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Abstract
In this paper, we use the Walsh Hadamard transform (WHT) as a fundamental tool
for analysis of some properties of generalized ternary functions. Some existing
binary results obtained for cryptographic functions are generalized to the ternary
case, and hence obtain some new characterization of ternary functions based on
their spectral analysis. The WHT of ternary functions is expressed in terms of their
decomposition functions. Further, the cross-correlation ternary functions is analyzed in terms of their WHT.
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1.

Introduction

In the recent years, the Walsh-Hadamard transform (WHT) has been widely used in the
cryptographic research, specially in the design and characterization of cryptographically
significant functions. Several authors have made contributions toward the analysis of
properties of these functions. Xiao and Massey [15] have studied correlation immune
functions with the help of their WHT and analyze several properties of their WHT. Sarkar
and Maitra [7] have generalized these results to study m correlation immune functions.
The authors in [8, 14] have presented several important results for cryptographic functions
by using WHT. It has been observed that almost every cryptogrphic analysis can be
performed with the help of WHT of the functions.
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A Boolean function is a function from Fn2 to F2 . Several authors have proposed
several generalization of Boolean functions. The ring of integers modulo m is Zm . The
additive group Zm is isomorphic to Um = {1, ξ , . . . , ξ m−1 }, the multiplicative group of
complex mth roots of unity. Kumar et al. [5] have generalized the Boolean bent functions
by considering functions from Znm to Zm , where m ≥ 2 and n are positive integers.
Suppose Tn,3 is the set of all ternary functions. The Walsh-Hadamard transform of
f ∈ Tn,3 is defined as follows
Wg (u) =



ξ g(x)+<x,u> ,

x∈Zn3

where < x, u >= x1 u1 + x2 u2 + · · · + xn un in Zn3 .
A function g ∈ Tn,3 is ternary bent if |Wg (u)| = 1 for every u ∈ Zn3 . The Boolean
bent functions were introduced by Rothaus [6]. According to Rothaus [6], bent functions
can be constructed only for even number of variables. For more results on ternary
(generalized) bent functions we refer to [1, 2, 3, 4, 12]. The authors in [10] have studied
number of properties of such functions. They have introduced some new indicators to
investigate the cross-correlation properties of these generalized functions. Ternary bent
functions are widely applicable in many CDMA communications systems as well as in
several other wireless communications channels[9].
The derivative of g, h ∈ Tn,3 at c ∈ Zn3 is defined as Dg,h (c) = g(x) − h(x + c),
and for g = h, Dg (c) = g(x) − g(x + c) is called derivative of g at c ∈ Zn3 .
Let g, h ∈ Tn,3 . Then the sum
Cg,h (a) =



ξ g(x)−h(x+a) ,

x∈Zn3

is the cross-correlation between g and h for a ∈ Zn3 . Moreover, for g = h, the sum
Cg,g (a) = Cg (a) is called the autocorrelation of g at a.
In this paper, we have analyzed some properties of ternary functions with the help
of Walsh-Hadamard transform. Some existing binary results obtained for cryptographic
functions are generalized to the ternary case, and hence obtain some new characterization
of ternary functions based on their spectral analysis. The WHT of ternary functions is
expressed in terms of the WHT of their decomposition functions. Further, the crosscorrelation ternary functions is obtained in terms of their WHT.
The following Lemma 1.1 is an important property and extensively used in the paper.
Lemma 1.1. [10, Lemma 2.1] Let a ∈ Zn3 . Then

x∈Zn3


ξ

<a, x>

=

3n ,
0,

if a = 0,
otherwise .
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Main Results

In Theorem 2.1 and Theorem 2.3 below we generalize the results of Zhou et al. [14] to
the ternary functions.
Theorem 2.1. Let g, h ∈ Tn,3 , and L be a subspace of Zn3 with dim (L) = k. Then for
any b ∈ Zn3 , we have


Wg (a + b)Wh (a) = 3k
WDg,h (e) (b),
e∈L⊥

a∈L

where L⊥ is the dual of a subspace V , i.e., L⊥ = {u ∈ Zn3 : ∀v ∈ L, u · v = 0}.
Proof. By using Walsh-Hadamard transform, we obtain
⎞
⎞⎛
⎛




1
1
⎝
ξ g(u)+<a,u> ⎠ ⎝ n/2
ξ h(v)+<a+b,v> ⎠
Wg (a)Wg (a + b) =
n/2
3
3
n
n
a∈L

a∈L

=

v∈Z3

u∈Z3

1   g(u)+<a,u>−h(v)−<a+b,v>
ξ
3n
n
a∈L u,v∈Z3

=
where



1  g(u)−h(v)−<b,v>  <a,u−v>
,
ξ
ξ
3n
n
a∈L

u,v∈Z3

ξ <a,u−v> = 0 if and only if u − v ∈ L⊥ . Therefore, we have

a∈L

1  g(u)−h(v)−<b,v>  <a,u−v>
ξ
ξ
= 3k−n
3n
n
u,v∈Z3

a∈L

= 3k−n



ξ g(u)−h(v)−<b,v>

u,v∈Zn3 ,u−v∈L⊥





ξ g(u)−h(u−e)−<b,u−e>

u∈Zn3 e∈L⊥ ,v=u−e

= 3k−n



ξ <b,e>

e∈L⊥

= 3k−n




ξ <b,e>





ξ −g(u)+h(u−e)+<b,u>

u∈Zn3

ξ <b,e>

e∈L⊥

= 3k−n

ξ g(u)−h(u−e)−<b,u>

u∈Zn3

e∈L⊥

= 3k−n





ξ h(w)−g(w+e)+<b,w+e>

w∈Zn3

3n/2 WDh,g (e) (b)

e∈L⊥

=a

2k−n
2



WDh,g (e) (b).

e∈L⊥
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The following result holds for the case g = h.

Corollary 2.2. Let g, h ∈ Tn,3 and V be the subspace of Zn3 with dim(L) = k. Then


ξ <b,e> WDg (e) (0), ∀ b ∈ Zn3 .
|Wg (a + b)|2 = 3k
e∈L⊥

a∈L

Let M be a subspace of Zn3 with dim(M) = k. The constituent functions of g in M
is the sequence {gc : a ∈ L}, where L is a subspace such that Zn3 is the direct sum of M
and L, and ga is the function of k variables from M to Z3 , defined as gc (u) = g(c + u)
for any u ∈ M. The following result investigate WHT of g, h ∈ Tn,3 and the WHT of
the constituent functions of g and h with respect to a subspace L of Zn3 .
Theorem 2.3. Suppose M is a subspace of Zn3 with dim(M) = k, and {gc : c ∈ L} and
{hc : c ∈ L} are decomposition functions of g and h with respect to M. Then


Wg (a)Wh (a) = 3k
Wgc (0)Whc (0)
a∈M ⊥

c∈L

Proof. For any e ∈ Zn3 , we have



Cg,h (e) =

ξ g(w)−h(w+e)

w∈Zn3

=



ξ gc (u)−hc (u+e)

c∈L u∈M

=



ξ g(c+u)−h(c+u+e)

c∈L u∈M

From Theorem 2.1, for b = 0, we have


Wg (a)Wh (a) = 3k

a∈M ⊥


e∈M

= 3k
=3

e∈M



 
e∈M

k

Cg,h (e) = 3k

c∈L u∈M
g(c+u)



=3



c∈L u∈M

=3

k



⎛
⎝



⎞
ξ g(w)−h(w+e) ⎠

w∈Zn3



ξ g(c+u)−h(c+u+e)

ξ

c∈L u∈M

k





ξ −h(c+u+e)

e∈M

ξ

g(c+u)



ξ −h(c+v)

v∈M

Wgc (0)Whc (0).

c∈L
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The following result holds for the case g = h.
Corollary 2.4. Let M be a subspace of Zn3 of dimension k and suppose (gc : c ∈ L) be
the decomposition function of g with respect to M. Then

2k−n 
|Wgc (0)|2 .
|Wg (a)|2 = 3 2
a∈M ⊥

For any a ∈ Zn3 , we have
| Wg (a) |2 =

a∈L





ξ <c,a> Cg (c) =

ξ <−c,a> Cg (c).

c∈Zn3

a∈Zn3

In particular, if a = 0 then
| Wg (0) |2 =



Cg (c).

c∈Zn3

Theorem 2.5. Let g, h, k ∈ Tn,3 be such that k(u) = g(u) − h(u). Then
Wk (b) =



1
3n/2

Wg (a + b)Wh (a), ∀ b ∈ Zn3 .

a∈Zn3

Proof. For any b ∈ Zn3 , using Lemma 1.1, we have


Wg (a + b)Wh (a) =

a∈Zn3

1   g(u)+a+b,u  −h(b)−a,b
ξ
ξ
3n
n
n
n
a∈Z3 u∈Z3

=

y∈Z3

1  g(u)−h(b)+b,u  a,u−v
ξ
ξ
3n
n
n
u,v∈Z3

= 3n



a∈Z3

ξ g(u)−h(u)+b,u

u∈Zn3

= 3n



ξ k(u)+b,u

u∈Zn3

= 3n/2 Wk (b).
Hence the result.

3.



Conclusion

In this article, ternary functions are analysed with the help of their WHT. It is established
fact that cryptographic functions and their properties are closely dependent to the nature

6

D. Singh and A. Paul

of their WHT. The ternary functions are not much studied as compare to the Boolean
functions. This article presents an effort in this direction. The article contains generalization of some results from binary case and investigated based on their spectral analysis.
The WHT of ternary functions is expressed in terms of their decomposition functions.
The cross-correlation ternary functions is analyzed in terms of their WHT.
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