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Abstract

Recently the present author introduced the notion of generalized quasi-conformal
curvature tensor which bridges Conformal curvature tensor, Concircular curvature
tensor, Projective curvature tensor and Conharmonic curvature tensor. This article
attempts to charectrize a-Sasakian manifolds with w(X, Y)-W = L{(X A, Y)-W}.
On the basis of this curvature conditions and by taking into account, the permu-
tation of different curvature tensors we obtained and tabled the nature of the Ricci
tensor for the respective pseudo symmetry type o-Sasakian manifolds.
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1. Introduction

In tune with Yano and Sawaki [10], recently the authors in [6] has introduced and studied
generalized quasi-conformal curvature tensor in the context of N (k, u)-manifold. The
generalized quasi-conformal curvature tensor 1is defined as

2n — 1
WENZ = [(1 4 2na —b) — {1 +2n(a + b)}c]C(X, Y)Z
+[1 b+ 2na}E(X, Y)Z +2n(h — a)P(X, Y)Z
2

n—1

+ (c — D{1 +2n@a+bC(X,Y)Z (1.1)

2n + 1

forall X, Y & Z € x (M), the set of all vector field of the manifold M, where a, b & c are
real constants. The beauty of generalized quasi-conformal curvature tensor lies in the
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fact that it has the flavour of Riemann curvature tensor R fora = b = ¢ = 0, Conformal

curvature tensor C [11] fora = b = — & ¢ = 1, Conharmonic curvature tensor
1

2n — 1

1
a =b =0 & c = 1, Projective curvature tensor P([9],p.84) for a = 5 b=20
n

2n — 1

C [16] fora = b = — & ¢ = 0, Concircular curvature tensor E ([9],p.84) for

& ¢ = 0 and m-projective curvature tensor H [5], fora = b = ~n & ¢ = 0. The
n
equation (1.1) can also be written as

W(X.Y)Z = R(X.Y)Z+ a[S(Y, Z)X — S(X, Z)Y}

+b[g(Y, 7)0X — g(X, Z)QY]

cr 1 b v X Yy .
_2n+1<ﬂ+“+ )[g(, )X — g(X, )]. (1.2)

An Sasakian manifold (M>"*!, g), n > 1, is said to be pseudo-symmetry type according
to Deszcz ([13]) (respectively Ricci pseudo symmetry type [14]) if

o(X,Y) - W =L{(X A Y) - W} (resp. o(X, Y) - W = L{(X Ag Y) - W}), (1.3)

where w and WV stand for generalized quasi-conformal curvature tensor with the asso-
ciated scalar triples (a, b, ¢) and (a, b, c) respectively, the dot means that w(X, Y) acts
as a derivation on W, L is a smooth function and the endomorphism field X A4 Y is
defined by

(XAaY)Z=A,2)X — AX, 2)Y, (1.4)

for all vector fields X, Y, Z on M and it similarly acts as a derivation on V. In particular,
manifold satisfying the condition R(X, Y)-R = L{(X A, Y) - R} (obtained from (1.3)
by setting @ = b = ¢=0 = a = b = c in (1.3)) is said to be pseudo symmetric. If L is
constant, M is called a pseudo symmetric manifold of constant type and if particularly
L = 0 then M is called a semi-symmetry type manifold for details (see [17], [18] and the
references therein). Semi-symmetric spaces are a generalization of locally symmetric
spaces (VR = 0, [2]) while pseudo symmetric spaces are a natural generalization of
semi-symmetric spaces. Note that the Schwarzschild spacetime, the Kottler spacetime,
the Reissner-Nordstrom spacetime, as well as some Friedmann-Lemaitre-Robertson-
Walker spacetimes are the “oldest” examples of non semi-symmetric pseudo symmetric
warped product manifolds ([15]).

Our work is structured as follows. Section 2 is a very brief account of w-Sasakian
manifolds. In section 3, we paid special attention to investigate pseudo-symmetry type
«-Sasakian manifold. Based on this condition, we obtained the nature of the Ricci tensor
for the respective pseudo-symmetry type Sasakian manifold.
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2. «-Sasakian manifolds

A contact manifold is a (2n + 1)-dimensional C*°-manifold M equipped with a global
form 7, called a contact form of M such that n A (dn)" # 0 everywhere on M. In
particular, n A (dn)" # 0 is a volume element of M so that a contact manifold is
orientable. A contact manifold associated with the Riemannian metric g is called contact
metric manifold if it satisfy the following relation

dn(X,Y) = g(X,¢Y), n(X) = g(X,§), ¢ = -1 +nok, (2.5)

Where ¢ is a (1, 1)-tensor field and is a unique vector field such that dn(¢, X) = 0 and
n(¢) = 1. We denote the symbols V, R and Q by Levi-Civita connection, curvature
tensor and Ricci operator of g respectively. We define a (1, 1) type tensor field & by

1
h = E;Egd) and we know that & and h¢ are trace free and h¢p = —¢h.

An almost contact manifold M (¢, &, n, g) is trans-Sasakian manifold if there exist
two function and on M such that

(Vx9)(Y) = afg(X, Y)§ —n(Y)X} + B{g(¢X, Y)§ — n(Y)p X}, (2.6)

for any vector X, Y on M. If B = 0 then M is a-Sasakian manifold. Sasakian manifolds
is a case of w-Sasakian manifold with « = 1. If « = 0 then M is called f-Kenmotsu
manifold. Kenmotsu manifolds are case of f-Kenmotsu with 8 = 1. If both « and S
vanish, then M is a cosymplectic manifold. In a @-Sasakian manifold M 2n+1 (0,&,1n,8)
the following relations hold [1]:

Vyé = —adX, 2.7)
(Vxd)(Y) = afg(X, Y)§ —n(¥)X} (2.8)
g(@X, oY) =g(X,Y) —n(X)n(¥) (2.9)

for all vector fields X,Y on M?" ™!, where o be a smooth functions on M and we say
that the «-Sasakian structure is of type («, 0). From (2.8), it follows that

(Vxm(Y) = —ag(@X.Y). (2.10)
R(X, V)€ = a*[n(Y)X — n(X)Y], (2.11)
n(R(X,Y)Z) = a?[g(Y, Z)n(X) — g(X, Z)n(Y)], (2.12)
RE X)Y = o?[g(X, Y)E — n(Y)X], (2.13)

S(X, &) = 2na’n(X), (2.14)

for any vector fields X, Y on M.
Let A, B be two symmetric (0, 2)-tensors on M. Their Kulkarni-Nomizu[8] product
A A B is defined on x (M) by:

(AANBYX,Y,Z,U) = AX,U)B(Y,Z)+ A, Z)B(X,U)
—A(X, Z)B(Y,U) — A(Y,U)B(X, Z). (2.15)
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In particular, when A = B = g, we have the Kulkarni-Nomizu squared g A g:
ENX, Y, Z, W) =2[g(X,W)g(Y, Z) — g(X, Z)g(Y, W)]. (2.16)
We notice that
ENQX, Y, Z, W) =28((X Ng Y)(Z), W). (2.17)
This leads to the (0, 4)-tensor G = (1/2)(g A g); it is defined as follows:

G(X,Y,Z, W) =g(X, Wg(Y, Z) — g(X, Z)g(Y, W). (2.18)

3. Pseudo symmetry type «-Sasakian manifold

Definition 3.1. An «a-Sasakian manifold (M 2"“, g),n > 1is said to be pseudo sym-
metry type, if the generalized quasi-conformal tensor w(or VW) admits[7]

(X, Y) WYZ,U)V =L,(XANY)-W)Z,U)V 3.1

o (X, YYW(Z, U)V — W((X, Y)Z, U)V
SW(Z, (X, VYUYV — W(Z, D)o (X, Y)V

- L[V_V(Z, U, V,Y)X +W(Z, U, V, X)Y+g(Y, ZYW(X, U)V
—o(X, WY, UV + g(Y, UYW(Z, X)V — g(X, UYW(Z, Y)V
(Y, VIW(Z, U)X — g(X, VYW(Z, U)Y]. 3.2)

where w and VY stands for generalized quasi-conformal curvature tensor with associate
scalars (a, b, ¢) and (a, b, c) respectively.

If - W = 0 then M is called generalized quasi-conformally semi-symmetric. A
pseudo-symmetric space is said to be proper if it is not semi-symmetric. For details we
refer to ([3], [12]).

Let us consider a (2n 4 1)-dimensional pseudo-symmetry type o-Sasakian manifold.
Then from the equation (3.2), we get

(@&, XYV, 2)U, &) — gV (&, X)Y, 2)U, £)
—2W(Y, 0(&, X)Z)U, &) — gW(Y, Z)w(&, X)U, &)

= LW, Z,U. /%) = nOW(Y, 2U)n(X) = g(X, YnOV(E, 2)U)
1V INOV(X, Z)U) — g(X, Z)nON(Y, )U) + n(Z)nOV(Y, X)U)
FUIMOVY, 2)X) . (3.3)

Putting X = Y = ¢; in (3.3) where {ey, ez, €3, ..., €m, €ay+1 = &} is an orthonormal
basis of the tangent space at each point of the manifold M and taking the summation
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overi, | <i <2n+1, we get

> (3@ eoWier. 2)U.6) — gV (@(E. eer, 2)U. €)
i=1
—eW(ei, 0(E, €)Z)U, §) — g W (e, )E, e)U. 6)
=L Zf Vi 2. U e) = nW(er, )U)n(en) = gleis eomV(E. 2)U)
@OV, 2)U) — g6, 23OV er, EU) + 12OV (er, D)

UV, Z)ep) | (3.4)
From the equation (1.2), we can easily bring out the followings

nW(E,U)Z)

cr 1 ) ’ )
= 1 Z—i—a—l—b —2na“a — 2na“b — o | n(Z)nU)

cr 1
+ [az + 2nba’ — il (E +a+ b)] g(Z, U)+aS(Z,U). (3.5)

2n+1

Z V_V(ei, Z,U, ei)

i=1

— (—btma)sz.uys o - 2 (1 b\ ez U), 36
= (1- +na)(,)+{r—2n+l(%+a+ )}g(, ), (3.6)

2n+1

> nWV(ei. 2)ei)

i=1

_ [—2na2(1 —a+2nb) — {ar — ;L”irl (% tYa+ b) ” n(Z). 3.7)

2n+1

> SOW(ei. Z)U. e)

i=1

_ cr i B _ ’
= {ar+2n+1<2n+a+b)}S(Z,U) (a+b—1S°(Z,U)

2

+{b (N a— <i+a+b)}g(z,m. (3.8)
2n+1\2n
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2n+1

> eV (Qe;, Z)U)

i=1

_ 2| 2 2, cr (1 2
= 2na’|a” +2nab +a+b)|g(Z,U)+2na"aS(Z,U)
2n+1 \2n

—2na? |:042 +2na’(a +b) — (% +a+ b)] n(Z)n(U) (3.9)

cr
2n + 1

2n—+1

> S(ei. Z)nOW(ei, £)U)

i=1

cr

2n + 1
2 2 cr 1 ’
—Ja” +2nah — o —4a+b) SZ,U)—aS(Z,U) (3.10)
n

= 2na? |:Ol2 +2na’(a +b) — (21 +a-+ b)] n(Z)nU)

2n +1

2n+1
Now, Z g(w(&,e)Wl(ei, 2)U,§)

i=1

= |:oz2 + 2na’h —

Ccr
2n +1
—nW(er, Z)U)n(ei))
+a[SW(ei, U, &) — 2na*n Ve, Z)U)n(en) |

( ! +a +b)] {W(ei, Z,U,e)
2n

cr
2n +1
+aSW<(e;i, Z2)U, ¢;)

+ |:2nE:- 7 (2111 +a+ b) —2na’b — o* — 2na a] nOW(E,U)Z).
(3.11)

_ 1 _ _
= |:oc2+2n042b— (2—+El+b):|W(e,~,Z, U, e;)
n

In view of (3.6) & (3.8), (3.11) becomes

2n+1
> glwE. enWlei. Z)U. §)

i=1
) - cr 1 B
— [ o + 2nalh — +a+b)t A +2na—b)

2n +1

+El{ar+ il ( —|—a+b)} S(Z.U) +a(l —a — b)S2(Z.U)
2n +1
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cr 1 2,- | T 2
+ 2n+a+b —2na”(a+b) —a”  nW(E,U)Z)

2n + 1
+[ o + 2na’b — cr +a+b br — 2ner 1+a+b
2n + 1 2n 2n+ 1\ 2n
+a{b (e R — ( +a+b>} g(Z,U). (3.12)
2n + 1
2n+1

Y g, eei, Z)U. £)
i=1

— [(2n+1){a2+2na215— d (1 +a+b)}+&r]n(W(€,U)Z)
2n +1

cr 1 5 5
i {2n +1 (2n a +b> — et —a }8(W(€i, Z)U, §)n(ei)

—bgW(Qei, Z)U, £)n(ei)
= |:2n {a2 + 2na’h — il ( : +a+ b)} +ar + 2noz2(l5 - &)] nW(E,U)Z)
2n +1
cr
2n +1

- 1 _
—2na’b [a2+2na b— (2 +a+ b)] g(Z,U) = 2naabS(Z,U)

cr
2n + 1

+2na’b [a2+2na2(a +b) — (% +a+ b)] n(Z)n(U) (3.13)

2n+1

Y gWeei, w(€, eNZ)U, £)
i=1

- cr 1 _ -
= 052—|—2n(352b—2n+1 <%+a+b> glei, Z)ynW(e;, §)U)

cr 1 _
P <2n +a+ b> —2na’a — o’ nW(e;i, e;)U)n(Z)

+aS(ei, ZynW(ei, §)U) — bnON(ei, QenU)n(Z)

cr 1 - )
= 1 2n—|—a—|—b —2na“b —a“ynW(E,U)Z)

+2na’a |:0t2 + 2na’(a + b) — (21 +a+ b)] n(Z)nU)

2n +1

(21;1 +a+ b) } S(Z,U) —aaS*(Z,U).(3.14)

cr
2n + 1

—a {a2 + 2nah —
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2n+1
Finally, Y sW(ei, D)w(§, U, §)
i=1
_ ’ 2 cr 1 . .
= {cx + 2na“b 2n—|—1<2 +a+b>}g(€z,U)77(W(€z,Z)f)

2n +1
+aS(e;, UynW(ei, 2)§)

cr 1 5 5
= 1 o +a+b)-2na*a —« nW(e;, Z)e;)n(U) (3.15)

+ { cr (21 +a+ b) — 2no’a — 042} nW(ei, Z)ei)n(U)

In view of (3.7), (3.15) reduces to

2n+1
Y gWiei, Z)w(E, e)U, £)

i=1

o (L iaih) - 2meta—o? [2 2(1 — a + 2nb)
= - Cl —znoa — o no —da n
2n +1 o

2ncr 1
+{ar— ( +a+b>}]n(U)n(Z). (3.16)

2n+1 \2n

By virtue of (3.12), (3.13), (3.14) & (3.16), we obtain from (3.4) that

2 27 EI" 1 7_
[ o + 2nalh — fa+b (1—b)+a a(l—|—2nb)}S(Z,U)
2n +1 2n

2n+1 \2n

cr 1 ash el 2—|—L
a —2na‘a — o
2n + 1 2n

—|—{a2—|—2na2(a—|—b) 5 Cil( —l—a-i—b)} X

{271{0(2 + 2na’b — 2;1 ; (21’1 ) } ar — Znazc_l} ]TI(U)U(Z)

- C 1
—I—[{a2+2na2b— > cj-l (2 +a—|—b) } br—2noz 4n2a2b}
n n

+alb |l Q II* —o’r —2na*rb} +a(l — b)S*(Z,U) = 0. (3.17)

2 1
—|—[{2na2(1—a+2nb)—|—ar— ner ( +a+b>}

Theorem 3.2. Let (M*"*!, ¢), n > 1 be an a-Sasakian manifold. Then for respective
pseudo symmetry type conditions, the Ricci tensor of the manifold M takes the respective

forms as follows:
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(bya=b=¢=0,

Curvgt}l e Expression for Ricci tensor

condition

RX.YV)-R=L{XAY)-R} [ g )
(bya=b=c=0 S = 2na? ’
&a=b=c=0) = 8-

R(X,Y)-C=L{(XAY)-C} For L # o,

f
= ()
2n )8

&a=b=c=0)

)
a=b=—g—&c=) | [ _on+ne|nen
R(X,Y)-C=L{(XAY) C) FmLfa%

Cya=b=zc=0 = (-

r

a= =—2n_1&c:0) —{%—(2n+1)a2}n®n-
RXV) E=LXAV)E}) [ po) ) o

(bya=b=c=0, S — 22

a=b=0&c=1) = neg.

R(X,Y) P = 5

L{X AY) - P) For L # a”,

(bya=b=¢=0, S=r2nozg

1 (— —2n—1 .

a=——&b=c=0) (2n " @

2n

RX,Y) -H = i

L{(XAY)-H} For L # a~,

bya=b=¢=0, r + 4na? r—2na?n +1)

1 S = i1 )8 y—— nen.
a=b=——&c=0) nt e
4n

EX,Y) R = r

L{(X NY) - R} For L # o — Mot 1)
(bya=5b=0,c=1, S = 2na’g.
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CU.I‘VE.l'[.u e Expression for Ricci tensor
condition
E(X,Y)-C= ForL;éozz——r ,
L{(X AY)-C} . 2n(2n + 1)
(bya=0=hbc=1 S:(——aﬁg
2n
a—b———i—-c—D {r(2+4)ﬂ ®
=b=—5 1= o n a“tn®mn.
E(X’Y)'CA: ForL;éozz——r ,
L{(X A Y)_- C} - 22n(2n + 1)
bya=0=b,c=1 S=(%—a>g
r
a 2n_l&c 0) o @n+Da”tn®n
EX,Y) - E= ) -
. For L e a——
H&XAY) - E) oL # o = )
(bya=0=bc=1 S = 2na’g.
a=b=0&c=1)
EX,Y) - P= 2 r
For L -,
LUX A Y) - P) oL T D)
(bya=0=bc=1 S = 2na’g

1
a=——,b=0&c=1)
2n

-{éi—mﬂn®n

E(X,Y)-H =
L{(X AY)-H}
bya=0=b,c=1

1
a=b=——%&c=1)
4n

For L # o® — ;,
2n(2n+1)

<r+4n2a2>

S=(—— )¢

4n + 1

r—2n2n + a? 2
An 4 1 e

C(X,Y)-R=
L{(XAY)-R}
_ 1

r 2

{E——Za——Qn—DL}S
n

= —a’ {2na2 +2n(2n — I)L} g

+a? {r—2na2}n®n+52
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Sg;é?:gg Expression for Ricci tensor
CX.Y)-C = {r—@n—Da*—2nQ2n — 1)L}S
’ n r
L{XAY)-C} =z - 2na® — (2n — DLY(r — 2na?)
(byc‘z=15=—2 ! 1,5:0, +ar2r— I O I*}1g +2nS>
7"~ [{— —a®— @2n— DL}{2na22n+ 1) — r}
a=b=— &c= 0) 2’21 2
2n — 1 -« (2n—|—1){r—2na }]77®77
A {r—@n—Da’>=2n2n — HL}S
C(X,Y)-C= s ) )
L(XAY)-C) = [{Z—Zna — 2n—-1DL}r —2na”)
(bya=b=— ! ,e=0, +0frzr— I Q I”}g + 2nS?
gn—1 [{— —a®— @n— DL}{2ne*2n + 1) — r}
a=b=———&c=1) 2’}” 2 )
2n — 1 —l—{%—a(Zn—i—l)}{r—Zna}]n@n
CX,Y)-E= 24 @Qn—1)L}S = —§>
X AT) E) H[r +2n +2n(2n — 1)L]g
(bya:b:_zn—l’c 0 +(2n—r){;—1 nen
&a=b=0,c=1) 2n(2n + 1)
C(X,Y)-P= {2L—2a2—(2n—1)L}S:
L{_(X N Y)i P} —arﬁ{2na2 +2n(2n—1)L}g
bya=b=-7—¢c=0 +{L—a2—(2n—1)L}x

2n -
{(2n+1)a2—%}n®n+52

T+ @ - DLJ@n+ D+ 2n

C(X,Y)-H= ; 4n
LIXAY)- H) _ [(4_ —|—n> {1+ @n—1L)
n
bya=b=— ,c=0 ro1 1
(by a =1 © b — 0 Pg—(1+-—)8
a=b=——&c=0) r 2n +1
n +({—— {1+Cn-1LIn®n
4n 2
P(X.Y) R= w1, o ]
LIX AY)-R) 2—L)S=a <———|—2na —2nL)g
1 - 2n 2n1
b _:——b:O’_:O r
(by a 5 ¢ —|—L(2——2na2—cx2)n®n+—52

&a=b=c=0)

n 2n

PX,Y) -C =
L{(XAY)-C)

1 -
(bya=—-——,b=0,c=0
2n1
a=b=— & c=0)
2n — 1

2n
(@ — L)(r —2na?)

1
+2—(a2r— Q1%
n
= rL —2no*(@® — L)2n + 1) }
- n®n

4n° + 1
<” + oe2—2nL>S=SZ

8

n (a2 _ ZL) @n + Da?
n
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1
a=——,b=0&c=0)
2n

CU.I‘VE.l'[.u e Expression for Ricci tensor
condition
4n” +1
P(X,Y)-C= ( ”2+ a2—2nL)S=52
L{(XAY)-C} " )
(Obtain N (a 1— L)(r — 2na”) .
by&:—ZL,B:O,E:O +Z(d27— Q1%
n r
| (- g o
a= =3 1&czl) + o n (@n + Da ®n
" («* — L) {r +2na*(2n + 1)}
a-—L: S
2n
P(X,Y)-E = =o? (== +2na* = 2nL) g
L{(X AY)-E) L .
1 - _ 2 _
(byc‘z:—%,bzo,ézo +2n <2na 2n+1>x
a=b=0&c=1) {2L—(2n+1)a2}n®r/
i
—5?
+2n
P(X,Y)-P = 2n—1 , L S—1S2
L{(Xl/\ Y)- P} m T =5,
(by&z——,E:O,E:O +a2<—L+2na2—2nL>g
2n 2n

)
+L {— —Qn+ 1)a2}n®n
2n

PX,Y) - H=
L{(XAY) -H}
1 -
(bya=——,b=0,c=0
2n

1
a=b=——&c=0)
4n

4dn + 1 1 1

2 2
— L{S=—1[1+—)S
{a 4n } 2n( +4n>

1 r
+in@ = Dot — 5 0 ——L} g+

4n
2 1
+L{L_Ma2}n®n

4n 2
H(X.Y)-R = {2n_1a2—L}S:
LIX AY)-R) an
by[z:l;:—i F_0 a2<—E+na2—2nL>g
4n’ (r 1 1,
&a=b=c=0) +a '\ —— < |n®n+—S

dn 2 4n
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Curvgt}l e Expression for Ricci tensor
condition
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Sg;é?:gg Expression for Ricci tensor
CX.Y) € = {r —(2n — Da* —2n(2n — 1L}S
’ R r
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Remark 3.3. For L = 0, the above theorem gives us the nature of the Ricci tensor of
the manifold M for respective semi-symmetry type conditions.
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