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Abstract

Recently the present author introduced the notion of generalized quasi-conformal
curvature tensor which bridges Conformal curvature tensor, Concircular curvature
tensor, Projective curvature tensor and Conharmonic curvature tensor. This article
attempts to charectrize α-Sasakian manifolds with ω(X, Y )·W = L{(X∧g Y )·W}.
On the basis of this curvature conditions and by taking into account, the permu-
tation of different curvature tensors we obtained and tabled the nature of the Ricci
tensor for the respective pseudo symmetry type α-Sasakian manifolds.
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1. Introduction

In tune withYano and Sawaki [10], recently the authors in [6] has introduced and studied
generalized quasi-conformal curvature tensor in the context of N(k, µ)-manifold. The
generalized quasi-conformal curvature tensor is defined as

W(X, Y )Z = 2n − 1

2n + 1

[
(1 + 2na − b) − {1 + 2n(a + b)}c

]
C(X, Y )Z

+
[
1 − b + 2na

]
E(X, Y )Z + 2n(b − a)P (X, Y )Z

+2n − 1

2n + 1
(c − 1){1 + 2n(a + b)}Ĉ(X, Y )Z (1.1)

for all X, Y & Z ∈ χ(M), the set of all vector field of the manifold M , where a, b & c are
real constants. The beauty of generalized quasi-conformal curvature tensor lies in the
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fact that it has the flavour of Riemann curvature tensor R for a = b = c = 0, Conformal

curvature tensor C [11] for a = b = − 1

2n − 1
& c = 1, Conharmonic curvature tensor

Ĉ [16] for a = b = − 1

2n − 1
& c = 0, Concircular curvature tensor E ([9],p.84) for

a = b = 0 & c = 1, Projective curvature tensor P ([9],p.84) for a = − 1

2n
, b = 0

& c = 0 and m-projective curvature tensor H [5], for a = b = − 1

4n
& c = 0. The

equation (1.1) can also be written as

W(X, Y )Z = R(X, Y )Z + a
[
S(Y, Z)X − S(X, Z)Y

]
+b
[
g(Y, Z)QX − g(X, Z)QY

]
− cr

2n + 1

(
1

2n
+ a + b

)[
g(Y, Z)X − g(X, Z)Y

]
. (1.2)

An Sasakian manifold (M2n+1, g), n ≥ 1, is said to be pseudo-symmetry type according
to Deszcz ([13]) (respectively Ricci pseudo symmetry type [14]) if

ω(X, Y ) · W = L{(X ∧g Y ) · W} (resp. ω(X, Y ) · W = L{(X ∧S Y ) · W}), (1.3)

where ω and W stand for generalized quasi-conformal curvature tensor with the asso-
ciated scalar triples (ā, b̄, c̄) and (a, b, c) respectively, the dot means that ω(X, Y ) acts
as a derivation on W, L is a smooth function and the endomorphism field X ∧A Y is
defined by

(X ∧A Y )Z = A(Y, Z)X − A(X, Z)Y, (1.4)

for all vector fields X, Y, Z on M and it similarly acts as a derivation on W . In particular,
manifold satisfying the condition R(X, Y )·R = L{(X ∧g Y ) · R} (obtained from (1.3)
by setting ā = b̄ = c̄=0 = a = b = c in (1.3)) is said to be pseudo symmetric. If L is
constant, M is called a pseudo symmetric manifold of constant type and if particularly
L = 0 then M is called a semi-symmetry type manifold for details (see [17], [18] and the
references therein). Semi-symmetric spaces are a generalization of locally symmetric
spaces (∇R = 0, [2]) while pseudo symmetric spaces are a natural generalization of
semi-symmetric spaces. Note that the Schwarzschild spacetime, the Kottler spacetime,
the Reissner-Nordström spacetime, as well as some Friedmann-Lemaître-Robertson-
Walker spacetimes are the “oldest” examples of non semi-symmetric pseudo symmetric
warped product manifolds ([15]).

Our work is structured as follows. Section 2 is a very brief account of α-Sasakian
manifolds. In section 3, we paid special attention to investigate pseudo-symmetry type
α-Sasakian manifold. Based on this condition, we obtained the nature of the Ricci tensor
for the respective pseudo-symmetry type Sasakian manifold.
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2. α-Sasakian manifolds

A contact manifold is a (2n + 1)-dimensional C∞-manifold M equipped with a global
form η, called a contact form of M such that η ∧ (dη)n �= 0 everywhere on M . In
particular, η ∧ (dη)n �= 0 is a volume element of M so that a contact manifold is
orientable. A contact manifold associated with the Riemannian metric g is called contact
metric manifold if it satisfy the following relation

dη(X, Y ) = g(X, φY ), η(X) = g(X, ξ), φ2 = −I + η ◦ ξ, (2.5)

Where φ is a (1, 1)-tensor field and is a unique vector field such that dη(ξ, X) = 0 and
η(ξ) = 1. We denote the symbols ∇, R and Q by Levi-Civita connection, curvature
tensor and Ricci operator of g respectively. We define a (1, 1) type tensor field h by

h = 1

2
£ξφ and we know that h and hφ are trace free and hφ = −φh.

An almost contact manifold M(φ, ξ, η, g) is trans-Sasakian manifold if there exist
two function and on M such that

(∇Xφ)(Y ) = α{g(X, Y )ξ − η(Y )X} + β{g(φX, Y )ξ − η(Y )φX}, (2.6)

for any vector X, Y on M . If β = 0 then M is α-Sasakian manifold. Sasakian manifolds
is a case of α-Sasakian manifold with α = 1. If α = 0 then M is called β-Kenmotsu
manifold. Kenmotsu manifolds are case of β-Kenmotsu with β = 1. If both α and β

vanish, then M is a cosymplectic manifold. In a α-Sasakian manifold M2n+1(φ, ξ, η, g)

the following relations hold [1]:

∇Xξ = −αφX, (2.7)

(∇Xφ)(Y ) = α{g(X, Y )ξ − η(Y )X} (2.8)

g(φX, φY ) = g(X, Y ) − η(X)η(Y ) (2.9)

for all vector fields X,Y on M2n+1. where α be a smooth functions on M and we say
that the α-Sasakian structure is of type (α, 0). From (2.8), it follows that

(∇Xη)(Y ) = −αg(φX, Y ). (2.10)

R(X, Y )ξ = α2[η(Y )X − η(X)Y ], (2.11)

η(R(X, Y )Z) = α2[g(Y, Z)η(X) − g(X, Z)η(Y )], (2.12)

R(ξ, X)Y = α2[g(X, Y )ξ − η(Y )X], (2.13)

S(X, ξ) = 2nα2η(X), (2.14)

for any vector fields X, Y on M .
Let A, B be two symmetric (0, 2)-tensors on M . Their Kulkarni-Nomizu[8] product

A ∧ B is defined on χ(M) by:

(A ∧ B)(X, Y, Z, U) = A(X,U)B(Y,Z) + A(Y,Z)B(X,U)

−A(X,Z)B(Y,U) − A(Y,U)B(X,Z). (2.15)
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In particular, when A = B = g, we have the Kulkarni-Nomizu squared g ∧ g:

(g ∧ g)(X, Y, Z, W) = 2[g(X, W)g(Y, Z) − g(X, Z)g(Y, W)]. (2.16)

We notice that
(g ∧ g)(X, Y, Z, W) = 2g((X ∧g Y )(Z), W). (2.17)

This leads to the (0, 4)-tensor G = (1/2)(g ∧ g); it is defined as follows:

G(X, Y, Z, W) = g(X, W)g(Y, Z) − g(X, Z)g(Y, W). (2.18)

3. Pseudo symmetry type α-Sasakian manifold

Definition 3.1. An α-Sasakian manifold (M2n+1, g), n ≥ 1 is said to be pseudo sym-
metry type, if the generalized quasi-conformal tensor ω(or W) admits[7]

(ω(X, Y ) · W)(Z, U)V = Lω((X ∧ Y ) · W)(Z, U)V (3.1)

ω(X, Y )W(Z, U)V − W(ω(X, Y )Z,U)V

−W(Z, ω(X, Y )U)V − W(Z,U)ω(X, Y )V

= L
[
W̄(Z, U, V, Y )X + W̄(Z, U, V, X)Y+g(Y, Z)W(X, U)V

−g(X, Z)W(Y, U)V + g(Y, U)W(Z, X)V − g(X, U)W(Z, Y )V

+g(Y, V )W(Z, U)X − g(X, V )W(Z, U)Y
]
. (3.2)

where ω and W stands for generalized quasi-conformal curvature tensor with associate
scalars (ā, b̄, c̄) and (a, b, c) respectively.

If ω · W = 0 then M is called generalized quasi-conformally semi-symmetric. A
pseudo-symmetric space is said to be proper if it is not semi-symmetric. For details we
refer to ([3], [12]).

Let us consider a (2n+1)-dimensional pseudo-symmetry type α-Sasakian manifold.
Then from the equation (3.2), we get

g(ω(ξ, X)W(Y, Z)U, ξ) − g(W(ω(ξ, X)Y, Z)U, ξ)

−g(W(Y, ω(ξ, X)Z)U, ξ) − g(W(Y, Z)ω(ξ, X)U, ξ)

= L
[
W̄(Y, Z, U, /X) − η(W(Y, Z)U)η(X) − g(X, Y )η(W(ξ , Z)U)

+η(Y )η(W(X, Z)U) − g(X, Z)η(W(Y, ξ)U) + η(Z)η(W(Y, X)U)

+η(U)η(W(Y, Z)X)
]
. (3.3)

Putting X = Y = ei in (3.3) where {e1, e2, e3, . . . , e2n, e2n+1 = ξ} is an orthonormal
basis of the tangent space at each point of the manifold M and taking the summation
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over i, 1 ≤ i ≤ 2n + 1, we get

2n+1∑
i=1

[
g(ω(ξ, ei)W(ei, Z)U, ξ) − g(W(ω(ξ, ei)ei, Z)U, ξ)

−g(W(ei, ω(ξ, ei)Z)U, ξ) − g(W(ei, Z)ω(ξ, ei)U, ξ)
]

= L

2n+1∑
i=1

[
W̄(ei, Z, U, ei) − η(W(ei, Z)U)η(ei) − g(ei, ei)η(W(ξ , Z)U)

+η(ei)η(W(ei, Z)U) − g(ei, Z)η(W(ei, ξ)U) + η(Z)η(W(ei, ei)U)

+η(U)η(W(e, Z)ei)
]
. (3.4)

From the equation (1.2), we can easily bring out the followings

η(W(ξ , U)Z)

=
[

cr

2n + 1

(
1

2n
+ a + b

)
− 2nα2a − 2nα2b − α2

]
η(Z)η(U)

+
[
α2 + 2nbα2 − cr

2n + 1

(
1

2n
+ a + b

)]
g(Z, U) + aS(Z,U). (3.5)

2n+1∑
i=1

W̄(ei, Z,U, ei)

= (1 − b + 2na)S(Z,U)+
{
br − 2ncr

2n + 1

(
1

2n
+ a + b

)}
g(Z, U), (3.6)

2n+1∑
i=1

η(W(ei, Z)ei)

=
[
−2nα2(1 − a + 2nb) −

{
ar − 2ncr

2n + 1

(
1

2n
+ a + b

)}]
η(Z). (3.7)

2n+1∑
i=1

S(W(ei, Z)U, ei)

=
{
ar + cr

2n + 1

(
1

2n
+ a + b

)}
S(Z,U) − (a + b − 1)S2(Z,U)

+
{
b ‖ Q ‖2 − cr2

2n + 1

(
1

2n
+ a + b

)}
g(Z,U). (3.8)
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2n+1∑
i=1

η(ei)η(W(Qei, Z)U)

= 2nα2
[
α2 + 2nα2b − cr

2n + 1

(
1

2n
+ a + b

)]
g(Z,U) + 2nα2aS(Z,U)

−2nα2
[
α2 + 2nα2(a + b) − cr

2n + 1

(
1

2n
+ a + b

)]
η(Z)η(U) (3.9)

2n+1∑
i=1

S(ei, Z)η(W(ei, ξ)U)

= 2nα2
[
α2 + 2nα2(a + b) − cr

2n + 1

(
1

2n
+ a + b

)]
η(Z)η(U)

−
{
α2 + 2nα2b − cr

2n + 1

(
1

2n
+ a + b

)}
S(Z,U) − aS2(Z,U) (3.10)

Now,
2n+1∑
i=1

g(ω(ξ, ei)W(ei, Z)U, ξ)

=
[
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)] {
W̄(ei, Z, U, ei)

−η(W(ei, Z)U)η(ei)}
+ā
[
S(W(ei, Z)U, ei) − 2nα2η(W(ei, Z)U)η(ei)

]
=

[
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)]
W̄(ei, Z, U, ei)

+āS(W(ei, Z)U, ei)

+
[

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2b̄ − α2 − 2nα2ā

]
η(W(ξ , U)Z).

(3.11)

In view of (3.6) & (3.8), (3.11) becomes

2n+1∑
i=1

g(ω(ξ, ei)W(ei, Z)U, ξ)

=
[ {

α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}
(1 + 2na − b)

+ā

{
ar + cr

2n + 1

(
1

2n
+ a + b

)}]
S(Z,U) + ā(1 − a − b)S2(Z,U)
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+
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2(ā + b̄) − α2

}
η(W(ξ , U)Z)

+
[ {

α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}{
br − 2ncr

2n + 1

(
1

2n
+ a + b

)}

+ā

{
b ‖ Q ‖2 − cr2

2n + 1

(
1

2n
+ a + b

)}]
g(Z,U). (3.12)

2n+1∑
i=1

g(W(ω(ξ, ei)ei, Z)U, ξ)

=
[
(2n + 1)

{
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}
+ ār

]
η(W(ξ , U)Z)

+
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2

}
g(W(ei, Z)U, ξ)η(ei)

−b̄g(W(Qei, Z)U, ξ)η(ei)

=
[

2n

{
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}
+ ār + 2nα2(b̄ − ā)

]
η(W(ξ , U)Z)

−2nα2b̄

[
α2+2nα2b − cr

2n + 1

(
1

2n
+ a + b

)]
g(Z,U) − 2nα2ab̄S(Z,U)

+2nα2b̄

[
α2+2nα2(a + b) − cr

2n + 1

(
1

2n
+ a + b

)]
η(Z)η(U) (3.13)

2n+1∑
i=1

g(W(ei, ω(ξ, ei)Z)U, ξ)

=
{
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}
g(ei, Z)η(W(ei, ξ)U){

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2

}
η(W(ei, ei)U)η(Z)

+āS(ei, Z)η(W(ei, ξ)U) − b̄η(W(ei, Qei)U)η(Z)

=
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2b̄ − α2

}
η(W(ξ , U)Z)

+2nα2ā

[
α2 + 2nα2(a + b) − cr

2n + 1

(
1

2n
+ a + b

)]
η(Z)η(U)

−ā

{
α2 + 2nα2b − cr

2n + 1

(
1

2n
+ a + b

)}
S(Z,U) − āaS2(Z,U).(3.14)
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Finally,

2n+1∑
i=1

g(W(ei, Z)ω(ξ, ei)U, ξ)

=
{
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)}
g(ei, U)η(W(ei, Z)ξ)

+
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2

}
η(W(ei, Z)ei)η(U)

+āS(ei, U)η(W(ei, Z)ξ)

=
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2

}
η(W(ei, Z)ei)η(U) (3.15)

In view of (3.7), (3.15) reduces to

2n+1∑
i=1

g(W(ei, Z)ω(ξ, ei)U, ξ)

= −
{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2

} [
2nα2(1 − a + 2nb)

+
{
ar − 2ncr

2n + 1

(
1

2n
+ a + b

)}]
η(U)η(Z). (3.16)

By virtue of (3.12), (3.13), (3.14) & (3.16), we obtain from (3.4) that

[ {
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− L

}
(1 − b) + α2ā(1 + 2nb)

]
S(Z,U)

+
[ {

2nα2(1 − a + 2nb) + ar − 2ncr

2n + 1

(
1

2n
+ a + b

)}
×{

c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− 2nα2ā − α2 + L

}

+
{
α2 + 2nα2(a + b) − cr

2n + 1

(
1

2n
+ a + b

)}
×{

2n
{
α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− L

}
+ ār − 2nα2ā

} ]
η(U)η(Z)

+
[ {

α2 + 2nα2b̄ − c̄r

2n + 1

(
1

2n
+ ā + b̄

)
− L

} {
br − 2nα2 − 4n2α2b

}
+ā

{
b ‖ Q ‖2 −α2r − 2nα2rb

}+ ā(1 − b)S2(Z,U) = 0. (3.17)

Theorem 3.2. Let (M2n+1, g), n > 1 be an α-Sasakian manifold. Then for respective
pseudo symmetry type conditions, the Ricci tensor of the manifold M takes the respective
forms as follows:
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Curvature
condition

Expression for Ricci tensor

R(X, Y ) · R = L{(X ∧ Y ) · R}
(by ā = b̄ = c̄ = 0
& a = b = c = 0)

For L �= α2,

S = 2nα2g.

R(X, Y ) · C = L{(X ∧ Y ) · C}
(by ā = b̄ = c̄ = 0,

a = b = − 1

2n − 1
& c = 1)

For L �= α2,

S =
( r

2n
− α2

)
g

−
{ r

2n
− (2n + 1)α2

}
η ⊗ η.

R(X, Y ) · Ĉ = L{(X ∧ Y ) · Ĉ}
(by ā = b̄ = c̄ = 0,

a = b = − 1

2n − 1
& c = 0)

For L �= α2,

S =
( r

2n
− α2

)
g

−
{ r

2n
− (2n + 1)α2

}
η ⊗ η.

R(X, Y ) · E = L{(X ∧ Y ) · E}
(by ā = b̄ = c̄ = 0,

a = b = 0 & c = 1)

For L �= α2,

S = 2nα2g.

R(X, Y ) · P =
L{(X ∧ Y ) · P }

(by ā = b̄ = c̄ = 0,

a = − 1

2n
& b = c = 0)

For L �= α2,

S = 2nα2g

−(
r

2n
− 2n − 1)η ⊗ η.

R(X, Y ) · H =
L{(X ∧ Y ) · H }

(by ā = b̄ = c̄ = 0,

a = b = − 1

4n
& c = 0)

For L �= α2,

S =
(

r + 4n2α2

4n + 1

)
g −

{
r − 2nα2(2n + 1)

4n + 1

}
η ⊗ η.

E(X, Y ) · R =
L{(X ∧ Y ) · R}

(by ā = b̄ = 0, c̄ = 1,

& a = b = c = 0)

For L �= α2 − r

2n(2n + 1)
,

S = 2nα2g.



2786 Kanak Kanti Baishya

Curvature
condition

Expression for Ricci tensor

E(X, Y ) · C =
L{(X ∧ Y ) · C}

(by ā = 0 = b̄, c̄ = 1

a = b = − 1

2n − 1
, c = 1)

For L �= α2 − r

2n(2n + 1)
,

S =
( r

2n
− α2

)
g

−
{ r

2n
−(2n + 1)α2

}
η ⊗ η.

E(X, Y ) · Ĉ =
L{(X ∧ Y ) · Ĉ}

(by ā = 0 = b̄, c̄ = 1

a = b = − 1

2n − 1
& c = 0)

For L �= α2 − r

2n(2n + 1)
,

S =
( r

2n
− α2

)
g

−
{ r

2n
−(2n + 1)α2

}
η ⊗ η.

E(X, Y ) · E =
L{(X ∧ Y ) · E}

(by ā = 0 = b̄, c̄ = 1
a = b = 0 & c = 1)

For L �= α2 − r

2n(2n + 1)
,

S = 2nα2g.

E(X, Y ) · P =
L{(X ∧ Y ) · P }

(by ā = 0 = b̄, c̄ = 1

a = − 1

2n
, b = 0 & c = 1)

For L �= α2 − r

2n(2n + 1)
,

S = 2nα2g

−
{ r

2n
− 2α2

}
η ⊗ η.

E(X, Y ) · H =
L{(X ∧ Y ) · H }

(by ā = 0 = b̄, c̄ = 1

a = b = − 1

4n
& c = 1)

For L �= α2 − r

2n(2n + 1)
,

S =
(

r + 4n2α2

4n + 1

)
g

−
{

r − 2n(2n + 1)α2

4n + 1

}
η ⊗ η.

Ĉ(X, Y ) · R =
L{(X ∧ Y ) · R}

(by ā = b̄ = − 1

2n − 1
, c̄ = 0

& a = b = c = 0 )

{ r

2n
− 2α2 − (2n − 1)L

}
S

= −α2 {2nα2 + 2n(2n − 1)L
}
g

+α2 {r − 2nα2} η ⊗ η + S2
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Curvature
condition

Expression for Ricci tensor

Ĉ(X, Y ) · Ĉ =
L{(X ∧ Y ) · Ĉ}

(by ā = b̄ = − 1

2n − 1
, c̄ = 0,

a = b = − 1

2n − 1
& c = 0)

{r − (2n − 1)α2 − 2n(2n − 1)L}S
= [{ r

2n
− 2nα2 − (2n − 1)L}(r − 2nα2)

+α2r− ‖ Q ‖2}]g + 2nS2

[{ r

2n
− α2 − (2n − 1)L}{2nα2(2n + 1) − r}

−α2(2n + 1)
{
r − 2nα2} ]η ⊗ η

Ĉ(X, Y ) · C =
L{(X ∧ Y ) · C}

(by ā = b̄ = − 1

2n − 1
, c̄ = 0,

a = b = − 1

2n − 1
& c = 1)

{r − (2n − 1)α2 − 2n(2n − 1)L}S
= [{ r

2n
− 2nα2 − (2n − 1)L}(r − 2nα2)

+α2r− ‖ Q ‖2}]g + 2nS2

[{ r

2n
− α2 − (2n − 1)L}{2nα2(2n + 1) − r}

+{ r

2n
− α2(2n + 1)} {r − 2nα2} ]η ⊗ η

Ĉ(X, Y ) · E =
L{(X ∧ Y ) · E}

(by ā = b̄ = − 1

2n − 1
, c̄ = 0

& a = b = 0, c = 1)

{2 + (2n − 1)L} S = −S2

+[r + 2n + 2n(2n − 1)L]g
+(2n − r)

{
r

2n(2n + 1)
− 1

}
η ⊗ η

Ĉ(X, Y ) · P =
L{(X ∧ Y ) · P }

(by ā = b̄ = − 1

2n − 1
, c̄ = 0

a = − 1

2n
, b = 0 & c = 0)

{ r

2n
− 2α2 − (2n − 1)L

}
S =

−α2{2nα2 + 2n (2n − 1) L}g
+
{ r

2n
− α2 − (2n − 1) L

}
×{

(2n + 1)α2 − r

2n

}
η ⊗ η + S2

Ĉ(X, Y ) · H =
L{(X ∧ Y ) · H }

(by ā = b̄ = − 1

2n − 1
, c̄ = 0

a = b = − 1

4n
& c = 0)

{1 + (2n − 1)L}(4n + 1) + 2n

4n
S

= [
( r

4n
+ n

)
{1 + (2n − 1)L}

+ r

2
+ 1

4n
‖ Q ‖2]g −

(
1 + 1

4n

)
S2

+
(

r

4n
− 2n + 1

2

)
{1 + (2n − 1)L}η ⊗ η

P (X, Y ) · R =
L{(X ∧ Y ) · R}

(by ā = − 1

2n
, b̄ = 0, c̄ = 0

& a = b = c = 0)

(
2n − 1

2n
α2 − L

)
S = α2

(
− r

2n
+ 2nα2 − 2nL

)
g

+L
( r

2n
− 2nα2 − α2

)
η ⊗ η + 1

2n
S2

P(X, Y ) · Ĉ =
L{(X ∧ Y ) · Ĉ}

(by ā = − 1

2n
, b̄ = 0, c̄ = 0

a = b = − 1

2n − 1
& c = 0)

(
4n2 + 1

2n
α2 − 2nL

)
S = S2

+

⎧⎨
⎩

(α2 − L)(r − 2nα2)

+ 1

2n
(α2r− ‖ Q ‖2)

⎫⎬
⎭ g

+
{

rL − 2nα2(α2 − L)(2n + 1)

+
(
α2 − r

2n

)
(2n + 1)α2

}
η ⊗ η
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Curvature
condition

Expression for Ricci tensor

P(X, Y ) · C =
L{(X ∧ Y ) · C}

(Obtain

by ā = − 1

2n
, b̄ = 0, c̄ = 0

a = b = − 1

2n − 1
& c = 1)

(
4n2 + 1

2n
α2 − 2nL

)
S = S2

+
⎧⎨
⎩

(α2 − L)(r − 2nα2)

+ 1

2n
(α2r− ‖ Q ‖2)

⎫⎬
⎭ g

+

[ (
α2 − r

2n

)
(2n + 1)α2−

(α2 − L)
{
r + 2nα2(2n + 1)

}
]

η ⊗ η

P (X, Y ) · E =
L{(X ∧ Y ) · E}

(by ā = − 1

2n
, b̄ = 0, c̄ = 0

a = b = 0 & c = 1)

{
2n − 1

2n
α2 − L

}
S

= α2
(
− r

2n
+ 2nα2 − 2nL

)
g

+ 1

2n

(
2nα2 − r

2n + 1

)
×{ r

2n
− (2n + 1)α2

}
η ⊗ η

+ 1

2n
S2

P(X, Y ) · P =
L{(X ∧ Y ) · P }

(by ā = − 1

2n
, b̄ = 0, c̄ = 0

a = − 1

2n
, b = 0 & c = 0)

{
2n − 1

2n
α2 − L

}
S = 1

2n
S2

+α2
(
− r

2n
+ 2nα2 − 2nL

)
g

+L
{ r

2n
− (2n + 1)α2

}
η ⊗ η

P (X, Y ) · H =
L{(X ∧ Y ) · H }

(byā = − 1

2n
, b̄ = 0, c̄ = 0

a = b = − 1

4n
& c = 0)

{
α2 − 4n + 1

4n
L

}
S = 1

2n

(
1 + 1

4n

)
S2

+
{
n(α2 − L)α2 − 1

8n2
‖ Q ‖2 − r

4n
L

}
g+

+L

{
r

4n
− (2n + 1)

2
α2
}

η ⊗ η

H(X, Y ) · R =
L{(X ∧ Y ) · R}

byā = b̄ = − 1

4n
, c̄ = 0

& a = b = c = 0)

{
2n − 1

4n
α2 − L

}
S =

α2
(
− r

4n
+ nα2 − 2nL

)
g

+α2
(

r

4n
− 1

2

)
η ⊗ η + 1

4n
S2
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Curvature
condition

Expression for Ricci tensor

H(X, Y ) · Ĉ =
L{(X ∧ Y ) · Ĉ}

by ā = b̄ = − 1

4n
, c̄ = 0

a = b = − 1

2n − 1
& c = 0)

(
4n2 + 1

4n
α2 − 2nL

)
S = 1

2n
S2

+

⎧⎪⎨
⎪⎩
(

α2

2
− L

)
(r − 2nα2)

+ 1

4n
(α2r− ‖ Q ‖2)

⎫⎪⎬
⎪⎭ g

+

⎡
⎢⎢⎣

r

(
L − α2

2

)
+ α2(2n + 1)×{

2n + 1

2
α2 − 2nL − r

4n

}
⎤
⎥⎥⎦ η ⊗ η

H(X, Y ) · E =
L{(X ∧ Y ) · E}

by ā = b̄ = − 1

4n
, , c̄ = 0

a = b = 0 & c = 1)

{
2n − 1

4n
α2 − L

}
S = α2

(
− r

4n
+ nα2 − 2nL

)
g

+{ (n + 1)α2r

2n(2n + 1)
− r2

8n2(2n + 1)
+ α4

2
}η ⊗ η + 1

4n
S2

H(X, Y ) · P =
L{(X ∧ Y ) · P }

by ā = b̄ = − 1

4n
, c̄ = 0,

a = − 1

2n
, b = c = 0)

{
2n − 1

4n
α2 − L

}
S = α2

(
− r

4n
+ nα2 − 2nL

)
g

+{ r

2n
− (2n + 1)α2}(L − α2

2
)η ⊗ η

+ 1

4n
S2

H(X, Y ) · H =
L{(X ∧ Y ) · H }

by ā = b̄ = − 1

4n
, , c̄ = 0

a = b = − 1

4n
& c = 0)

{
1

2
α2 − 4n + 1

4n
L

}
S = {−α2r

8n
− 1

16n2
‖ Q ‖2

+(
α2

2
− L)(

r

4n
+ nα2)}g + 1

4n

(
1 + 1

4n

)
S2

+{ r

4n
− 2n + 1

2
α2}(L − α2

2
)η ⊗ η

C(X, Y ) · R =
L{(X ∧ Y ) · R}

(by ā = b̄ = − 1

2n − 1
, c̄ = 1

a = b = c = 0)

{
1

2
α2 − 4n + 1

4n
L

}
S = {−α2r

8n
− 1

16n2
‖ Q ‖2

+(
α2

2
− L)(

r

4n
+ nα2)}g + 1

4n

(
1 + 1

4n

)
S2

+{ r

4n
− 2n + 1

2
α2}(L − α2

2
)η ⊗ η

C(X, Y ) · R =
L{(X ∧ Y ) · R}

(by ā = b̄ = − 1

2n − 1
, c̄ = 1

a = b = c = 0)

{ r

2n
− 2α2 − (2n − 1)L

}
S

= −α2 {2nα2 + 2n(2n − 1)L
}
g

+α2 {r − 2nα2} η ⊗ η + S2
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Curvature
condition

Expression for Ricci tensor

C(X, Y ) · Ĉ =
L{(X ∧ Y ) · Ĉ}

by ā = b̄ = − 1

2n − 1
0, c̄ = 1

a = b = − 1

2n − 1
, c = 0)

{r − (2n − 1)α2 − 2n(2n − 1)L}S
= [{ r

2n
− 2nα2 − (2n − 1)L}(r − 2nα2)

+α2r− ‖ Q ‖2}]g + 2nS2

[{ r

2n
− α2 − (2n − 1)L}{2nα2(2n + 1) − r}

−α2(2n + 1)
{
r − 2nα2} ]η ⊗ η

C(X, Y ) · P =
L{(X ∧ Y ) · P }

(by ā = b̄ = − 1

2n − 1
0, c̄ = 1

a = − 1

2n
, b = c = 0)

{ r

2n
− 2α2 − (2n − 1)L

}
S =

-α2{2nα2 + 2n (2n − 1) L}g
+
{ r

2n
− α2 − (2n − 1) L

}
×{

(2n + 1)α2 − r

2n

}
η ⊗ η + S2

C(X, Y ) · E =
L{(X ∧ Y ) · E}

(by ā = b̄ = − 1

2n − 1
0, c̄ = 1

a = b = 0, c = 1)

{ r

2n
− 2α2 − (2n − 1)L

}
S =

−α2 {2nα2 + 2n(2n − 1)L
}
g

+α2 {r − 2nα2} η ⊗ η + S2

C(X, Y ) · C =
L{(X ∧ Y ) · H }

(by ā = b̄ = − 1

2n − 1
0, c̄ = 1

a = b = − 1

4n
, c = 0)

{r − (2n − 1)α2 − 2n(2n − 1)L}S
= [{ r

2n
− 2nα2 − (2n − 1)L}(r − 2nα2)

+α2r− ‖ Q ‖2}]g + 2nS2

[{ r

2n
− α2 − (2n − 1)L}{2nα2(2n + 1) − r}

+{ r

2n
− α2(2n + 1)} {r − 2nα2} ]η ⊗ η

Remark 3.3. For L = 0, the above theorem gives us the nature of the Ricci tensor of
the manifold M for respective semi-symmetry type conditions.
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