, z2 (0)  5.
The figures (1a), (2a), (3a): The time series evolution of the two populations of the
system (5)-(6) showing stable oscillation of the population towards E ( z1* , z2* ) for
different values of p   0,1 .
The figures (1b), (2b), (3b): The phase-portraits of the prey and predator of the system
(5) – (6) showing stable oscillation of the population towards E ( z1* , z2* ) for different
values of p   0,1 .

Figure 1(a): p=0

Figure 1(b): p=0
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Figure 2(a): p=0.5

Figure 2(b): p=0.5

Figure 3(a): p=1

Figure 3(b): p=1

Case 2: when   0 ,
Let         i   be a root of the characteristic equation (9). Let  be a
particular value of the delay such that    =0,    >0
Put   i in (9) we get

 2  P (i )  R   iQ  S { cos – i sin }  0
Separating the real & imaginary parts, we get

 2  R  S cos  Qsin
 P  S sin   Q cos
Squaring & adding (11) and (12), we get the fourth order equation

 4   2  P2  2R  Q2    R 2  S 2   0

(11)
(12)
(13)

Eliminating sin  from (11) and (12), we get

1

 2 (S PQ)  RS  2k

where k  0,1, 2....
S 2  Q 2 2  

 k  cos 1 



(14)
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Sub Case
1: If P2  2R  Q2  0 and R2  S 2  0 then the equation (13) does not have any real
solutions.





Theorem 2: If P2  2R  Q2  0 and R2  S 2  0 the equilibrium point E z1* , z2* is
locally asymptotically stable for all   0 .





Proof: For   0 , E z1* , z2* is locally asymptotically stable from THEOREM 1.
When   0 by Sub Case1the equation (13) does not have any real solution i.e., there
exist no real  as a solution for the equation (13).
Hence no   i (  is real) will be a solution to the equation (9).It is obvious that the





equilibrium point E z1* , z2* is locally asymptotically stable for all   0 .
Sub Case 2: If P2  2R  Q2  0 and R2  S 2  0 , then the equation (13) have a
unique positive root, it is  02 and let the corresponding  be  0 .
Sub Case 3: If P2  2R  Q2  0, R2  S 2  0 and  P2  2R  Q2   4  R2  S 2   0
2

then the equation (13) have two positive roots. Let them be  2 and the corresponding

 be  . The above said positive roots, either from Sub Case 2 or from Sub Case 3,

satisfy all the equations from (11) - (14).
Now differentiating the equation (9) w. r. t  we get
d
 2  P  Qe    (Q  S )e  
 e  (Q  S )
d
1

2  P
Q

 d 
 d   ( 2  P  R)   (Q  S )  
1

2( 2  R)  P 2
Q2
 d 
Re    4

  ( P 2  2 R) 2  R 2 S 2  Q 2 2
 d 
Thus,
  d  1
d

sign  (Re  ) 
 sign  Re 

 d
  i
  d 


 2 2  ( P 2  2 R  Q 2 ) 
 sign 


Q 2 2  S 2
  i



(15)

Note that the  may be 0 or 



Theorem 3: The system (7)-(8) is locally asymptotically stable at E z1* , z2*



If P2  2R  Q2  0 and R2  S 2  0 for all    0 and is unstable for all    0 and hopf bifurcation occurs at    0
Proof: From equation (15) we have

M.A.S. Srinivas, B.S.N. Murthy and A. Prasanthi

672

  d   1 
d

sign  ( Re  ) 
 sign  Re 
 
 d
  i0
  d    i

0

 2  ( P  2 R  Q 2 ) 
 sign 

S 2  Q 2 02


2
0

2

It is clear that

  d  1 
  d  
sign  Re 

sign
0
 Re 

 
  d    i0
  d   0,  0
This signifies that there exits eigen values with negative real part for    0 and there
exits eigen values with positive real part for    0 . More over the condition of HopfBifurcation is then satisfied yielding the required periodic solution.





Theorem 4: The system (7)-(8) is locally asymptotically stable at E z1* , z2* when

  0, 0 

 ,  ....  ,  if P  2R  Q  0 , R  S  0 and
 P  2R  Q   4  R  S   0 and it is unstable when
   ,   ,  ....  ,  , for some positive integer m. There-fore there
are bifurcations at the equilibrium point E  z , z  when    , k  0,1, 2,..

0


1


m 1

2 2

2


0


0


1


m

2


1

2

2

2

2

2


m1


m 1

*
1

*
2


k

Proof: From equation (15) we have

  d

sign   ( Re  ) 
  i
  d

(P 2  2 R  Q 2 )2  4( R 2  S 2 ) 


  sign  

2
2
2 2
2
2 2

  (   R)  P     S  Q    

d

Therefore  ( Re  ) 
0
 d
  ,  

Again,

 d

sign   ( Re  ) 
  i
  d




( P 2  2 R  Q 2 )2  4( R 2  S 2 )


  sign  
2
2
2 2
2
2 2



  (    R )  P    S  Q  







d

Therefore  ( Re  ) 
 0.
 d
  ,  
d

d

Hence  ( Re  ) 
 0 and  ( Re  ) 
 0.
 d
  ,  
 d
  ,  

Hence the transversality conditions are satisfied. This completes the proof.
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Example 2: The numerical simulations are carried out with the parameters:

r  rˆ  p  assumes on 3.45, 4.2 , s  sˆ  p  assumes on  4.6,5.3 for p  0,1
a1  0.1, a2  0.9,1  0.008,2  0.005, c1  0.1, c2  0.2, H1  30, H 2  40, K  500, L  400





The equilibrium point of the model E z1* , z2* for different values of p   0,1 are
given below
Table 1:



Equilibrium point z1* , z2*

0
0
0.5
1

0.3655596673
0.3104864848
0.2941096928

Prey( z1* )
3.888748135
3.606742293
3.306771898



Predator( z2* )
3.2275775
6.046494305
9.269943949

Figures 4(a) to 6(b) show that the system (4) is stable when    0 for all different
values of p   0,1 and is unstable when    0 and Hopf bifurcation occurs at    0
.That is, the delay makes a stable system to unstable system.

Figure 4(a):   0.33(   0 ), p  0

Figure 4(b):   0.36(   0 ), p  0
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Figure 4(c):   0.5(   0 ), p  0

Figure5 (b):   0.31(   0 ), p  0.5

Figure 6(a):   0.2(   0 ), p  1

Figure 5(a):   0.28(   0 ), p  0.5

Figure 5(c):   0.6(   0 ), p  0.5

Figure 6(b):   0.29(   0 ), p  1

Figure 6(c):   0.4(   0 ), p  1
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For ‘p’ =0 : Figure 4(a) shows the stable variation of populations with respect to time
when (   0 ) and Figures 4(b) & 4(c) show the unstable variation of populations
when (   0 ) & (   0 ) respectively.
For ‘p’ =0.5: Figure 5(a) shows the stable variation of populations with respect to
time when (   0 ) and Figures 5(b) & 5(c) show the unstable variation of
populations when (   0 ) & (   0 ) respectively.
For ‘p’ =1: Figure 6(a) shows the stable variation of populations with respect to time
when (   0 ) and Figures 6(b) & 6(c) show the unstable variation of populations
when (   0 ) & (   0 ) respectively.
From the TABLE 1 it can be observed that
(i) as the growth rate of prey increases from its lower limit (3.45) to higher limit (4.2)
its equilibrium point decreases from 3.888748135 to 3.306771898. Also when the
growth rate of predator increases from its lower value (4.6) to higher value (5.3) its
equilibrium point increases from 3.2275775 to 9.26994394.
(ii) The Bifurcation parameter will never be more than its corresponding value when
the growth rates take their minimum values. Thus we can conclude that the maximum
value of the bifurcation parameter is  0 at p=0.
(iii) As the growth rates of prey and predator increase, the bifurcating point  0
decreases, that is the system loses its stability faster.

BIONOMIC EQUILIBRIUM
In this section, we discuss the bionomic equilibrium. Bionomic represents the
dynamics of living resources using economic model. The bionomic equilibrium is the
merge of biological and economic equilibriums. The economic equilibrium is said to
be achieved when the total revenue obtain by selling the harvested biomass equals the
total cost utilized in harvesting it.
Let us consider q1  cost per unit effort for the prey species, q2  cost per unit effort
for predator species, P1  price per unit biomass of the prey, P2  price per unit
biomass of the predator. Therefore the net revenue or financial rent at any time is
given by M  M1  M 2 , where

M1   Pc
1 1 z1  q1  H1 & M 2   P2 c2 z2  q2  H 2 represents the net revenue for the prey
and predator respectively. Actually the bionomic equilibria are the points of
interaction of the zero profit line with the biological equilibrium line. The bionomic
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 z  ,  z  ,  H  ,  H  

equilibrium

1 

2 

1 

2 

is the positive solution of the following

equation
 z 
rl1 p rup z1 1  1   a1 z1 z2  1 z12 z2  c1H1 z1  0
 K
 z 
sl1 p sup z2 1  2   a2 z1 z2  2 z1 z22  c2 H 2 z2  0
 L

M   Pc
1 1 z1  q1  H1   P2c2 z2  q2  H 2  0
In the realistic situations, the cost of effort ( q i ) and price of the species ( Pi ) may not
be fixed they may be controlled by varying their values in between their lower and
upper bounds, so as to make the optimal profit and having bionomic equilibrium
nearer to the biological equilibrium with desired accepted difference.
Hence the following equations give the bionomic equilibrium
 z 
rl1 p rup z1 1  1   a1 z1 z2  1 z12 z2  c1H1 z1  0
 K
 z 
sl1 p sup z2 1  2   a2 z1 z2  2 z1 z22  c2 H 2 z2  0
 L

M   P11l  p P1up c1 z1  q1pl q11u p  H1   P21l p P2pu c2 z2  q2pl q12u p  H 2  0

(16)

In order to determine the bionomic equilibrium of the model, we come across the
following cases.
Case 1: if q1pl q11u p  P11l  p P1up c1 z1 i.e., if the cost of harvesting the prey is greater than
the revenue for prey, then the prey harvesting is stopped  H1  0  and only predator





harvesting will be in operational q2pl q12u p  P21l p P2pu c2 z2 . The bionomic equilibrium

 z  ,  z 
1 

2 

 z1  

,0,  H 2   is given by

1
a2  n2  z2 
1 p

 z2  

1q 
  2u 
c2  P2l 

 H 2 

1

c2

 sl1 p sup  z2 

  sl1 p sup  c2 H 2  

L


 q2l 


 P2u 

p

 1 p p
 sl1 p sup  z2 
 2  z1   z2 
 sl su  a2  z1   

L
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Now

 z1   0 if a2  2  z2 

 H 2   0 if s

&

s  a2  z1 

1 p p
l
u

sl1 p sup  z2 
L

  sl1 p sup  c2 H 2 

 sl1 p sup  z2 

 2  z1   z2 

L






Case 2: if q2pl q12u p  P21l p P2pu c2 z2 i.e., if the cost of harvesting the predator is greater
than the revenue for predator, then the predator harvesting is stopped  H 2  0  and
only prey harvesting will be in operational



equilibrium  z1  ,  z2  ,  H1  ,0

 z1 

1 p

1 q 
  1u 
c1  P1l 

 z2   

 H1 

1

 q1l 


 P1u 

a1  1  z1 

1

c1



q q

p 1 p
1l 1u

 P11l  p P1up c1 z1  . The bionomic

is given by

p

 1 p p
rl1 p rup  z1  
  rl ru  c1H1  

K



 1 p p  rl1 p rup  z1 

 a1  z2   1  z1   z2 
 rl ru  

K












Now

 z2   0 if
 H1   0 if

1 p p
l
u

r

r 

rl1 p rup 

rl1 p rup  z1 
K
1 p p
rl ru  z1 
K

 c1 H1
 a1  z2   1  z1   z2 

Case 3: if q1pl q11u p  P11l  p P1up c1 z1 and q2pl q12u p  P21l p P2pu c2 z2 then the cost of harvesting is
greater than the revenue for both the species and they are not harvested.
Case4: if q1pl q11u p  P11l  p P1up c1 z1 and q2pl q12u p  P21l p P2pu c2 z2 , then the revenues for both the
species is economical, then the whole fishery will be in operation. So both the species
are harvested. In this case, the bionomic equilibrium

 z  ,  z  ,  H  ,  H   is
1 

given by

 z1 

1 p

1 q 
  1u 
c1  P1l 

p

 q1l 

 ;
 P1u 

 z2  

1 p

1q 
  2u 
c2  P2l 

 q2l 


 P2u 

p

2 

1 

2 
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 H1 

1 p
p
1 p
p
1 p
p
a1  q2u   q2l 
1  q1u q2u   q1l q2l  
1  1 p p   rl q1u   ru q1l 

rl ru  
 
 
 

 
 
 Kc1P11l  p P1up
c1 
c2  P2l   P2u  c1c2  P1l P2l   P1u P2u  




 H 2 

a q 
1
  sl1 p sup  2  1u 
c2 
c1  P1l 


1 p

p
1 p
p
1 p
p
 q1l    sl q2u   su q2l 
2  q1u q2u   q1l q2l  

   

 
 
1 p p
c1c2  P1l P2l   P1u P2u  
 P1u   Lc2 P2l P2u











Now  H1   0 if
  r q 1 p  r q  p a  q 1 p  q  p   q q 1 p  q q  p
r   l 1u 1 p u p1u  1  2u   2l   1  1u 2u   1l 2l 

Kc1P1l P1u
c2  P2l   P2u  c1c2  P1l P2l   P1u P2u 


1 p p
l
u

r






(17)






(18)

 H 2   0 if
1 p

a q 
s s  2  1u 
c1  P1l 
1 p p
l
u

p
1 p
p
1 p
p
 q1l    sl q2u   su q2l 
2  q1u q2u   q1l q2l 


 

 

Lc2 P21l p P2pu
c1c2  P1l P2l   P1u P2u 
 P1u  

Thus the non – trivial Bionomic Equilibrium point

 z  ,  z  ,  H  ,  H  
1 

2 

1 

2 

exists, if conditions (17) and (18) hold.
The following table gives the values of bionomic equilibrium for different value of ‘p’
for the parameter values

r  rˆ  p  assumes on 3.45, 4.2 , s  sˆ  p  assumes on  4.6,5.3 ,
P1  Pˆ1  p  assumes on [8.55,89.625], P2  Pˆ2  p  assumes on [11,15],
q1  qˆ1  p  assumes on [7.575, 48.083], q2  qˆ2  p  assumes on [4,14] for p  [0,1],
a1  0.1, a2  0.9,1  0.008,2  0.005, c1  0.1, c2  0.2, K  500, L  400.
Table 2:
p

 z1 

 z2 

 H1  

 H 2 

0
0.3
0.7

7.885714286
6.559177862
5.13090414

4.285714286
2.452386251
1.165046027

26.96649796
32.37789213
37.54360343

57.39438777
52.96547875
48.26312248

1

4.267782427

0.6666666667

40.74722455

45.58972455

Once the values of  H1  and  H 2  are calculated using the equations (17) & (18),
the bionomic equilibrium can be thought of as the point of intersection of the zero
profit line with the phase portrait of the two species.
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The figures 7(a)-7(d) support the TABLE -2. The following graphs are for different
values of p  0,1.

Figure 7(a): p=0

Figure 7(c): p=0.7

Figure 7(b): p=0.3

Figure 7(d): p=1

CONCLUSION
The model has the following characteristics
(i) The prey population decreases not only by predation but also by the toxic
substance released by the predator.
(ii) The predator population also decreases by the toxic substance released by the prey
population. Hence the model has not only the prey-predator relationship but also the
two species have effects of toxicants released by them on each other.
It is observed that the delay of certain dimensions can induce instability oscillation via
Hopf bifurcation. It is also observed that switching of stability occurs. The effect of
delay incorporated in the predation term is clearly studied.
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It is observed that for a given set of initial values for prey and predator, as the
parameter ‘p’ of the interval valued function changes from 0 to 1 in the equilibrium
point, the value of prey equilibrium is decreased and the value of the predator
equilibrium is increased see Table(1).
It is observed that increase in the growth rates of both the species from a minimum
value to a maximum value in an interval the system loses its stability faster.
Impreciseness in the cost of effort ( q i ) and ( Pi ) price of the harvested biomass of the
species are considered. The approach to the study of the prey-predator model with
imprecise parameters presented in the paper may be a new research direction in the
field of Mathematical Biology. The theoretical results are validated by numerical
examples through MATLAB.
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