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Abstract
Human immunodeficiency virus abolishes the body’s immune system, damages
body organs, and causes death. HIV destroys the immune system by infecting
and killing the CD4+ T cells which are known as helper T cells. In this
paper, the HIV infection of CD4+ T cells considering the combined effect of
nonlinear saturated incidence rate and constant cytokine effect has been studied.
A compartmental model through saturated infection rate, cure rate and constant
cytokine effect has been proposed. The basic reproduction number has been
computed through the next generation matrix method. By using the Jacobin
matrix and Ruth- Hurtz criteria, it has been shown that, if the basic reproduction
number R0 < 1, the virus-free equilibrium is locally asymptotically stable
and if the basic reproduction number R0 > 1, the endemic equilibrium is
locally asymptotically stable. The global stability of virus-free equilibrium is
shown using the Lyapunov method. In addition, the global stability of endemic
equilibrium points are shown through the additive compound matrix method.
Numerical simulations are presented to illustrate the results. From the study,
it is explored that cytokine has an impact on the dynamics of HIV infection of
CD4+ T cells.
Keywords: Human Immune deficiency Virus, Acquired Immune Deficiency
Syndrome, cytokines effect, basic reproduction number, Stability analysis.
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INTRODUCTION

Acquired Immunodeficiency Syndrome (AIDS) is triggered by a virus which is known
as Human Immunodeficiency Virus (HIV). From the last three decades, it has been a
major challenge throughout the world to overcome HIV. The devastating impact of HIV
infections mostly affected people of Sub-Saharan Africa. In the early 1980s, around
36 million people are infected and 25 million people are died due to the cause of
HIV/AIDS [1]. It is one of the major public health concerns because of the extreme
mortality rate of the virus. HIV models are studied by several authors which can be
categorically classified into population-level-models and within-host-models [2–10].
Many researchers studied and tried to analyze the mechanism of the virus [11–14].
Viruses do not have the capability to replicate independently and it depends on a host
for the aid of reproduction. Viruses usually copies of their DNA and put this into the
DNA of the host cells [15]. Therefore, the host cell is infected when it is in contact with
the virus, and when the infected host cell is enthused to replicate, it replicates copies of
the virus. Since CD4+ T cells play a key role in the human body’s immune system, the
destruction of these cells is the main cause of the devastating impact of HIV. When HIV
infects the body of a person, its main goal is to infect the CD4+ T-cells. The reason is
that CD4+ T-cells have a protein on its surface which has a high affinity to the protein
on the surface of HIV [15]. The virus then reproduces within the host cells which surge
releasing more mature virions. Hence, the main attributes of HIV contagion comprise
the demolition of helper CD4+ T cells and the consequence is the dropping of immune
capability. HIV virions in specific dwindle the cell function by damaging the helper
T cells which constructing a robust immune response [16]. The reduction of healthy
CD4+ T-cells outcomes in an enfeebled immune system [17]. During the primary stage
of HIV infection, viral load and immune response are in stabilizing positions, however,
if not treated or controlled properly, after a few years the HIV infection patient progress
into AIDS.
In the arena of epidemiology, researchers have developed models to analyze the
dynamics of HIV infection. These models have delivered vital perceptions about the
behavior of HIV infection and the strategy of controlling the development of AIDS.
Until today, mathematical modeling has become an essential technique in understanding
the dynamics of HIV and in decision-making processes for monitoring and treatment
of the virus in many countries. Ngina et al. [12] investigated in-host model. The results
from the study recognized the importance of the CD8+ T-cells in controlling HIV viral
progression. Aruda et al. [18] proposed a model for HIV infection with the inclusion of
the CD8+ T-cells. Hattaf and Yousfi [19] studied an in vivo HIV model. However,
the model only comprised of the CD4+ T-cells and the virus which is omitted the
infected CD4+ T-cells. Ngina et al. [16] explored the in vivo dynamics of HIV infection
considering wild type and resistance type healthy CD4+ T-cells, and T lymphocyte
cells. It has been observed that during the initial stage of HIV infection virus replication
is higher [12, 16].
However, literature that is discussed above mostly considered the bilinear transmission
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of infections between healthy and infected cells of CD4+ T-cells. In reality, the
saturated incidence rate of transmission is more appropriate rather than by linear
transmission, as the initial stage of HIV infection, virus replications rate is higher and
after that transmission is being saturated and lasting long time in HIV patient. This
might be due to the prevention measuring by HIV patients or overcrowding of infected
CD4+ T cells. There is some existing literature on HIV dynamics considering the
saturated incidence rate of transmission. Perelson and Nelson [8] studied HIV infection
considering a saturated linear incidence rate. Ogunlaran and Oukouomi Noutchie [20]
studied effective management of HIV infection considering nonlinear incidence rate and
two control parameters. Zhou et al. [15] proposed a model of HIV infection with a cure
rate as they considered the loss of the infected cell is the cause of death or via cure. In
the study, they also considered the proliferation of cells. Wang et al. [21] analyzed
the modeling of slow CD4+ T cells decline in HIV infected individuals through a
simulation using statistical techniques. They did not find the mathematical stability
analysis and the dynamics of HIV based on the basic reproduction number. Doitsh et
al. [22, 23] considered the mechanism of HIV infection and explored that when a virus
enters a CD4+ T cell which is non-permissive to viral infection, the caspase-1 pathway
is generated to induce pyroptosis, which can secrete inflammatory cytokines. These
cytokines entice more CD4+ T cells subsequent to enhance more cell infection and cell
death. Therefore, cytokine also plays a great role in the acceleration of uninfected CD4+
T cells to be infected, and it is needed to be considered with the transmission coefficient
in the mathematical model. Therefore, the goal of this study is that propose a new
mathematical model considering the combined effects of nonlinear saturated incidence
rate, constant cytokine effect, and cure rate and explore the dynamics of HIV infection
of CD4+ T cells.
2.

MODEL DESCRIPTION

For the formulation of HIV infection of CD4+ T cells model, we have considered here
mainly three compartments, the concentration of healthy that is the uninfected CD4+
T cells (T ), infected CD4+T cells (I), and the viral load of virions (V ). When the
uninfected CD4+ T cells interact with the virus, it becomes infected. Here the rate of
c)
. We have considered the saturated incidence rate instead of
infection is given by β(1+δ
1+α1 V
the bilinear incidence rate of infection. Because saturated incidence rate of transmission
is more appropriate rather than by linear transmission. Here the saturated incidence rate
factor is (1 + α1 V ). This happened due to the protection measuring by HIV patients
or overcrowding of infected CD4+T cells. Besides, we have considered the constant
rate of cytokine effect, as it enhances more T cells to be infected, and the cure rate as
well. Thereafter, uninfected T cells become infected when these meet with the virus. A
portion of infected T cells is also cured either by body immunity or drug. Based on the
above-mentioned assumptions, the following system of nonlinear differential equations
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is developed to describe the model.

dT
β(1 + δc )
=λ−
T V + ηI − d1 T
dt
1 + α1 V
dI
β(1 + δc )
=
T V − ηI − d2 I
dt
1 + α1 V
dV
= α 2 I − d3 V
dt

(2.1)

Table-1 describes the parameters of the model (2.1).
Table 1: List of parameters
Parameter
β
δc
λ
α1
α2
η
d1
d2
d3

Description
The rate of infection of CD4+T cell by virus
The constant rate of cytokine effect which attract more uninfected
CD4+T cells and make it infected
The rate at which new T cells are created from sources
The saturation factor
The average rate of virus production by per infected CD4+ T cell
The cure rate
The death rate of the healthy T cell
The death rate of the infected CD4+T cell
The death rate of the virus cell

In the next section we will discuss about the equilibrium points and the basic
reproduction number of the proposed model.
3.

MATHEMATICAL STABILITY

In this section the equilibrium points of the model (2.1) have been presented and the
basic reproduction number will be introduced. Equilibrium points are calculated from
the set of equations in which the variables do not change with time. To find the
equilibrium points of the proposed model, we set dT
= dI
= dV
= 0 in (2.1). Which
dt
dt
dt
implies,
β(1 + δc )
T V + ηI − d1 T = 0
1 + α1 V
β(1 + δc )
T V − ηI − d2 I = 0
1 + α1 V
α2 I − d3 V = 0
λ−

(3.2)

The system of equations (3.2) will be used to find the disease free and endemic
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equilibrium points.
3.1.

Disease Free Equilibrium Point

The disease free equilibrium (DFE) exist in the case of absence of disease among the
populations. Using I = 0, and V = 0 in (3.2),
free equilibrium point of the
 the virus

model (2.1) is found to be E 0 (T 0 , I 0 , V 0 ) = dλ1 , 0, 0 .
3.2.

Basic Reproduction Number

The basic reproduction number is a dimensionless number and an important threshold
quantity in every infectious disease. It is defined as the expected number of secondary
cases produced by a single infection case into a complete susceptible population [24].
To find out the basic reproduction number of the model (2.1), the method of next
generation matrix is used. This method is introduced by Dirkmann et al [25], which
is generally used in such cases where the population is divided into discrete and
disjoint classes. In next generation matrix method, the basic reproduction number
(R0 ) is defined as the spectral radius or dominant eigenvalue of the next generation
operator [24]. According to this method it is necessary to identify the infection classes
of the model. For the model (2.1), there are two infection class which are,
β(1 + δc )
dI
=
T V − ηI − d2 I
dt
1 + α1 V
dV
= α 2 I − d3 V
dt

(3.3)

Using the method of next generation matrix (the details calculation of the method is
omitted here and refer [26] to the interested reader), the basic reproduction number is
found to be,
λβα2 (1 + δc )
R0 =
(3.4)
d1 d3 (η + d2 )
The basic reproduction number is a very useful quantity to determine the status of an
uninfected and infected and CD4+ T-cells. In the next section we are going to discuss
about the stability analysis of our proposed model.
3.3.

Endemic Equilibrium point

When the viruses are present among the population, the endemic equilibrium points
(EEP) are found. For this case the infection compartments are nonzero. There may be
several critical points present in this case. Denoting the endemic equilibrium point by
E ∗ (T ∗ , I ∗ , V ∗ ), where T ∗ , I ∗ , and V ∗ are the positive solutions of the system (3.2) and
using nonzero infection class in the system (3.2), the following endemic equilibrium
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points are found.
(d2 + η)(d2 d3 + α1 α2 λ)
−d1 d2 d3 − d1 d3 η + α2 βλ + α2 βδc λ
, I∗ =
,
α2 (d1 d2 α1 + d2 β(1 + δc ) + d1 α1 η)
α2 (d1 d2 α1 + d2 β(1 + δc ) + d1 α1 η)
−d1 d2 d3 − d1 d3 η + α2 βλ + α2 βδc λ
V∗ =
d3 (d1 d2 α1 + d2 β(1 + δc ) + d1 α1 η)

T∗ =

Here in the above expressions it is observed that T ∗ is positive since the parameters of
the model are non negative. I ∗ and V ∗ are positive if,
α2 βλ + α2 βδc λ − d1 d2 d3 − d1 d3 η > 0
=>d1 d3 (η + d2 ) [R0 − 1] > 0

(3.5)

This condition is true for R0 > 1. Thus, it is concluded that the system (2.1) has a
unique positive endemic equilibrium if R0 > 1. In the next section we are going to
discuss about the stability analysis of the proposed model.
3.4.
3.4.1.

Stability Analysis
Local Stability Analysis

The local stability analysis of the model (2.1) has been discussed in this section. From
the system of equation (2.1), the Jacobian matrix of our proposed model is,


c)
V − d1
− β(1+δ
1+α1 V

η

β(1+δc )
− (1+α
2T
1V )





β(1+δc )
V
1+α1 V

−η − d2
α2

β(1+δc )
T
(1+α1 V )2





J =


0

(3.6)

−d3

Lemma 3.1. The disease free equilibrium E 0 is locally asymptotically stable if R0 < 1.
Proof. For the disease free equilibrium point, the Jacobian matrix (3.6) is
−d1
η
−β(1 + δc )T 0

J0 = 
 0
−η − d2 β(1 + δc )T 0 
0
α2
−d3




(3.7)

One of the eigenvalues of (3.7) is −d1 , which is negative and the others are found by
the equation:
Λ2 + (η + d2 + d3 )Λ + (η + d2 )d3 − α2 β(1 + δc )T0 = 0
(3.8)
√
−(η+d2 +d3 )± (η+d2 +d3 )2 −4((η+d2 )d3 −α2 β(1+δc )T0 )
The roots of (3.8) are Λ =
and the real
2
part of the roots are negative if (η + d2 )d3 − α2 β(1 + δc )T0 > 0, which implies R0 < 1.
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Thus, in case of DFE, the the real part of the roots of characteristic polynomial are
negative if R0 < 1 and consequently the DFE is locally asymptotically stable [27]. This
concludes for R0 < 1, the disease free equilibrium is locally asymptotically stable.
Lemma 3.2. The positive endemic equilibrium E ∗ of the model is locally asymptotically
stable if R0 > 1 and α1 > 0.
Proof. For endemic point the Jacobian (3.6) is


β(1+δc ) ∗
− 1+α
− d1
∗V
1V

η

β(1+δc )
∗
− (1+α
∗ 2T
1V )



β(1+δc ) ∗
V
1+α1 V ∗

−η − d2
α2

β(1+δc )
T∗
(1+α1 V ∗ )2





J∗ = 



0

(3.9)

−d3

The characteristic equation of the matrix (3.9) is: Λ3 + a1 Λ2 + a2 Λ + a3 = 0
∗
c )V
where, a1 = η + d2 + d3 + β(1+δ
+ d1
∗
1+α1 V
∗

h

c )V
a2 = d1 (η + d2 + d3 ) + (d2 + d3 ) β(1+δ
+ d3 (η + d2 ) 1 −
1+α1 V ∗

a3 =

d2 d3 β(1+δc )V ∗
1+α1 V ∗

h

+ d1 d3 (η + d2 ) 1 −

α2 β(1+δc )T ∗
d3 (η+d2 )(1+α1 V ∗ )2

α2 β(1+δc )T ∗
d3 (η+d2 )(1+α1 V ∗ )2

i

i
∗

β(1+δc )T
From the second and third equation of (3.2) it is found that, α21+α
= d3 (η + d2 ).
∗
1V
Using this value a2 and a3 can be written as,
h
i
∗
1
c )V
a2 = d1 (η + d2 + d3 ) + (d2 + d3 ) β(1+δ
+
d
(η
+
d
)
1
−
3
2
1+α1 V ∗
1+α1 V ∗

a3 =

d2 d3 β(1+δc )V ∗
1+α1 V ∗

and, a1 a2 − a3 = (η + d2 +
h

d2 ) 1 −

1
1+α1 V ∗

i

h

+ d1 d3 (η + d2 ) 1 −

1
1+α1 V ∗

β(1+δc )V ∗
)(d1 (η
1+α1 V ∗

i
∗

c )V
+ d2 + d3 ) + (d2 + d3 ) β(1+δ
+ d3 (η +
1+α1 V ∗
∗

h

c )V
) + d3 (d1 (η + d2 + d3 ) + d3 β(1+δ
+ d3 (η + d2 ) 1 −
1+α1 V ∗

d1 (d1 (η + d2 + d3 ) + (d2 +

∗
c )V
)
d3 ) β(1+δ
1+α1 V ∗

1
1+α1 V ∗

i

)+

Here a1 > 0. a2 , a3 , and a1 a2 − a3 are positive if and only if 1 − 1+α11 V ∗ is
greater than zero that implies α1 V ∗ > 0. For endemic equilibrium point V ∗ > 0
for R0 > 1 and if α1 > 0 then all of the coefficients of the characteristic equation of
the matrix (3.9) are positive and by Routh-Hurwitz criterion endemic equilibrium point
is locally asymptotically stable [28]. This concludes the endemic equilibrium is locally
asymptotically stable for R0 > 1 and α1 > 0.

3.4.2.

Global Stability Analysis

The property of global stability for both disease free and endemic equilibrium has been
discussed in this section by using the following Lemmas and Theorems.
Lemma 3.3. The disease free equilibrium point E 0 of the model (2.1) is globally
asymptotically stable is Ω if R0 ≤ 1.
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Proof. Consider the following positive defined Lyapunov function
L = d1 d3 I + λβ(1 + δc )V
"

#

β(1 + δc )
⇒ L = d1 d3
T V − ηI − d2 I + λβ(1 + δc ) [α2 I − d3 V ]
1 + α1 V
"
#
λ
≤ d1 d3 β(1 + δc ) V − ηI − d2 I + λβ(1 + δc ) [α2 I − d3 V ]
d1
= −d1 d3 (η + d2 )I + λβα2 (1 + δc )I
= d1 d3 (η + d2 ) [R0 − 1] I
0

0

0

Therefore L  ≤ 0 for
 R0 ≤ 1 and L = 0 if and only if I = 0. Furthermore
λ
(T, I, V ) → d1 , 0, 0 as t → ∞, since I → 0 as t → ∞. Consequently, the largest
0
compact invariant set in {(T, I, V ) ∈ Ω : L = 0} is the singleton {E 0 }, where E 0
is the virus free equilibrium point. Hence by Lasalle’s invariance principle [29], E 0 is
globally asymptotically stable in Ω if R0 ≤ 1.This completes the proof.
It has been shown in section (3.3) that for R0 > 1 the model has a unique endemic
equilibrium E ∗ . To establish the global stability of E ∗ , we will use the geometric
approach proposed by Li and Muldowney [30]. For the details process of the method we
refer [31, 32] to the interested readers. Here only the brief introduction of the method
have been introduced from [32]. Assume that x 7→ f (x) ∈ Rn be a C 1 map for x in an
open set D ⊂ Rn . Consider the differential equation,
0

x = f (x)

(3.10)

It is considered that the solution of (3.10) is denoted by x(t, x0 ) such that x(0, x0 ) = x0 .
We have the following two assumptions [31].
(H1) There exits a compact absorbing set K ⊂ D.
(H2) Equation (3.10) has a unique equilibrium x∗ in D.
Let P : x 7→ P (x) be a non singular

 
n
2

×

 

D and a vector norm | · | on RN , where N =
respect to the | · | [32]. Define a quantity,
q = lim sup sup
t→∞

n
2

matrix-valued function, which is C 1 in


n
2

. Let µ be the Lozinskii measure with

1Z t
µ(B(x(s, x0 )))ds
t 0

(3.11)

Where B = Pf P −1 + P J [2] P −1 in which Pf and J [2] are described in [31]. The
following criteria for global stability has been established by Li and Muldowney [30].
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Lemma 3.4. [30] Assume that the conditions (H1) and (H2) holds. Then x∗ is globally
asymptotically stable in D provide that a function P (x) and Lozinskii measure µ exists
such that q < 0.
Lemma 3.5. [32] The system (2.1) is uniformly persistent in Ω if R0 > 1, that
is, there exists c > 0 such that lim inf t→∞ T (t) ≥ c, lim inf t→∞ I(t) ≥ c, and
lim inf t→∞ V (t) ≥ c.
Proof. From the global stability of virus free equilibrium it is found that E 0 is unstable
when R > 1. Following [33] the uniform persistence can be proved for the model (2.1).
That is, the uniform persistent implies from the instability of E 0 together with E 0 ∈ ∂Ω,
that means there exists a c > 0 such that lim inf t→∞ T (t) ≥ c, lim inf t→∞ I(t) ≥ c,
and lim inf t→∞ V (t) ≥ c. The existence of a compact set in the interior of Ω which
is equivalent to the uniform persistence that is absorbing for (2.1). This verifies
assumption (H1). Furthermore, in the previous section we have shown that E ∗ is the
only equilibrium in the interior of Ω. This verifies assumption (H2).
Lemma 3.6. Under the condition R0 > 1, the unique endemic equilibrium E ∗ is
globally asymptotically stable in Ω.
Proof. From (3.6) the Jacobian matrix of the model is,


c)
V − d1
− β(1+δ
1+α1 V

η

β(1+δc )
− (1+α
2T
1V )





β(1+δc )
V
1+α1 V

−η − d2
α2

β(1+δc )
T
(1+α1 V )2





J =


0

−d3

and its second additive compound matrix is:



c)
− β(1+δ
V − d1 − d2 − η
1+α1 V

J [2] = 


α2 VI
0



β(1+δc )
T
(1+α1 V )2
c)
− β(1+δ
V − d1
1+α1 V
β(1+δc )
V
1+α1 V

β(1+δc )
T
(1+α1 V )2

− d3






η

−η − d2 − d3

We consider
the following function
P = P (T,
diag(1,I/V, I/V ); then


 I, 0V ) =
0
V I 0 −IV 0 V I 0 −IV 0
I
V 0 I0
−1
Pf =diag 0, V 2 , V 2
and Pf P =diag 0, I − V , I − VV . Now,



P J [2] P −1 = 



c)
− β(1+δ
V − d1 − d2 − η
1+α1 V

α2 VI
0

β(1+δc ) T V
(1+α1 V )2 I
c)
− β(1+δ
V − d1
1+α1 V
β(1+δc )
V
1+α1 V

β(1+δc ) T V
(1+α1 V )2 I

− d3

The matrix B = Pf P −1 + P J [2] P −1 can be written in matrix form:
B=

B11 B12
B21 B22

!

η
−η − d2 − d3







732

M.A Haque, et al

c)
Where, B11 = − β(1+δ
V − d1 − d2 − η, B12 =
1+α1 V



T

α2 VI , 0



β(1+δc ) T V
(1+α1 V )2 I



β(1+δc ) T V
, (1+α
, B21 =
2 I
1V )

, and


B22 = 

I0
I

−

V0
V

−

β(1+δc )
V
1+α1 V
β(1+δc )
V
1+α1 V

− d1 − d3

η
I0
I

−

V0
V

− η − d2 − d3




Consider the norm in R3 as |(u, v, w)| =max(|u|, |v| + |w|) where (u, v, w) denotes the
vector in R3 . The Lozinskii measure with respect to this norm is defined as µ(B) ≤ sup
{g1 , g2 }. Where, g1 = µ1 (B11 ) + |B12 | and g2 = µ1 (B22 ) + |B21 | are matrix norms with
respect to l1 vector norm, and µ1 denotes the Lozinskii measure with respect to this l1
norm. More specifically,
β(1 + δc )
V − d1 − d2 − η
1 + α1 V
β(1 + δc ) T V
I
|B12 | =
, |B21 | = α2
2
(1 + α1 V ) I
V
µ1 (B11 ) = −

To calculate µ1 (B22 ), taking the off-diagonal elements of each column of B22 in
absolute value, then adding to the corresponding columns of the diagonal elements,
and then take the maximum of two sums. This leads to,
I0 V 0
I0 V 0
I0 V 0
− −d1 −d3 , − −d2 −d3 = − −d3 +max{−d1 , −d2 }
µ1 (B22 ) = max
I V
I V
I V
)

(

Therefore, we have,
g1 = µ1 (B11 ) + |B12 | =

β(1 + δc ) T V
β(1 + δc )
−
V − d1 − d2 − η
2
(1 + α1 V ) I
1 + α1 V

g2 = µ1 (B22 ) + |B21 | = α2

I
I0 V 0
+ −
− d3 + max{−d1 , −d2 }
V
I
V

From (2.1) we have,
0

I
β(1 + δc ) T V
=
− η − d2
I
1 + α1 V I
0
V
I
= α2 − d3
V
V

(3.12)

By choosing τ = max{−d1 , −d2 }, it is obvious that τ < 0 and using (3.12) we have,
0

β(1 + δc ) T V β(1 + δc )
β(1 + δc ) T V
I
g1 =
−
V −d1 −d2 −η ≤
−d1 −d2 −η = −d1
2
(1 + α1 V ) I
1 + α1 V
(1 + α1 V ) I
I
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0

I
I0 V 0
I
g2 = µ1 (B22 ) + |B21 | = α2 + −
− d3 + z ≤ + τ
V
I
V
I
Furthermore, we have,
0
I
µ(B) ≤ sup{g1 , g2 } ≤ + ψ
I
Here, ψ = max{−d1 , τ } < 0. By integrating both sides at the same time, we obtain
1Z t
1 I(t)
µ(B)ds ≤ ln
+ψ
t 0
t I(0)
1Z t
q = lim sup sup
µ(B)ds ≤ ψ < 0
t 0
t→∞

(3.13)

According to Lemma-3.4 the endemic equilibrium E ∗ of the model is globally
asymptotically stable in Ω if R > 1. This completes the proof.
4.

NUMERICAL SIMULATIONS

To investigate the effect of constant cytokine and the dynamical behaviour of the
compartments, the numerical simulations of the model (2.1) have been performed.
MATLAB programming code has been developed to perform the numerical simulations.
Due to the lack of availability and limitations of the experimental values of the
parameters, in this paper, some of the parameter values are taken from [21, 34]
and others are assumed for the purpose of simulations. Two different set of initial
conditions, I1 = (100, 0, 0.001) and I2 = (100, 10, 10) are used in the simulations
for the study of the dynamics by differing the initial number of the infected and virus
cell. Here, two different values of the cytokine parameter, δc = 0 and δc = 0.5, are
considered in generating each of the figures. For figure-1 and 2, the other parameters
are,
λ = 6, α1 = 0.01, β = 0.25, η = 0.1, d1 = 0.1, d2 = 0.1, d3 = 0.1, α2 = 0.00079
(4.14)
Using the parameter set (4.14) and δc = 0, it is obtained from the expression (3.4) that
the reproduction number is R0 = 0.5925. However, when the value of δc = 0.5 and the
parameter set (4.14) are considered , it is found that R0 = 0.8887. For both of the cases
the reproduction number is less than one. According to lemma-3.3, the global stability
of the model is asymptotically stable for disease free equilibrium E 0 if R0 < 1.
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Figure 1: using I1 and parameter (4.14)

Figure 2: using I2 and parameter (4.14)
Figure-1 & 2 validates the result of lemma-3.3. It can be seen from figure-1 that starting
from initial value 100, the uninfected CD4+ T cell has been in the equilibrium point
T 0 after 80 days. There is no remarkable effect of the constant cytokine parameter
δc in figure-1(a). From figure-1(b) and 1(c), it can be observed that without cytokine
effect the infected and virus cells are reached at the disease free equilibrium state after
250 days. However, when the value of δc = 0.5, it took 1000 days to reach the
equilibrium. In the figure-2, the initial value for uninfected cell was 100 and initial
value for infected and virus cell was 10. Within a short period of time uninfected CD4+
T cell decreased and then again started increasing which reached in the equilibrium
point in 250 days for δc = 0. It took 1000 days to reach equilibrium point for δc = 0.5.
In figure-2(b), the infected CD4+ T cell started increasing from 10 and reached a peak
of 98 within very short time. It took same time as figure-1(a) to reach the equilibrium
point. The close view of figure-2(c) gives a similar phenomenon as in figure-1(c). In
both of the figures when the cytokine effect is absent it took maximum 250 days to
reach the equilibrium point E 0 . However, for δc = 0.5 it took four times more days to
reach the equilibrium regardless of initial conditions.
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To generate the next figures we have changed the value of the parameter λ from 6 to 15.
This has to be done to increase the value of R0 . The new set of parameters are,
λ = 15, α1 = 0.01, β = 0.25, η = 0.1, d1 = 0.1, d2 = 0.1, d3 = 0.1, α2 = 0.00079
(4.15)
We found R0 = 1.4812 by using parameter set (4.15) and δc = 0, however, we found
R0 = 2.2219 using δc = 0.5 and parameter set (4.15). In both of the cases, R0 is greater
than one. Lemma 3.6 states the endemic equilibrium is globally stable if R0 > 1.
Figure-3 & 4 validates lemma 3.6.

Figure 3: using I1 and parameter (4.15)

Figure 4: using I2 and parameter (4.15)
Using parameter (4.15) and δc = 0, the endemic equilibrium point is found to be,
E ∗ = (101.65, 48.34, 0.38). Also for (4.15) and δc = 0.5, the value is E ∗ =
(67.95, 82.05, 0.65). From figure-3 & 4, it can be seen that in case of δc = 0, maximum
300 days is taken for the compartments to reach the equilibrium point E ∗ , while for
δc = 0.5 the required time is 500 days. The indices of the graphs for the compartment of
infected and virus CD4+ T cell are higher for δc = 0.5 rather than δc = 0. As it is known
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that when the infected and virus cell increases, the uninfected cell decreases. We can see
from figure-3(a) & 4(a) that the level of the curve for δc = 0 is high compare to δc = 0.5.
From the simulations it can be concluded that the figures support the theoretical results
obtained from section (3) and the constant cytokine parameter enhances the infection
level and decreases the healthy CD4+ T cell.
5.

CONCLUSION

In this paper, to study the effect of cytokine of HIV infection on CD4+T cells, a
realistic mathematical model has been developed and analyzed using the concept of
compartmental modelling. In order to make the model more appropriate, the nonlinear
saturated incidence rate and the cure rate have been considered. It is found that the
model has a unique endemic equilibrium point for R0 > 1. The conditions for which
the equilibrium points are stable or unstable are identified. By constructing Liaponov
function, we have shown that the disease free equilibrium point of the model is globally
asymptotically stable for R0 ≤ 1. Furthermore, the endemic equilibrium point is
shown globally stable for R0 > 1 using matrix additive method. Simulations are
performed to validate the analytical result that gives a rigorous view of the dynamics
of the compartments as well as an insight of the effect of the cytokine parameter. The
dynamics of the compartments have been studied using different initial conditions and
the cytokine parameter. From the simulation it has been observed that due to the
inclusion of constant cytokine effect there is a change in the dynamics of uninfected
and infected CD4+T cells and virus cell as well. From figures it can be concluded that,
for both of the initial conditions the infection level increases for a positive value of
the cytokine parameter. In presence of the cytokine effect the healthy cell decreases,
whereas the infected and virus cell increases, which supports biological intuition. For
the case of the disease free equilibrium, it took four times more days to reach the
equilibrium point for the compartments when the value of cytokine parameter increases
from 0 to 0.5. On the other hand, it took two times for the case of the endemic
equilibrium. Through the mathematical modeling approach with stability analysis and
numerical simulations, it has been shown that the cytokine has a great impact on the
dynamics of HIV infection of CD4+ T cells.
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