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Abstract
In this paper, a new mathematical framework of checking accuracy for built-in algorithms from mathematical software’s is developed and investigated. A residual
function derived from Duffing equation is investigated using Mathematica® software. Duffing equation is a second order nonlinear differential equation which its
analytical solution is non-existence. The residual function is investigated while
varying the working-precision. Built-in algorithms from Mathematica® software
investigated are Runge-Kutta (with different orders), Adams and Backward differential formula methods.
AMS subject classification: 74H15, 45G10, 65D32, 65G99.
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1.

Introduction

Nonlinear differential equations are investigated in dynamical systems and in other areas
of science.
In Mathematica® “NDSolve” is a built-in function for approximating solutions of
differential equations numerically. Built-in algorithms plays pivotal roles in assisting to
approximate the solutions to the differential equations numerically.
[7] investigated accuracy of computer algebra systems to initial value problem solvers
while applying differentiation to the governing equations. [6] used different methods
in Mathematica® for solving ordinary differential equations. [5] investigated how can
computer algebra system (CAS) be trusted.
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The aim to this paper is to investigate the residual function derived from Duffing
equation. The built-in algorithms from Mathematica® namely, explicit Runge-Kutta
(different orders) method, Adams method, Backward differential formula method and
“no-method” (i.e no built-in algorithm is specified) are used in this paper. All the graphical results are obtained on domain of 0 ≤ t ≤ 150.

2.

Duffing equation with residual function estimation

Let general form of Duffing equation with periodic excitation
dx
d 2 (x)
− kx(t) + (x(t))3 = F cos(ωt)
+ 2σ
2
dt
dt

(1)

with
σ : damping factor,
k : is stiffness,
 : coefficient of nonlinear term,
ω : frequency of excitation,
F : amplitude of excitation,
with σ , k, , ω, F being positive parameters and initial conditions x(0) = x0 and x  (0) =
x0 .
We can transform equation (1) into system of first order differential equations
dx
= y
x(0) = x0
dt
dy
= −2σ y(t) + kx(t) − (x(t))3 + F cos(ωt)
y(0) = y0
dt

(2)
(3)

Integrating equations (1) yields
y(t) − y0 + 2σ [x(t) − x0 ] +

t 


F
−kx(τ ) + (x(τ ))3 dτ = sin(ωt).
ω

(4)

0

Defining the residual function to be
res(t) = y(t) − y0 + 2σ [x(t) − x0 ] +

t 


F
−kx(τ ) + (x(τ ))3 dτ − sin(ωt). (5)
ω

0

3.

Numerical results and the residual function

Consider the Duffing equation
dx
d 2 (x)
+ 2σ
− kx(t) + (x(t))3 = F cos(ωt)
2
dt
dt

(6)
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with constants σ =
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15
3
, k = 1,  = 1, ω = 1, F =
and initial conditions x(0) = 1
200
10

and x  (0) = 0.
We can transform equation (6) into Cauchy form

dx
= y
x(0) = 1
dt
dy
y(0) = 0
= −2σ y(t) + kx(t) − (x(t))3 + F cos(ωt)
dt

(7)
(8)

Re-writing equation (6) into a integral equation by integrating once
3
[x(t) − 1] +
y(t) +
20

t 


3
sin(t)
−x(τ ) + (x(τ ))3 dτ =
10

(9)

0

The residual function for Duffing equation
3
3
+
res(t) = y(t) + x(t) −
20
20

t 


3
sin(t).
−x(τ ) + (x(τ ))3 dτ −
10

(10)

0

Mathematica® has a built-in function to evaluate definite integrals numerically. To evalt 

−x(τ ) + (x(τ ))3 dτ , the built-in function numerical
uate the definite integral term
0

integration together with Gauss quadrature rule algorithm are used. See appendix A for
the code on the definite integral term.

4.

Comparison of built-in algorithms using residual function

Table 1: The built-in algorithms are compared with default working-precision of 16
Accuracy monitoring
Algorithm
order
residual estimation
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Adams method
Backward differential formula method
No-method

6
7
8
9

10−7
10−6.5
10−5.5
10−4.5
10−6
10−6
10−6

84

Kekana M.C., Shatalov M.Y., Moshokoa S.P and Voges E.L

Table 2: The built-in algorithms are compared with increased working-precision of 32
double the default one
Accuracy monitoring
Algorithm
order
residual estimation
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Adams method
Backward differential formula
No-method

10−12
10−12
10−10
10−9
10−11
10−11.5
10−11

6
7
8
9

Table 3: The built-in algorithms are compared with increased working-precision of 48
three times the default one
Accuracy monitoring
Algorithm
order
residual estimation
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Explicit Runge-Kutta
Adams method
Backward differential formula method
No-method

6
7
8
9

10−11
10−11
10−11.5
10−12
10−12
10−10
10−12
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Graphical results for residual function

ExplicitRungeKutta order6

ExplicitRungeKutta order7

ExplicitRungeKutta order8

ExplicitRungeKutta order9

Adams method

Backward differential formula

Figure 1: Comparing different built-in algorithms on working-precision of 16
Using a working-precision of 16 the sub-figures 1(a) to 1(f) are plotted from equation (10). Increasing the differenceorder of the explicit Runge-Kutta method does not automatically translate in getting better accuracy for the solution
with the residual function as observed in Table 1. If no-name is specified, Adam’s method is used and represented by
sub-figure 1(e). The explicit Runge-Kutta method order of 6 gives the best approximation for the numerical solution
with the residual function of order 10−7 .
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ExplicitRungeKutta order6

ExplicitRungeKutta order7

ExplicitRungeKutta order8

ExplicitRungeKutta order9

Adams method

Backward differential formula

Figure 2: Comparing different built-in algorithms on working-precision of 32
The sub-figures 2(a) to 2(f) are plotted from equation (10) with a working-precision of 32. Accuracy is lost by changing
the order of the explicit Runge-Kutta from 6 to 9. If no-name is specified, Adam’s method is used and represent by
sub-figure 2(e). The explicit Runge-Kutta methods of order 6 and order 7 gives best approximation for the numerical
solutions of residual function of order 10−12
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ExplicitRungeKutta order6

ExplicitRungeKutta order7

ExplicitRungeKutta order8

ExplicitRungeKutta order9

Adams method
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Backward differential formula

Figure 3: Comparing different built-in algorithms on working-precision of 48
The sub-figures 3(a) to 3(f) are plotted from equation (10) which is solved numerically with a working-precision of 48.
Contrary to a working-precision of 16 and a working-precision of 32, one order of magnitude of the residual function is
gained changing from the explicit Runge-Kutta order 6 to the explicit Runge-Kutta order 9 using a working-precision
of 48 see, table 3. If no-name is specified, Adam’s method is used and represent by sub-figure 3(e). The explicit
Runge-Kutta method order 9 and Adams method gives the best approximation for the solution with the residual
function of order 10−12 .
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Summary

In this paper, we compared six build-in algorithms from Mathematica® software using
the residual function derived from Duffing Equation. On a working-precision of 16
and a working-precision of 32, increasing the order of explicit Runge-Kutta method
does not increase the accuracy to the residual function. Applying a working-precision
of 48 one order of magnitude is gained by changing from explicit Runge-Kutta order
6 to explicit Runge-Kutta order 9. Adams method is default method when there is no
method specified. The main results reveals that the higher a working-precision, the
better accuracy for defined residual function. A mathematical framework that we have
developed to check the accuracy of built-in algorithms can be expanded to the built-in
algorithms in other mathematical packages like Maple® , MatLab® and Mathcad® . See
appendix A for the Mathematica® code used to plot all the graphs from the defined
residual function.
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APPENDIX A

WORKPRECISION = 48
δ = 15/200; k = 1;  = 1; F = 3/10; ω = 1;
x0 = 1;
xp = 0;
sol1 = NDSolve[{x”[t] + 2δ ∗ x  [t] − k ∗ x[t] +  ∗ (x[t])∧ 3==F ∗ Cos[ω ∗ t],
x[0] == x0, x  [0] == xp}, x, {t, 0, 100}, WorkingPrecision → 48,
Method → “Adams”, MaxSteps → Infinity];
Plot[{x[t]/.sol1, x [t]/.sol1}, {t, 0, 100}, PlotLegends → “Expressions”,
AxesLabel → {t, x}];
p[t_?NumericQ]:=NIntegrate[−k ∗ (x[tt]/.sol1) +  ∗ (x[tt]/.sol1)∧ 3,
{tt, 0, t}, Method->“GaussKronrodRule”, AccuracyGoal → 100,
WorkingPrecision → 48];
myfi[t_]:=FunctionInterpolation[p[t], {t, 0, 100}, InterpolationOrder → 100]
res[t_]:=(x  [t] − xp) + 2δ ∗ (x[t] − x0) + p[t] − (F /ω) ∗ Sin[ω ∗ t];
Plot[Evaluate[RealExponent[res[t]/.sol1]], {t, 0, 150},
PlotStyle → {GrayLevel[0], RGBColor[2, 0, 0]}, PlotPoints → 10];
WORKPRECISION = 32
sol1 = NDSolve[{x”[t] + 2δ ∗ x [t] − k ∗ x[t] +  ∗ (x[t])∧3==F ∗ Cos[ω ∗ t],
x[0] == x0, x  [0] == xp}, x, {t, 0, 100}, WorkingPrecision → 32,
Method → “Adams”, MaxSteps → Infinity];
Plot[{x[t]/.sol1, x  [t]/.sol1}, {t, 0, 100}, PlotLegends → “Expressions”,
AxesLabel → {t, x}];
p[t_?NumericQ]:=NIntegrate[−k ∗ (x[tt]/.sol1) +  ∗ (x[tt]/.sol1)∧ 3,
{tt, 0, t}, Method->“GaussKronrodRule”, AccuracyGoal → 100,
WorkingPrecision → 32];
myfi[t_]:=FunctionInterpolation[p[t], {t, 0, 100}, InterpolationOrder → 100]
res[t_]:=(x [t] − xp) + 2δ ∗ (x[t] − x0) + p[t] − (F /ω) ∗ Sin[ω ∗ t];
Plot[Evaluate[RealExponent[res[t]/.sol1]], {t, 0, 150},
PlotStyle → {GrayLevel[0], RGBColor[2, 0, 0]}, PlotPoints → 10];
WORKPRECISION = 16
sol1 = NDSolve[{x”[t] + 2δ ∗ x  [t] − k ∗ x[t] +  ∗ (x[t])∧ 3==F ∗ Cos[ω ∗ t],
x[0] == x0, x  [0] == xp}, x, {t, 0, 100}, WorkingPrecision → 16,
Method → “Adams”, MaxSteps → Infinity];
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Plot[{x[t]/.sol1, x  [t]/.sol1}, {t, 0, 100}, PlotLegends → “Expressions”,
AxesLabel → {t, x}];
p[t_?NumericQ]:=NIntegrate[−k ∗ (x[tt]/.sol1) +  ∗ (x[tt]/.sol1)∧ 3,
{tt, 0, t}, Method->“GaussKronrodRule”, AccuracyGoal → 100,
WorkingPrecision → 16];
myfi[t_]:=FunctionInterpolation[p[t], {t, 0, 100}, InterpolationOrder → 100]
res[t_]:=(x  [t] − xp) + 2δ ∗ (x[t] − x0) + p[t] − (F /ω) ∗ Sin[ω ∗ t];
Plot[Evaluate[RealExponent[res[t]/.sol1]], {t, 0, 150},
PlotStyle → {GrayLevel[0], RGBColor[2, 0, 0]}, PlotPoints → 10];

