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Abstract 

L(3m)- labeling of a graph G is an assignment of non- negative integers 

namely the set of integers 3z*= {0, 3, 6, 9,…,𝜆∗} to the vertices of G with the 

same distance conditions of the L(3, 2, 1)- labeling of graphs. It therefore, 

considers as a special case of the 𝐿(3,2,1)- labeling of a graph 𝐺 = (𝑉, 𝐸)  

which is an assignment of non- negative integers {0, 1,2, … … … … . , 𝜆} to the 

set of vertices of G such that for any two vertices x and y, we have |𝑓(𝑥) −
𝑓(𝑦)| ≥ 3 if 𝑑(𝑥, 𝑦) = 1, |𝑓(𝑥) − 𝑓(𝑦)| ≥ 2 if 𝑑(𝑥, 𝑦) = 2 and |𝑓(𝑥) −
𝑓(𝑦)| ≥ 1  if 𝑑(𝑥, 𝑦) = 3, where 𝑑(𝑥, 𝑦) represents the minimum number of 

edges along the path from x to y. In this article, 𝐿(3𝑚)- labeling on 

permutation graphs is defined with an upper bound of 𝐿(3𝑚)- labeling 

number denoted by 𝜆∗
3,2,1(𝐺) equals 3(n-1), where n is the number of vertices 

of G. Also an  algorithm to 𝐿(3𝑚)- labeling of the permutation graph has 

𝑂(𝑛2) time complexity is designed. The upper bound for 𝜆∗
3,2,1(𝐺) if G is a 

complete permutation graph is 3∆, where ∆ is the maximum degree of the 

vertices of G. 

Keywords: Frequency assignment problem, 𝐿(3,2,1)- labeling, L(3𝑚)- 

labeling, permutation graphs, complete permutation graphs. 

 

1. INTRODUCTION 

In radio frequency assignment problem, an assignment of radio frequency to 

transmitters is defined to avoid interference; the frequency assignment problem was 

formulated as vertex coloring problem on graph by Hale [1]. Roberts [1988] proposed 

a variation of the frequency assignment problem in which “closed” transmitters must 

receive different frequencies and “very closed” transmitters must receive frequencies 

that differ by at least two. To translate this problem into the language of graph, 

vertices represent the corresponding transmitters and an edge represents the possible 

interference, and two vertices are said to be closed if they are of distance two from 

each other and very closed if they are of distance one i. e adjacent. 𝐿(0,1) on 

permutation graph was studied in the past and different bounds on 𝜆0,1 was obtained 
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for various types of graphs. The upper bound of 𝜆0,1 for general graph G is ∆2 − ∆ 

[2]. Bodlaender et al, proved that 𝐿(0,1) labeling number of a permutation graph not 

exceed 2∆ − 2. In [3], 𝐿(0,1)- labeling of permutation graph was defined with 

𝜆0,1(𝐺) ≤ ∆ − 1 where ∆ is the maximum degree of the vertices of G and the same 

result was obtained for the bipartite permutation graph,  𝐿(3,2,1)- labeling on 

permutation graph was studied [4], with 𝜆3,2,1(𝐺) ≤ 11∆ − 8 if ∆≤ 5 and 𝜆3,2,1(𝐺) ≤
13∆ − 18 if ∆> 5. 

In this paper, for permutation graphs G, it is shown that the upper bound for 

 𝐿(3𝑚)- labeling is 3(n-1), where n is number of vertices of G. Also an algorithm is 

designed to label the permutation graph by maintaining 𝐿(3,2,1)- labeling conditions. 

The time complexity of the algorithm is 𝑂(𝑛2), where n is the number of vertices of 

G. 

This paper is organized as follows, in section 2 some preliminaries are discussed, in 

section 3 an algorithm to 𝐿(3𝑚)- labeling of permutation graph is presented with 

theorems and lemma related to it. 

 

2. PRELIMINARIES AND NOTATIONS 

The graphs presented in this paper are simple graphs which means, there are no loops 

or multiple edges. Let 𝐺 = (𝑉, 𝐸) be a graph with vertex set 𝑉(𝐺) and edge set 𝐸(𝐺), 

the shortest distance between any two vertices of G is the minimum number of edges 

along the path joining the particular vertices and denoted by 𝑑(𝑥, 𝑦). The first 

neighborhood vertex set of a vertex v1 or simply the neighborhood of v1, denoted 

𝑁1(𝑣1) = {𝑣2 ∈ 𝑉(𝐺)ǀ(𝑣1, 𝑣2) ∈ 𝐸}. Similarly, the second neighborhood of v1 (2-nbd 

set of vertices) is defined as 𝑁2(𝑣1) = {𝑣2ǀ 𝑑(𝑣1, 𝑣2) = 2}. 𝑁(𝑣3) is defined 

similarly. The maximum degree of G is the maximum degree of all the vertices of G, 

denoted ∆(𝐺) or simply∆. 

A graph 𝐺 = (𝑉, 𝐸) with a vertex set 𝑉(𝐺) = {𝑣1, 𝑣2, … … … … … … . , 𝑣𝑛 } is called a 

permutation graph if there exist a permutation 𝜋 on the set of vertices such that 

(𝑣𝑖, 𝑣𝑗) is an edge of E if and only if (𝑖 − 𝑗)(𝜋𝑖
−1 − 𝜋𝑗

−1) < 0, where 𝜋𝑖
−1 is the 

position of 𝑖 in the permutation 𝜋. The permutation graph belongs to the family of 

graphs known as intersection graph, and can be visualized by its matching diagram or 

permutation diagram, where there are two horizontal lines 𝐿1 and 𝐿2 called the top 

and bottom line, respectively. Line 𝐿1 contains the numbers from 1 to n and line 𝐿2 

contains the permutation of these numbers, where n is the number of vertices of G. 

 

2.1 Example 

Consider a permutation graph G with set of vertices 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} and 

permutation 𝜋 = {𝑣2, 𝑣5, 𝑣1, 𝑣6, 𝑣4, 𝑣3}, the permutation diagram and its 

corresponding permutation graph are shown in figure 1. 
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Fig. 1: A permutation diagram and its permutation graph. 

 

2.2 Notations 

The notations used throughout this paper, are: 

1- 𝑠𝑖 = { 𝑗 ∈ 𝑉(𝐺): 𝑑(𝑖, 𝑗) = 3}, for example 𝑠1 = {𝑣6}, 𝑠2 = {𝑣3, 𝑣4}, 𝑠3 =
{𝑣2}, 𝑠4 = {𝑣2}, 𝑠5 = ∅, 𝑠6 = {𝑣1}. 

2- 𝑠𝑖
∗ = 𝑠𝑖  ∪ {𝑖}, for example𝑠1

∗ = {𝑣1, 𝑣6}, 𝑠2
∗ = {𝑣2, 𝑣3, 𝑣4}, 𝑠3

∗ = {𝑣2, 𝑣3}, 𝑠4
∗ =

{𝑣4, 𝑣2}, 𝑠5
∗ = {𝑣5}, 𝑠6

∗ = {𝑣1, 𝑣6}. 

3- 𝑠𝑖
∗∗ = 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑢𝑛𝑙𝑎𝑏𝑒𝑙𝑒𝑑 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑜𝑓 𝑠𝑖

∗. 

 

3.  L(3𝒎)- Algorithm 

Input permutation graph with permutation 𝜋. 

Output 𝑓𝑖 , 𝑖 = 1,2, … … . . , 𝑛, the L(3,2,1)- labeling of G. 

Initialization  𝑖 = 1, 𝑓1 = 1, 𝑘 = 1. 

Step 1: For 𝑖 = 1  𝑡𝑜 𝑛           𝑑𝑜  

           Compute 𝑠𝑖 , 𝑠𝑖
∗ ,𝑠𝑖

∗∗, let 𝑠𝑖
∗ = {𝑣1, 𝑣2, … … … , 𝑣𝑗} 

Step 2: If 𝑠𝑖
∗∗ = ∅ set 𝑖 = 𝑖 + 1. 

Step 3: For 𝑗 = 1 𝑡𝑜 𝑚    𝑑𝑜 

             𝑓𝑗 = max[ max 𝑓[𝑁1(𝑣𝑖)] , max 𝑓[𝑁2(𝑣𝑖)], max 𝑓[𝑁3(𝑣𝑖)]] + 3; 

             𝑘 ≔ 𝑘 + |𝑠𝑖
∗∗|. 

Step 4: If 𝑘 = 𝑛   then   end 𝐿(3𝑚). 

 

3.1 Illustration of the algorithm 

Consider the permutation graph of figure 1, we have i=1 and label vertex 𝑣𝑖 by zero 

and k=1. 
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𝑠1 = {𝑣6}, 𝑠1
∗ = {𝑣6, 𝑣1}, 𝑠1

∗∗ = {𝑣6}, 𝑓6

= max[ max[𝑓(𝑁1(𝑣6))] , max[𝑓(𝑁2(𝑣6))] , max[𝑓(𝑁3(𝑣6))]] + 3

= 3, 𝑘 = 1 + 1 = 2 < 𝑛 = 6. 

𝑖 = 2, 𝑠2 = {𝑣3, 𝑣4}, 𝑠2
∗ = {𝑣3, 𝑣4, 𝑣2}, 𝑠2

∗∗ = {𝑣2, 𝑣3, 𝑣4}, 
 𝑓

2
= max [max[𝑓(𝑁1(𝑣2))] , max[𝑓(𝑁2(𝑣2))], max[𝑓(𝑁3(𝑣2))]] + 3

= 0 + 3 = 3,  

                        𝑓3 = max [max[𝑓(𝑁1(𝑣3))] , max[𝑓(𝑁2(𝑣3))], max[𝑓(𝑁3(𝑣3))]] + 3

= 3 + 3 = 6, 

                       
 
𝑓

4

= max [max[𝑓(𝑁1(𝑣4))], max[𝑓(𝑁2(𝑣4))], max[𝑓(𝑁3(𝑣4))]] + 3

= 6 + 3 = 9 

𝑘 = 2 + 3 = 5 < 𝑛 

𝑖 = 3, 𝑠3 = {𝑣2}, 𝑠3
∗ = {𝑣2, 𝑣3}, 𝑠3

∗∗ = ∅. 

𝑖 = 4, 𝑠4 = {𝑣1}, 𝑠4
∗ = {𝑣1, 𝑣4}, 𝑠4

∗∗ = ∅. 

𝑖 = 5, 𝑠5 = ∅, 𝑠5
∗ = {𝑣5}, 𝑠5

∗∗ = {𝑣5}, 𝑓5

= max [max[𝑓(𝑁1(𝑣5))], max[𝑓(𝑁2(𝑣5))], max [𝑓(𝑁3(𝑣5))]] + 3

= 9 + 3 = 12. 

𝑘 = 5 + 1 = 6 (= 𝑛) 

End algorithm. 

 

3.2 Theorem 1 

The time complexity for 𝐿(3𝑚) algorithm for labeling the permutation graph G is 

𝑂(𝑛2). 

This algorithm determines the set 𝑠𝑖
∗∗ for each value of I from 1 to n, and for each 

value of 𝑠𝑖
∗∗ which in the worst case have (n-1) elements, if statement is determined 

𝑂(𝑛 − 1) –simply 𝑂(𝑛)- times. Thus the algorithm takes 𝑂(𝑛2) time to L(3𝑚) 

labeling of G. 

 

3.3 Theorem 2 

Algorithm L(3m) for permutation graph correctly label the permutation graph and 

satisfy the L(3, 2, 1) distance conditions. 

Proof: 

Let G= (V, E) be a permutation graph and 𝑓1= 0 where 𝑓1 is the label for vertex 1. 

Since the algorithm determines the value of 𝑠𝑖, for i= 1, 2, 3, . . . . , n where 𝑠𝑖 is the 

set of vertices at distance 3 from vertex i and at the same time the algorithm label the 
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vertices of 𝑠𝑖
∗∗ by the value 𝑓𝑗 = max[ max 𝑓[𝑁1(𝐺)] , max 𝑓[𝑁2(𝐺)], max 𝑓[𝑁3(𝐺)]] + 3 

which satisfy distance 3 condition  and distance 2 and 1 conditions, so the L(3m) label 

the permutation graph correctly. 

 

3.4 Theorem 3 

For a permutation graph G, the upper bound for L(3m)- labeling number is 3(n-1). 

Proof: 

Let G= (V, E) be a permutation graph labeled with L(3m) algorithm. In the worst 

case, there are (n-2) vertices at distance 3 from vertex i, with maximum label 3(n-2). 

Thus the label for any vertex adjacent to these vertices is 3(n-2)+3= 3(n-1) which 

proof the theorem.  

3.5 complete permutation graph 

A graph 𝐺 = (𝑉, 𝐸) is called a complete graph if every vertex in 𝑉(𝐺) is connected 

with every other vertex in 𝑉(𝐺). A complete permutation graph is a permutation 

graph with every vertex adjacent with the remaining  vertices. For example, consider 

the permutation diagram and its corresponding complete permutation graph as shown 

in figure 2: 

 

 

 

Fig. 2: The permutation diagram and its corresponding complete permutation graph, 

 

3.6 Lemma 

The upper bound of 𝐿(3𝑚)- labeling number of the complete permutation graph is 

3∆. 

Proof: 

Since the complete graph with n vertices has maximum degree (n-1) and  the L(3m)-  

algorithm label the permutation graph with𝜆∗
3,2,1 ≤ 3(𝑛 − 1), 𝜆3,2,1 ≤ 3∆ for the 

complete permutation graph. 
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