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Abstract 

Let S be a dominating set of a center smooth graph G and the set of vertices 

RSc be the restrict complement of S. The set RSc is called a center smooth one 
complement (1𝑐) dominating set of a center smooth graph G if for every vertex 

in Sc has at least one neighbor in S. The number of vertices in RSc of G is 

called center smooth 1cdomination number and it is denoted by 𝛾1
𝑐cs(G). In 

this paper, we introduce the new concept of center-smooth 1c domination 

number and establish some results on this new parameter. It is proved that for 

any graph G,𝛾1
𝑐cs(G) ≤p – m where m is the number of vertices adjacent to 

pendent vertices and 𝛾1
𝑐cs(G) ≤ diam(G) + k + 1 where k is distance of any two 

vertices in S is ≥ 2. Finally some bounds on 𝛾1
𝑐cs for some classes of graphs 

are found. 

Keywords: Radius, diameter, Center smooth graph, Restrict Sc-set, Center-

smooth 1c domination number. 

 

1. INTRODUCTION 

We consider only finite simple undirected connected graphs. For the graph G, V(G) 

denotes its vertex set and E(G) denotes its edge set. As usual, p=|V| and q= |E| denote 

the number of vertices and edges of a graph G, respectively. For a connected graph 

𝐺(𝑉, 𝐸)and a pair u, v of vertices of G, the distance d(u, v) between u and v is the 

length of a shortest u-v path in G.  The degree of a vertex u, denoted by deg(u) is the 

number of vertices adjacent to u. A vertexu of a graph G is called a universal vertexif 

u is adjacent to all other vertices of G. A graph G is universal graph if every vertex in 

G is universal vertex. For example, the complete graph Kp is universal graph.The set 

of all vertices adjacent to u in a graph G, denoted by N(u), is the neighborhood of the 
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vertex u. The eccentricity e(u) of a vertex u is the distance to a vertex farthest from u. 

Thus, e(u) = max{ d(u, v)/v∈ V(G)}. A vertex v is an eccentric vertex of u if e(u)= d(u, 
v). The radius r(G) is the minimum eccentricity of the vertices, whereas the diameter 

diam(G) is the maximum eccentricity.The center of G, C(G)={ v∈V(G)/e(v)= r(G)}. 

Definition 1.1 

2-packing is a subset of vertices, in which no two vertices are adjacent or have a 

common neighbor. The packing number 𝜌(G) is the cardinality of a maximum 

packing.  

Definition 1.2 

A clique of a graph G is a complete subgraph of G, and the clique of largest possible 

size is referred to as a maximum clique (which has size known as the clique number 

(G)).  

Definition 1.3 

A vertex cover of G is a set of vertices that covers all the edges. The vertex covering 

number 𝛼𝑜(G) is minimum cardinality of a vertex cover.  

Definition 1.4 

The vertex cut or separating set of G is a set of vertices whose removal results in a 

disconnected. The connectivity or vertex connectivity of a graph G, denoted by 

Ҡ(G)(where G is not complete) is the size of a smallest vertex cut.  

 

Definition 1.5 

The S-eccentricity es(v) of a vertex v in G is max
𝑥∈𝑆

(𝑑(𝑣, 𝑥)). The S-center of G is CS 

(G) = {v∈V│𝑒𝑆(𝑣) ≤ 𝑒𝑆(𝑥)∀ x∈V}. 

Example 1 

 

Figure 1. Center smooth graph 

In figure 1, S ={u1, u3, u6} and V-S ={ u2, u4, u5, u7}.The S-eccentricity 𝑒𝑆(u1)=3, 

𝑒𝑆(u2)=1,𝑒𝑆(u3)=3,𝑒𝑆(u4)=3,𝑒𝑆(u5)=3,𝑒𝑆(u6)=2,𝑒𝑆(u7)=3. Then the S-center CS (G) = 

{u2}. 
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Definition 1.6 

The S1-eccentricity, 𝑒𝑆1
(𝑣) of a vertex v in S is max

𝑥∈𝑉−𝑆
(𝑑(𝑣, 𝑥)). The S1 center of G is 

𝐶𝑆1
(G) = {vεV│𝑒𝑆1

(𝑣) ≤ 𝑒𝑆1
(𝑥)for allxεV}. 

Example 2 : In figure 1, S={u1, u3, u6} and V-S={ u2, u4, u5, u7}.The S1-eccentricity 

𝑒𝑆1
(u1)=3, 𝑒𝑆1

(u2)=1,𝑒𝑆1
(u3)=3,𝑒𝑆1

(u4)=3,𝑒𝑆1
(u5)=3,𝑒𝑆1

(u6)=2,𝑒𝑆1
(u7)=3. Then the S1-

center, 𝐶𝑆1
(G) = {u2}. 

Definition 1.7 

Let G be a graph and S be a proper set of G. G is called a center-smooth graph if CS 

(G) = 𝐶𝑆1
(G) and the set S is said to be a center-smooth set. 

Example 3: In figure 1, CS (G) = {u2} = 𝐶𝑆1
(G). 

Definition 1.8 

An S⊆V is a dominating set in G if every vertex not in S is adjacent to at least one 

vertex of S. If S is a dominating set then V- S (inversedominating set) need not be a 

dominating set. 

Definition 1.9 

A set S is independent if no two vertices in it are adjacent. An independent 
dominating set of G is a set that is both dominating and independent in G. 

Independence domination number (𝛾𝑖(𝐺))𝛽𝑜(G) of G is the maximum (minimum) 

cardinality taken over all independent dominating sets of G. 

Definition 1.10 

A set S is called 1-dominating set if for every vertex in V-S, there exists exactly one 

neighbor in S. The minimum cardinality of a 1-dominating set is denoted by 𝛾1(𝐺) 

Definition 1.11 

Let S be a dominating set of center smooth graph G. Then the Restrict-𝑆𝑐(RSc) set of a 

graph G is defined by RSc= {
𝑣 ∈ 𝑅𝑆𝑐;   |𝑁(𝑣) ∩ 𝑆| = 1
𝑣 ∉ 𝑅𝑆𝑐;   |𝑁(𝑣) ∩ 𝑆| > 1

     and the number of RSc - set 

of G is denoted by nR(G). If RSc - set is independent set then the number of RSc - set 

of G is denoted by niR(G). 

 

2. Center Smooth 1c –Domination 

Definition 2.1 

Let S be a dominating set of G and RScV(G). Then the set RScis called a center 
smooth 1cdominating set of a center smooth graph G if for every vertex in  Sc has 
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atleast one neighbor in S. The number of vertices in RSc of a center smooth graph G is 

called center smooth 1cdomination number and it is denoted by𝛾1
𝑐𝑐𝑠(𝐺). 

Theorem 2.1 

If S is 1-dominating set of G, then every inverse dominating set is a center-smooth 1c 

dominating set of G. 

Proof: Let S is 1- dominating set of G. Then there exists a vertex uS such that v is 

adjacent to u. Therefore N(v)∩S={u} for every vV -S. By the definition of RSc, u∈ 
RSc. Which implies   | RSc | = |N(v)∩S |=1 and hence the result. ■ 

Observation 2.1. 

(i) 𝛾(G)≤ 𝛾1
𝑐cs(G) 

(ii) 𝛾(G) +𝛾1
𝑐cs(G) ≤ p 

Proof: (i). LetS be a dominating set of G with |S| = 𝛾(G). Further, if u∈S, then there 

exists a vertex v∈V-S such that v is adjacent to u. Therefore | N(v)∩S|=1. Then clearly, 

|S|=1 and |V -S|=1.Then by the theorem 2.1, 𝛾1
𝑐𝑐𝑠(𝐺)=1 and therefore 

𝛾(G)=𝛾1
𝑐𝑐𝑠(𝐺) →(1). Then there exists a vertex w≠v such that w is adjacent to u, 

therefore | N(w)∩S|=1, w ∈V-S. Then, |V -S| =2 and 𝛾(G)<𝛾1
𝑐cs(G) → (2). From (1) 

and (2), we get 𝛾(G) ≤ 𝛾1
𝑐cs(G). 

(ii). Let S V(G) be the set of vertices which dominates all the vertices in G. Clearly, 

N[S] =V(G) and S forms a 𝛾-set of G. Further, let RScV(G) be the center-smooth  1c 

dominating set of G and then  |S Ս RSc | V(G).Which implies |S| +      |RSc| ≤ | 
V(G)|.Hence, 𝛾(G)+𝛾1

𝑐cs(G) ≤ p.  ■ 

Theorem 2.2 

For any graph G, 𝛾1
𝑐cs(G) = p-1 if and only if one of the following holds: 

(a) There exist a vertex uV(G) such that every vertex of G is within distance one 

of u. 

(b) For any u, vV(G) is at distance one. 

Proof: Suppose 𝛾1
𝑐cs(G)= p-1. We prove that any one of the above condition holds. 

On the contrary, G does not hold any of the above conditions. Let RSc V(G) be the 

center-smooth  1c dominating set of G. Then there exist, two non-adjacent vertices u, 

vG which are adjacent to x and y such that x is adjacent to y in G. It implies  

that RSc - {u ,v} be a center smooth 1c dominating set of G. Which is a contradiction. 

Hence, G holds one of the above conditions.Conversely, suppose that G holds one of 

the above conditions. Let uV(G) be a universal vertex in G. Clearly, all the vertices 

in G dominated by a vertex u. Therefore,  d(u, v)=1,∀vV(G). Hence, condition (a) 

holds.   ■ 
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Theorem 2.3 

If a connected graph G having a vertex v is not in RSc and not in S, then v is adjacent 

to more than one vertex in S. 

Proof: From the theorem (2.1), | N(v)∩S| ≠1,∀vV-S (since v ∉RSc and v∉ V- RSc). 

Clearly, a vertex v is not adjacent to exactly one vertex in S. That is, a vertex v is 

adjacent to more than one vertex in S. From the theorem (2.1), hence a vertex v is 

adjacent to more than one vertex in S. ■ 

Theorem 2.4. 

For any graph G,𝛾1
𝑐cs(G) ≤p – m where m is the number of vertices adjacent to 

pendent vertices. 

Proof: Let RSc V(G) be the center-smooth  1c dominating set of G . Further, let S be 

the set of all vertices which are adjacent to pendent vertices with |S|=m. Let u ∈RSc. If 

u ∈S, then |RSc | = p-m and the inequality holds. If u∉ RSc, then there exists a vertex 

vRSc is adjacent to u. Further, all vertices which are connected to v not through u 

also belonging to RSc. This implies that S has at mostm vertices and the inequality 

holds.   ■ 

Theorem 2.5. 

If 2 ≤ 𝛿(G) ≤ p-1, then𝛾1
𝑐cs(G) ≤ q-1 where 𝛿(G) is the minimum degree of G.  

Proof: Let G be any graph. By the assumption on 𝛿(G), 𝛿(G)=1 or p-1, then𝛾1
𝑐cs(G) 

≰ q-1.Let   |S| =1, then  |V- S| =p-1.That is, V-S = {v1, v2,…..,vp-1}. Further, let V-S is 

a𝛾1
𝑐cs-set of G. Therefore p-1 = 𝛾1

𝑐cs(G) ≰ q-1 and so for 𝛿(G)=1 or p-1,𝛾1
𝑐cs(G) ≰ q-

1. Otherwise,𝛾1
𝑐cs(G) ≤ q-1. ■ 

Theorem 2.6 

For any graph G =Kp,𝛾1
𝑐cs(Kp) = p-1 for p≥2. 

Proof: When G =Kp, radius=diameter=1. Hence any vertex uV(G) dominate other 

vertices and RSchas p-1 vertices. Therefore,𝛾1
𝑐cs(Kp)=p-1. ■ 

Theorem 2.7 

For any cycle C2p+1, p =1, 3, 5,……,𝛾1
𝑐𝑐𝑠( C2p+1)≤p-1. 

Proof: Every cycle Cp with p vertices and q=p edges in which each vertex is of degree 

2. That is each vertex dominates two vertices and in any odd cycle C2p+1, 

p=1,3,5,…,deg(pi)=deg (pj)=2 for all pi, pj V(C2p+1). Further, let S be a dominating 

set of C2p+1.Then we have two cases: 
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Case (i): If RSc =V-S, then 𝛾1
𝑐𝑐𝑠(C2p+1)=p-1 or𝛾1

𝑐𝑐𝑠(C2p+1) <p-1. Hence it follows that 

𝛾1
𝑐𝑐𝑠(C2p+1)≤p-1. 

Case (ii): If RSc V- S, then 𝛾1
𝑐𝑐𝑠(C2p+1)≤p-1. ■ 

Theorem 2.8. 

For any complete bipartite graph G =Km, n with p vertices,𝛾1
𝑐cs(G)=p-2. 

Proof: Let G= Km, n be a complete bipartite graph. For V(G)= V1ՍV2, |V1|=q and |V2|= 
p such that each element of V1  is adjacent to every vertex of V2  and vice versa. Let 

RSc  = {u, v}, uV1, vV2. Then, clearly u dominates all the vertices of V2. Similarly, 

v dominates all the vertices of V1. Hence RSc be a center-smooth 1c dominating set and 

G has | RSc |+2 vertices. That is, p= | RSc |+2. This implies | RSc |=p-2. Hence it 

follows that 𝛾1
𝑐cs(G) =p-2. ■ 

Theorem 2.9 

For any graph G,𝛾1
𝑐cs(G) = p -1 iff G =K1, p-1. 

Proof: Suppose that 𝛾1
𝑐cs(G) = p -1. Let S = {u} be the dominating set of G such that 

|S|=1. Further, let G has p -1 end vertices. That is, p -1 vertices of degree one. That is, 

u dominates all the end vertices of G. This implies, every edge of G is incident to a 

vertex u. Therefore, a vertex u of degree p -1. Hence it follows that, G is K1, p-

1.Conversely, suppose G =K1, p-1. Let   RSc = {u, x, y, v} where u, x, y and v are non-

adjacent vertices and w is a central vertex of G. Therefore G has |RSc| +1 vertices. 

Hence 𝛾1
𝑐cs(G) = p -1. ■ 

Theorem 2.10 

For any graph G =Bm, n, 𝛾1
𝑐cs(G) = p -2. 

Proof: Let G=Bm, n be a bistar. Let S ={u, v} be a dominating set and also u and v are 

the central vertices of  G. In a graph G has m+n+2 vertices and m+ n +1 edges and 

totally m+ n pendant vertices and two center vertices. The degree of the central 

vertices are m+1 and n+1. Clearly, u dominates m vertices and v dominates n vertices. 

Therefore G has |RSc|+2 vertices. Hence,𝛾1
𝑐cs(G) = p -2. ■ 

Theorem 2.11 

For any connected spanning sub graph H of G,𝛾1
𝑐cs(H)≤𝛾1

𝑐cs(G). 

Proof: Let V -S be a inverse dominating set of G. Since, V(G)= V(H), Then  V -S is 

also an inverse dominating set of H. Hence an inverse dominating set of H is also an 

inverse dominating set of G. From the theorem 2.1, hence every center smooth 1c 

dominating set of H is also a center smooth 1cdominating set of G. So,𝛾1
𝑐cs(H) 

≤𝛾1
𝑐cs(G).  ■ 
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Theorem 2.12 

For any graph G,𝛾1
𝑐cs(G) ≤ diam(G)+K+1 where K is distance of any two vertices in S 

is ≥2. 

Proof: Let S = {u1, u2,…,uk}V(G) be the dominating set of G with d(ui, uj) ≥ 2 for 

allui, ujS such that |S|=K. Further, there exists a vertex set V” V’, where V’ is the set 

of vertices which are adjacent to the vertices of S, constituting the longest path in G 

such that |V’|= diam(G). Also, let V-S= {v1, v2,…,vs} be the inverse dominating set of 

G. By the theorem 2.1, V-S is a center smooth 1c dominating set of G with |RSc | 

=𝛾1
𝑐𝑐𝑠(G). Therefore, it follows that |RSc |≤ |S|Ս|V’| +1 and hence 𝛾1

𝑐𝑐𝑠(G) ≤diam 

(G)+K+1.  ■ 

Theorem 2.13 

For any connected graph G with a unicentral vertex u, one of the following holds:  

(i) 𝛾1
𝑐𝑐𝑠(G) = deg(u). 

(ii) 𝛾1
𝑐𝑐𝑠(G)≤p- 2. 

Proof: (i). Let u be a unicentral vertex of G. That is, u is also a cut vertex of G. Then 

N(u) is a center-smooth  1c dominating set. Therefore it follows that 𝛾1
𝑐𝑐𝑠(G) =deg 

(u). 

(ii). Let S={x, y} be such that u ≠ x, y. Now, we shall take two cases. 

Case (i): Suppose uRSc, then G has |RSc |+2 vertices. Therefore,𝛾1
𝑐𝑐𝑠(G) = p-2. 

Case(ii): Suppose u ∉ RSc, then u is adjacent to both the vertices in S. From the 

theorem (2.3), then 𝛾1
𝑐𝑐𝑠(G) < p -2. In both the cases, 𝛾1

𝑐𝑐𝑠(G)≤ 𝑝 - 2. ■ 

Theorem 2.14 

Let G be a triangle free graph. If G is of radius 2 with a unique central vertex u, then 

𝛾1
𝑐cs(G) ≤ p +1- deg(u). 

Proof: If G is of radius 2 with a unique central vertex u, then u dominates N(u).  

Let S = {N(u)} is a dominating set  of G. Further, let RSc contains all vertices in N(u)  

is an eccentric vertex of G. Since G has no triangles, then the vertices of N(u) are 

disconnected. Therefore RSc is a center smooth 1𝑐dominating set of cardinality p- 

deg(u)+1 and hence 𝛾1
𝑐𝑐𝑠(G)≤ p+1-deg(u). ■ 

 

3. Bounds on Center Smooth 1c –Domination number 

Theorem 3.1 

For any graph G without isolated vertices, 𝛾1
𝑐cs(G) = p-β𝑜(G). 
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Proof: Let S be a dominating and also an independent set of G with β𝑜(G) vertices. 

Then |S| = β𝑜(G). Since G has no isolated vertices, it implies that V-S is an inverse 

dominating set of G. Clearly, by the theorem 2.1, V-S is a center smooth 1c 

dominating set of G.Hence, V -S= RSc.⇒ |V-S|=|RSc |. ⇒ p- β𝑜(G) =𝛾1
𝑐cs(G). 

Corollary 3.1.1.  

For any graph G without isolated vertices,𝛾1
𝑐𝑐𝑠(G)=𝛼𝑜(G). 

Proof: We know that, for any graph G,𝛼𝑜(G)+β𝑜(G)= p. From the main 

theorem,𝛾1
𝑐𝑐𝑠(G) =    p -β𝑜(G). Therefore, 𝛾1

𝑐𝑐𝑠(G) = 𝛼𝑜(G). ■ 

Theorem 3.2. 

For any connected graph G,𝛾1
𝑐𝑐𝑠(G) ≥ p- ξ(T) where ξ(T) is the maximum number of 

end vertices in any spanning tree T of G. 

Proof: Let RScV(G) be the center-smooth  1𝑐dominating set of G . Then for any two 

vertices u, vV- RSc, there exists two vertices u1, v1RSc such that u1 is adjacent to u 

and v. Similarly, v1 is adjacent to u and v. This implies that there exists a spanning tree 

T of V-RSc in which each vertex of V-RSc is adjacent to a vertex of RSc. This proves 

that ξ(T) ≥ |V- RSc |. Thus, ξ(T) ≥ p- 𝛾1
𝑐cs(G). Which implies that 𝛾1

𝑐cs(G) ≥ p- ξ(T). 

 `   ■ 

Theorem 3.3 

For any graph G, ⌈
𝑝

1+𝜌(𝐺)
⌉≤ 𝛾1

𝑐𝑐𝑠(G) ≤ p- 𝜌(G) where 𝜌(G) is the cardinality of a 

maximum packing. 

Proof:Let S be a 𝛾-set of G. First we consider the lower bound. Let RSc 

={𝑢1, 𝑢2, … . , 𝑢𝑝} V(G) be the 𝛾1
𝑐𝑐𝑠-set of G. Further if  |V- RSc | ≥2, then V-RSc 

contains at least two vertices such that each vertex can dominate atmost itself and 

𝜌(G) other vertices. Hence, 𝛾1
𝑐𝑐𝑠(G) ≥ ⌈

𝑝

1+𝜌(𝐺)
⌉. For the upper bound, let u, v be a 

vertices of S. Then the vertices of S dominates N(u) and N(v). By the definition of 

𝜌(G), N[u] ∩N[v] = ф. Therefore, V-|N[u] ∩N[v]| is the 𝛾1
𝑐cs-set of G. Hence, 𝛾1

𝑐cs(G) 

≤ p- 𝜌(G).  ■ 

Theorem 3.4 

For any graph G,𝛾1
𝑐cs(G) ≤ 2p-𝜔(G)-1 where 𝜔(G) is the clique number of G. 

Proof: Let RSc be a 𝛾1
𝑐cs-set of G. Further, let S be a set of vertices in G such  

that |S|= 𝜔(G).Then p ≥ 
|𝑅𝑆𝑐|+|𝑠|+1

2
. Which implies 𝛾1

𝑐cs(G) ≤ 2p-𝜔(G)-1. ■ 

Theorem 3.5 
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 For any connected graph G, 𝛿(G)-1 ≤ 𝛾1
𝑐cs(G)≤ 2p-𝜔(G)-1 where 𝜔(G) is the clique 

number of G. 

Proof: Let RSc be a 𝛾1
𝑐cs-set of G and uV(G) such that deg(u)= 𝛿(G).If uS, there 

exist v=N(u) such that vRSc, |N(u)| = 𝛿. If G has diam=2 then 𝛾(G) ≤ 𝛿(G). 

Therefore 𝛾(G) ≤ 𝛿(G) ≤𝛾1
𝑐cs(G) and it follows that 𝛿(G)-1 ≤ 𝛾1

𝑐cs(G). From the 

theorem (3.4), we have 𝛾1
𝑐cs(G) ≤ 2p-𝜔(G)-1 . Hence the result. ■ 

Theorem 3.6 

For any graph G,𝛾1
𝑐cs(G) ≥⌊

2𝑝−𝑞−1

2
⌋. The bound is sharp. 

Proof:Let RSc be a 𝛾1
𝑐cs- set of G. Then q ≥|V- RSc |+|V- RSc |-1. Therefore, q ≥ 2p-

2𝛾1
𝑐cs(G)-1 and ⌊

2𝑝−𝑞−1

2
⌋≤ 𝛾1

𝑐cs(G). The bound is sharp for G is K1, p-1. ■ 

Theorem 3.7 

For any graph G, 1≤𝛾1
𝑐cs(G) ≤ p-1. The bounds are sharp. 

Proof: Any vertex uV(G) dominate other vertices and is also an eccentric point of 

other vertices. Hence, 1≤𝛾1
𝑐cs(G) ≤ p-1. The bounds are sharp for G =Kp, p≥2 or G = 

T.    ■ 

 

4. CONCLUSION 

In this paper, S1-eccentricity of a vertex and center smooth set are defined. Also, the 

center smooth graph and Restrict Sc set have been introduced. Here we have studied 

the center smooth 1c dominating set and center smooth 1c domination number of some 

families of graph were enumerated.Also studied some bounds for center smooth 1c 

domination number of a graph. 
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