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Abstract

This manuscript proposes a novel subclass of harmonic multivalent functions
discerned by utilization of the differential operator with in the confines of the unit
disc, subsequently deriving requisite coefficient bounds, convex combinations,
extreme points and convolution conditions for this specific class .
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1. INTRODUCTION

A complex-valued function f = u + v defined on a simply connected domain D C C
in the complex plane is harmonic in D (Complex plane) if both its real and imaginary
components, » and v are satisfy Laplace’s equation in D). Clunie and Shiel-Small [12]
demonstrated that a harmonic function f in any simply connected domain D can be
decomposed into f = h + g, where h and g are both analytic functions in D, denoted
as the analytic and co-analytic parts of f.
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An essential condition for f to be locally univalent and orientation-preserving in D
is that the modulus of the derivative of its analytic part exceeds the modulus of the
h(z)] > |g(2)] in D [see [12]]. A class
of harmonic functions H, denoted by f = h + g, is defined as those functions

derivative of its co-analytic part, i.e.,

that are harmonic, univalent, and orientation-preserving in the open unit disc U =
{z € C :|z| < 1}, with the normalization condition that f(0) = h(0) = f,(0) —1 = 0.
Duren et al [14] initially proposed the concept of multivalent harmonic complex valued
functions through the application of the argument principle. Subsequently, Ahuja and
Jahangiri [1],[2], formulated a class H (p) of p-valent harmonic functions that preserve
orientation, characterized by the expression

f(z) = h(z) + g(2) (L)

wherein h(z) and g(z) are analytic, p-valent functions defined within the unit disc
U={z¢€C:|z] <1}. Specifically, h(z) and g(z) adhere to the forms

hz) =2+ a1z g(2) =Y b bl <L (12)
=2 =1

Investigations initiated by Clunie and Sheil-Small [12] in 1984 into the class Sy and
its corresponding geometric subclasses resulted in coefficient bounds. Subsequent
research by Sheil-Small [12], Silverman [18], Silverman and Silvia [19] and Jahangiri
[15] examined various subclasses of harmonic univalent functions. This research
area has been further developed by an extensive number of authors [4],[9],[10],[18].
Furthermore, we cite Duren [13] and Ponnusamy [17] provided foundational results
and references pertinent to the subject.

In 2016, Makinde [16] introduced the differential operator /¥ : A — A and defined as

(l+p—1)
(l+p—1)—v|V

I/EN():NU{O}

FVf(’Z) =2+ Z C(H—p—l)y Qj+p—1 Zl+p_1 ) O(H—p—l)u -
=2

Drawing upon this existing research, we investigated the subclass Gy, (v, p, 3)
characterised by harmonic multivalent functions f(z) expressed as (1.1) and satisfying

the condition FE)
i Xe 7 < o 1o
Re {(1 + pe'?) Fi02) pe } > 3 (1.3)

forv e Ny, 0< <1, p>0, a€ R, (2 €U), where F”f(z) is defined as

FVf(z) = Fh(z) 4+ (—1)"Fg(z), v € Ny (1.4)
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Let Gpr(V, p, B) denote the subclass of G, (v, p, 3) consisting of harmonic functions

of the form
fu(2) = h(z) + g.(2) (1.5)
where
z) = 2P — Z |t p1] SHp—1
1=2
and

[e.9]

9u(2) = (=1)" D lbigpa] 21770

=1

The primary objective of this study entails deriving sufficient conditions for functions
f(z) € Gg,(v,p, B) expressed in the form (1.1). Furthermore, the investigation seeks
to establish necessary and sufficient conditions for functions f,(z) € Gy (y p,0)
expressed in the form (1.5). Additionally, the research aims to identify convolutlon,
convex combination, and extreme points for functions f,(z) € Gy (v, p, ) expressed
in the form (1.5).

2. MAIN RESULTS
Theorem 2.1 Let f(2) = h(z) + g(z) be given by (1.1). If

2;22“[4‘29—1—”—/8+(|l+p_1—y|_1)P]C(l+p Dy |4 p—1]
3o ll+p=1=v[+B8+l+p—1=v+1)p Cirpry [birp] < (1= 5)
2.1

where 0 < <1, v e Ng=NU{0},a € R, p>0and Cyip_1), = %. Then

[ is orientation-preserving, harmonic in U and f € Gy, (v, p, ) .

Proof : f(z) is sense-preserving in U because

o0

> o™ =Y (U p = 1) lapp |27
=2

‘h,(z)

[e.o]

_ l+p _
> plz [ -y — |az+p—1!|z\l '

=2
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1_ i Hl+p—1—=v|=F+(l+p—1—=v]—=1)p| Clsp-1yv |al+p—1|—
p(1—p)

=2 |

> p e [

“ [l+p—1- L+ p—1 =]+ 1)p] Cltrpyw brspi] ]
mewlbju+p w+5+u+?L#%W+>m ety D
=1 p

53W+m—1—uuwuwu+p—1—m+4mumﬂ4wmw1Hw*]

> pl” [ p(1—=p)

=1

> (U p = 1) by [ 7777

=1

Now we show that f(z) € Gy, (v, p, 3) using the fact that Re(a) > (3 if and only if
1 — 5+ a| > |1+ 5 — «|. Itis suffices to show that

F"“f(z)
Fvf(2)

F”Jrlf(z)
Fvf(z)

1= B4 (14 pe') — pe'®

- ‘1+B(1+pem)
Now,

(1= B = pe'™ )P f(2) + (1+ pe'* ) FFf(2)| = [(1+ B+ pe'®) F f(2) — (1 + pe'®) F*1 f(2)]

| =B+ Xl — 1=+l +p—1=v[pe + (1= B = pe')]Cryp-1)par4p-12" 17!
SR+ p— 1= ]+ p — 1= vl pet® — (1= § — pei)Cotsp-1brap 12577

B Sl ==V it p =1 = vl pe’® — (14 B+ pe')|Crpp-ryparpp-12 7P
DYl p =L =v[+[l+p—1—v[pe + (1 + B+ pe')|Cuyp-1ypbipp—127771

oo
>@2=B) | =Y ll+p—1=v|+[1+p=1=v|p+ (1= B=p)Curp 1y larrp-|l2/
=2

S lt+p—1—v|+li+p—1=v]p— (1= B—p)Ceip-1yw bropl ]z
=1

Bl =Y l+p—1=v|++p—1=v]p—(1+B+p)]Curp 1w larip-| |2/
1=2
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S lt+p—1—v|+li+p—1=v]p+ 1+ B+ p))Ceip1yw bropil 2T
=1

oo

=201 B)|zl" =2 [l +p—1—v| =B+ (l+p—1—v| = DplCuyp1y arspa| [z 77
=2

23 (li+p—1=v|+ 8+ (l+p—1=v|+1)plCasp-1y [brap1l 2] "7
=1
1— Zoo [|l+P*1*V|*5+(|1+P*1*V|*1)P}C(z+p—1)u‘aprl||Z|l_1
=2(1-5) 2/ = 0 i1
oo [14p—1—v| B+ (p—1—V|+1)pIClrs 1y i p1]I2]
— 2o =)

(sincez € U, |2] < 1)

1— Zoo [|Z+P—1—V|—5+(|I+P—1—V|_1)P}C(l+p71)u|al+p—1|
=2 a5)
o ZOO Hl+p_1_y‘+5+(‘l+p_1_yl+1)p]c(l+p71)u’bl+p—1|
=1 )

=2(1- )

The last expression is non-negative by (2.1), therefore the proof is complete.
If we put p = 0 in theorem 2.1 then corollary 2.2 is obtained.

Corollary 2.2 : [8] Let f(2) = h(z) + g(z) be given by (1.1). If

Y l+p=1=v|=BCupvwlarpal+ Y [ll+p—1—=v|+ 8 Curp-nw brip

=2 =1

< (1-=5)
where
0< B <1, velN = NU{}ad Cuprp = gyl Then f is

orientation-preserving harmonic multivalent in U and f € By, (v, 3).

The harmonic function given bellow shows that the coefficient bound given by (2.1)
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is sharp.
S (1_5) I+p—1
f(z) =2+ Upry 12 TP
G =24 T A (L p -1 DilCary
= (1-8) .
fl+p—1—v|+B+(l+p—1— v+ DplCusprp
where

veNyg=NU{0}, p>0and
D ] + ) oyl =1
=2 =1

The above defined harmonic function is in Gy, (v, p, §).
We have,

00 [li+p—1—v|=B+(|l+p—1—v|~1)pCl1p—1)0 | @14 p1]

1-8)
Z [ll+p—1=v|+B+([l+p—1-v|+1)plC14p—1) |bz+p—1 ‘
I=i * =)

=1+ Z |t4p—1| + Z [Vi4p-1] =2
1=2 =1

The following theorem shows that the necessary condition for the function f,(z) =

h(z) + g,(z) of the form (1.5) is the condition (2.1).

Theorem 2.2 Let function f,(z) = h(z) + g,(z) be given by (1.5). Then f,(z) €
Gpr(y, p, ) if and only if

Souolll+p—1—v[=8+(l+p—1-v|—-1)p]Cuip-1y [Q14p-1]
+> ol +p—1=v|+ 5+ (l+p—1—=v|+ 1)p|Cusp-1yv [bigp—1| (2.2)
<(1-5)

Proof : It is easy to prove the ”if part” , since f,(z) € Gm(u, p,B) C Gu,(v,p,B).

Now we prove that only if part of the theorem(2.2) . Let f,(z) = h(z) + g.(2) €
G, (v, p, B). Then the condition (1.3) is equivalent to

Frf(2)

Re {(1 + pew‘)m

~lpe )} 20

implies that

refU2 P - (4 ) Lo
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Therefore

" { (14 pe') [Zp = 2020 Catp- 1)) larep—1| 2P+ (=)D T Crrgp1y |bl+p—1|m}
€

2 = 3025 Catp-tyw larp—1| 27771 + 3572 Cligp—yy [brap—a] 2271

(B + pe™) [Zp =302 Clgp-1yv larp—1] 2ty (-1 P Cltp-1)v |bl+p—1|W} >0
2P =302 Clgp—ryw |arp—1] 2P~ 4+ 372 Clgpoyy [brgp—1| 21771 B

Let
H=(1—8) =3l +p—1—v|=B+(l+p—1—v| - 1)pe|Cpy larrpi] 27

=2

After simplification, we get

H— (=105l +p—1—v[+8 -
+(l+p—1-v|+ 1)pem]C(l+p71)V b1 pa| 2171

Re — S—
1- Z?iz Cl4p-1)w |arpa| 21P72 + 2—5 Z?Zl Cl4p-1)w by p-1] 2171

(2.3)

The condition (2.3) must hold for all values of z? on the positive real axis 0 < |z|" =
r < 1. Choose the values of z? on positive real axis, where 0 < |z|” = r < 1.
Now we have

+ 3l 4 p =1 = v+ 1pCuyp-1y [bigp-] 771
=322 Clvpyw laipa | 771+ 305 Carpny [bipa| 7170

{ H—e3 2l +p—1—v]—1UpClusp-1yw |larrp| ™ }
e >0

Since Re(—e™) > — |e"*| = —1, the above inequality become

Sl +p—1—v+ B8+ (l+p—1—v|+1)plCsp-1y |brgp-| "

1 =372 Cugpiyw largp—1| 7= 4+ 37721 Crgp—1yw bigp—a| =1

(1=8) =Sl +p—1—v| =B+ (l+p—1—v[=1)p|Cuyp-1y larrp| ™ ]
Re >0

24
If the condition (2.2) is not satisfied, then numerator in (2.4) is negative for r sufficient
close to 1. This contradicts the condition for f,(2) € G (v, p, B). Therefore proof is
complete.
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3. CONVOLUTION

For harmonic functions

[e.9]

fo(2) = 22 = arpa| 2P+ (1) (b | 2T
=2

=1

and
Fy(z) =28 =Y Ay 2777 4 (1)) | Buypoa] 2577
= =1

We define the convolution of two harmonic function f,(z) and F,(z) as

(f % F)(z) = fu(2) * Fu(2) =

o0 (o)
2= Z |y p—1A14p1] AL (—=1)” Z |b14p—1 Bryp-1] 2P~
=2 =1

3.1

Theorem 3.1For 0 < 3, < [y < 1, let f,(2) € GE(V7P,BQ) and F,(z) €
GE(V, p, 1). Then

fl,(Z) * FV(Z) S GE(”? Ps 52) - Gﬁp(ya Ps ﬁ1>

Proof: Let

[e.e] o

Fo(2) = 22 = larp | 2P+ (1)) [bipa| 2P € G (v, p, B2)

=2 =1

and

F(2) =2"— Z | Arppa] 277 4 (<) Z | Biip-1| 21771 € G (v, p, 1)
=2 =1
then the convolution (f, x F,)(z) is given by (3.1). We wish to show that the
coefficient of (f, * F,)(z) satisfies the required condition given in theorem 2.3 for
F,(z) € Gg;(v,p, B1) we note that [A;, 1| < 1 and|Byyp—1| < 1. Now for the
coefficient of (f, * F,)(z), we have
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~[ll+p—1—v|=Bi+(l+p—1-v|—1)pCup-1y
Zl (1—51)

| al—i—p—lAl—i—p—l |:|
=2

(l+p—1—v+B+(l+p—1—v|+1)pC
+Z {H - | 51 é|1 —gl) | )'0] U |bl+p 1Bl+p 1‘}

[[[l+p—1—v|=B+(l+p—1—v]—1)p]Cuip-1 }

< Aty
§|: (1_ﬁ1) ’ l+p 1’
[ll+p—1—v|+Bi+(l+p—1—v|+ 1) Curp-1) ]

+ b
;|: (1_61) ‘H—P 1|
“(+p—1—v|=Fo+(l+p—1—v]—1)plClip1)

SZ [H ‘ - ((‘1_62) ’ ) ] Gipl) |al+p 1|
[[[l+p—1=v|+ B+ (l4+p—1—v[+1)p|Cuip-1y ]

+ biir—1]] <1
lzl|: (1_62) |l+P 1|

Since

0< B <P <l,and f,(2) € Gy (v, p, Ba).

Thus f,(z)* F,(2) € Gg- (l/ p, B2) C Gy (V p, Br).

Therefore proof of the theorem is complete.

4. CONVEX COMBINATION

Let the functions f,,(z) be defined, fori =1,2,3, ...... v Jy.... by
fulz) = 2" = Z [ap-nya 277+ (1) Y [bp-nal AT @A)
1=1

Theorem 4.1 Let the function f,,(z) of the form (4.1) belong to the class G (v, p, B)
foreveryi =1,2,3,. .. Then the functions ¢;(z) defined by
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0 < d; < 1 are also in the class Gpr(u, p, ).
Where

Proof: By the definition of ¢;(z), we can write

[e'S) J
R {Z - }

=2 i=1

[e%S) J
s {Z . |b<z+p1>,z->}
=1 =1

On comparing above equation with (1.5), we obtain |a;4,—1| = (Zgzl d; |a(l+p,1)7i‘>
and |bp—1| = Zgzl d; ‘b(l+p,1)7i‘>. In order to prove t;(z) € G- (u p, ) we show
that the condition (2.2) satisfies. Consider

S li+p—1=vl=B+(1+p—1-v= 1o Crpnlarps
=2

+ZW+P_1_V’+B+W+p—1_’/‘+1)P]C(l+p v |bigp1]
=1

)

=Y Mi+p—1=v| =B+l +p—1-v|-1)p Cuuprp (
=2
+Zyl+p—1—y|+ﬁ+(\l+p—1—uy+ Catp-1w (Zd\blﬂ,l )

=1
id Sl +p—1—vl =B+ (l+p—1=v=1)p Curp-1y [agip-1).]
=1 +Zl 1 Hl +p -1 l/| —+ ﬁ + (|l +p —1- l/| + 1) ]C(H_p_l)y |b(l+p—1),i}

< Zdip(l —-B) < (1-p).

Since f,,(z) are in Gg(v, p, 5) forevery i = 1,2, 3, .....
Therefore by Theorem 2.3, ¢;(z) € G5 (v, p, B) and so the proof is complete.
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S. EXTREME POINTS

Theorem 5.1 Let f,(z) be given by (1.5). Then f,(z) € G (v, p, 8) if and only if

i [t p—1hisp—1(2) + Mp-1904p—1)0(2)] (5.1
=1
Where
hy(z) = 2",
Miap1() =27 (Hl +p—1—v|—B+ (|(l1+_pﬁz 1—v|— 1)P]C(z+p—1)y> =
1=2.3, ..
Irp-pp(z) =2+ (21 (Hl +p—1-v[+5+ (I(llJr_pﬁz 1—v[+ 1)p]0(l+p1)u> gl

1=1,2,3,....

and
o0
Z Hirp—1+ mp1] =1, pgp-1 =0, Nrgp1 > 0.
=1

In particular, the extreme points of Gz—(v, p, B) are {hiy,-1(2)} and {gayp-1).(2) }-

Proof: For functions f,(z) of the form (5.1), we have
Z Hi+p— 1hl+p 1 ) + m+p_1g(l+p—1)u(2)}
1=1

oo
= Z(,ulﬂofl + Mtp-1)2”
=1

B i ( u-5) ) frp12 P!
S \ll+p=1=v[=B+(l+p—1=v|=DplCusp-1),) "

= -9
+(=1) ; (Hl +p—1—=v[+ B+l +p—1—v+1)p]Cuip1)

) Myp12P71

Now on comparing above equation with (1.5) we obtain

(1-5) )
o .
[a24p-1] ([|z+p—1—u|—ﬂ+(|l+p—1—V|—1)/)]C<z+p—1>u He
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and

’bl+ 71| = ( (1 — 6> ) Mi+p-1
P fl+p—1=v|+B8+(l+p—1—v]+1)pCuip-1y P

for proving f,(z) € Gy~ (1/ p, ) we show that condition (2.2) satisfies. Consider,

~(l+p—1—v|=B+l+p—1—v]—1)p|Cuip-1y
> |1+p1]

— (1-25)
+Z<|l+p—1—V|+5+((|lltpﬁ)—1—’/’+1) ]C(H—p—l)u) by 1|
=1

= Z:ul-l—p—l + Zﬁlﬂa—l =(1—-p) <1
1=2 =1

Therefore by Theorem 2.3, f,(2) € G (v, p, B).
Conversely, suppose that f,(z) € Gi~ (V p, 3). Let

Hl+p—1—v|=B+(l+p—1—v]—D)plCuip-1y
|al+p 1’

Hit4p—1 = 1=3)
0<itlgyp1 <1, [=2,3, ...
and
Mipo1 = <W+p—1_’/‘+5+(‘l‘i‘p—1_’/’+1)P]C(l+p Y )|bl+p |
(1-5)
0<myp1 <1, [=1,23, ...
and

o =1=> fuip1— > Mip1.
=2 =1

Then f,(z) can be written as

fil2) = 22 = a2 4 (=17 fbigy | 2507
=2 =1
N (1—-5) ) I+p—1
= zp— ,U/l 1z P
;(W"‘p—l_ﬂ_ﬁ+<|l+l)—1_’/|_1)P]C(l+p—1)u e

- (1-5) )
1) _
) — ([Il+p—1—V|+ﬁ+(\l+p—1—V!+1)p]C<z+p_1>y ey

= 2"+ Z (hH‘p—l(’Z) - zp) Hi+p—1 + Z (g,,(lﬂ,,l)(z) — Zp) Mp—1

=1

2T



Investigation of a Subclass of Harmonic Multivalent... 199

Z tp—1(2) by p— 1+Zgu (1p—1) (2)p—1 + 27 (1—Zuz+p1 —Zmﬂal)
1=2 =2 =1

=1

Z hl—i—p 1 ,Ul-&-p 1 +gu(l+p 1)( )nl-&-p—l}
=1

So the proof is complete.

Theorem 5.2 Each member of Gx(v,p,5), (0 < 8 < 1) maps U on to a starlike
domain.

Proof: We only need to show that if f,(z) € Gy (v, p, 3) then

using the fact that Re(a) > 0if and only if |1 + a| > |1 — «/. It is suffices to show that

1) + 9,02 + 4 (2) = 24|

—|h(2) + gu(2) — zh'(2) + 2g,,(2)

= (p+ 12" = (14 p) larspt| 277 = (1) Y (1 +p —2) [brp| 2777
=2 =1
—1(1-p zp+Zl—i—p ) larsp1| 2P+ ”Zl—l—p |bpi]| 2HP1
=1

e}

= <<p 1) 2" = > () Javp| 12177 = (1) Y (4 p = 2) by |z]l+”—1>
=1

=2

: ((1 D) S = 2) g T (<1 S0+ D) ] |z|”p1>
=1

=2

= <2p 27 =2 (1 +p = 1) |argpa| |27 = (=1)*2) (1 +p — 1) by |z|l+P1)

=2 =1
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“l4+p—1 1 o=, l+p—1 _
= 2p|z[" [1— (Z(T)Iaz+p-1||2|’ 1+Z(T)Ibz+p—1||2|l 1)]

=2 =1

s oplep § 17 Xl +p =1 = vl =B (14 p =1 == DplClsp-iy larep-i]
XSl =1=v[+ B+ (l+p =1 = v+ DplCurp 1y byl

> 2p |z’ [1 = p(1 = B)]
=2p|2["[1 —p+pBs] > 0.

Hence proof is complete.

Theorem 5.3 Let f,(z) be given by (1.5) belong to the class G (v, p, 3) and c is
any real number with ¢ > —1. Then the function L.(f,(z)) deﬁned as L.(f,(2)) =
L [Tt f,(t)dt e > —1, is also belong to the class G (v, p, ).

Proof: From definition of L.(f,(z)), it follows that

c+1

Lo(fu(2)) = / Tt ()dt

ZC

c+1 [* - _ N Z+p—
= — / et (tp—2|al+p_1| P (=) b 1) dt
0 =1

=2

c+1 - c+1 pt1
= a _ z
<c+p> Z(c+l+p )’”” 2

=2

C+1 l4+p—
b .| Ftr-1
Z(c—l—l—i— 1)““’ 1] 2

c+1 > _ » > e
= (E50) 2= X Mgl #9721 3 Bea] 307
=2 =1
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Now, on comparing the above equation with (1.5), we obtain |a; 1| = [Aip-1| =
<—C+ZCI;_1> laryp—1| and b p_1| = |Bip_1| = (—C+fI;_1> |bisp—1|. In order to prove
L.(f,(2)) € Gg(v, p, B), we need to show that condition (2.2) satisfies. Consider,

i[ll+p—1—v|—ﬁ+<ll+p—1—v\—1)p]C<z+p—1>u c+1 Qe
— (1-8) ctl+p—1) et

“M+p—1—=v|+B8+(l+p—1—=v]+1p| Ciip 1 c+1
3l =1 vl 484 (L p = 1= ]+ gl Gy b
— (1-5) ctl+p—1

l

[l+p—1—v|-B+(l+p—1—v]—1)p
SZZ{ -9 }'“””‘”
+Z[|l+p—1—u|+5+(|l+p—1—u’+1)p] -

(= 5)

<1

Since f,(z) € Gg;(v,p, ). Therefore by Theorem 2.3, L.(f.(2)) € G, (v, p, B).
Proof is complete.
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